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ʇʈɽɼʀʉʃʆɺʀɽ 
 

ʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʷʚʣʷʝʪʩʷ ʦʜʥʠʤ ʠʟ ʦʩʥʦʚʥʳʭ ʨʘʟʜʝʣʦʚ 

ʢʫʨʩʘ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ, ʠ ʦʯʝʥʴ ʚʘʞʥʳʤ ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ ʝʛʦ 

ʧʨʠʣʦʞʝʥʠʡ ʚ ʨʘʟʣʠʯʥʳʭ ʦʙʣʘʩʪʷʭ ʥʘʫʢʠ ʠ ʪʝʭʥʠʢʠ. ʉ ʧʦʤʦʱʴʶ 

ʦʧʨʝʜʝʣʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʨʝʰʘʶʪʩʷ ʤʥʦʛʠʝ ʠ ʨʘʟʥʦʦʙʨʘʟʥʳʝ ʟʘʜʘʯʠ 

ʤʝʭʘʥʠʢʠ, ʛʝʦʤʝʪʨʠʠ, ʬʠʟʠʢʠ, ʘʩʪʨʦʥʦʤʠʠ, ʵʢʦʥʦʤʠʢʠ ʠ ʜʨʫʛʠʭ ʥʘʫʢ. 

ʆʩʥʦʚʥʦʡ ʮʝʣʴʶ ʠʟʫʯʝʥʠʷ ʨʘʟʜʝʣʘ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ 

çʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝè ʷʚʣʷʝʪʩʷ ʬʦʨʤʠʨʦʚʘʥʠʝ ʫ ʩʪʫʜʝʥʪʦʚ ʩʠ-

ʩʪʝʤʘʪʠʯʝʩʢʠʭ ʟʥʘʥʠʡ ʧʦ ʪʝʦʨʠʠ ʦʧʨʝʜʝʣʝʥʥʳʭ ʠ ʥʝʩʦʙʩʪʚʝʥʥʳʭ ʠʥ-

ʪʝʛʨʘʣʦʚ, ʘ ʪʘʢʞʝ ʫʤʝʥʠʷ ʧʨʠʤʝʥʠʪʴ ʘʧʧʘʨʘʪ ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʠʩʯʠʩʣʝ-

ʥʠʷ ʢ ʨʝʰʝʥʠʶ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʯ. 

ʉʦʛʣʘʩʥʦ ʌʝʜʝʨʘʣʴʥʦʤʫ ʛʦʩʫʜʘʨʩʪʚʝʥʥʦʤʫ ʦʙʨʘʟʦʚʘʪʝʣʴʥʦʤʫ 

ʩʪʘʥʜʘʨʪʫ ʚʳʩʰʝʛʦ ʧʨʦʬʝʩʩʠʦʥʘʣʴʥʦʛʦ ʦʙʨʘʟʦʚʘʥʠʷ ʧʦ ʩʧʝʮʠʘʣʴʥʦ-

ʩʪʠ 10.05.02 ï ʀʥʬʦʨʤʘʮʠʦʥʥʘʷ ʙʝʟʦʧʘʩʥʦʩʪʴ ʪʝʣʝʢʦʤʤʫʥʠʢʘʮʠʦʥ-

ʥʳʭ ʩʠʩʪʝʤ ʠ ʧʦ ʥʘʧʨʘʚʣʝʥʠʷʤ ʧʦʜʛʦʪʦʚʢʠ ʙʘʢʘʣʘʚʨʠʘʪʘ 10.03.01 ï 

ʀʥʬʦʨʤʘʮʠʦʥʥʘʷ ʙʝʟʦʧʘʩʥʦʩʪʴ, 11.03.02 ï ʀʥʬʦʢʦʤʤʫʥʠʢʘʮʠʦʥʥʳʝ 

ʪʝʭʥʦʣʦʛʠʠ ʠ ʩʠʩʪʝʤʳ ʩʚʷʟʠ, 02.03.03 ï ʄʘʪʝʤʘʪʠʯʝʩʢʦʝ ʦʙʝʩʧʝʯʝʥʠʝ 

ʠ ʘʜʤʠʥʠʩʪʨʠʨʦʚʘʥʠʝ ʠʥʬʦʨʤʘʮʠʦʥʥʳʭ ʩʠʩʪʝʤ, ʚ ʧʨʦʮʝʩʩʝ ʦʩʚʦʝʥʠʷ 

ʜʠʩʮʠʧʣʠʥʳ çʄʘʪʝʤʘʪʠʯʝʩʢʠʡ ʘʥʘʣʠʟè ʫ ʩʪʫʜʝʥʪʘ ʜʦʣʞʥʳ ʙʳʪʴ 

ʩʬʦʨʤʠʨʦʚʘʥʳ ʩʣʝʜʫʶʱʠʝ ʦʙʱʠʝ ʠ ʩʧʝʮʠʘʣʴʥʳʝ ʢʦʤʧʝʪʝʥʮʠʠ: ʚʣʘ-

ʜʝʪʴ ʢʫʣʴʪʫʨʦʡ ʤʳʰʣʝʥʠʷ, ʩʧʦʩʦʙʥʦʩʪʴʶ ʢ ʦʙʦʙʱʝʥʠʶ, ʘʥʘʣʠʟʫ, 

ʚʦʩʧʨʠʷʪʠʶ ʠʥʬʦʨʤʘʮʠʠ, ʧʦʩʪʘʥʦʚʢʝ ʮʝʣʠ ʠ ʚʳʙʦʨʫ ʧʫʪʝʡ ʝʝ ʜʦʩʪʠ-

ʞʝʥʠʷ; ʣʦʛʠʯʝʩʢʠ ʚʝʨʥʦ ʚʳʩʪʨʘʠʚʘʪʴ ʫʩʪʥʫʶ ʠ ʧʠʩʴʤʝʥʥʫʶ ʨʝʯʴ; 

ʚʣʘʜʝʪ ɹʦʩʥʦʚʘʤʠ ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʪʝʦʨʠʡ, ʚʠʜʝʪʴ 

ʠʭ ʚʟʘʠʤʦʩʚʷʟʴ ʠ ʩʧʝʮʠʬʠʢʫ ʢʘʞʜʦʡ ʠʟ ʥʠʭ; ʬʦʨʤʫʣʠʨʦʚʘʪʴ ʤʘʪʝʤʘ-

ʪʠʯʝʩʢʫʶ ʛʠʧʦʪʝʟʫ ʚ ʢʦʥʪʝʢʩʪʝ ʠʟʫʯʘʝʤʳʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʜʠʩʮʠ-

ʧʣʠʥ, ʧʦʜʪʚʝʨʜʠʪʴ ʝʝ ʠʣʠ ʦʧʨʦʚʝʨʛʥʫʪʴ; ʧʨʠʤʝʥʷʪʴ ʦʩʥʦʚʥʦʡ ʘʧʧʘʨʘʪ 

ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʠ ʧʨʠʢʣʘʜʥʳʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʪʝʦʨʠʡ ʢ ʨʝʰʝʥʠʶ 

ʨʘʟʥʦʦʙʨʘʟʥʳʭ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʠ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʯ; ʩʪʨʦʠʪʴ ʠ ʠʩʩʣʝ-

ʜʦʚʘʪʴ ʤʘʪʝʤʘʪʠʯʝʩʢʫʶ ʤʦʜʝʣʴ ʧʨʠʢʣʘʜʥʦʡ ʟʘʜʘʯʠ, ʧʨʦʮʝʩʩʘ, ʷʚʣʝ-

ʥʠʷ. 

ʎʝʣʴ ʥʘʩʪʦʷʱʝʛʦ ʫʯʝʙʥʦʛʦ ʧʦʩʦʙʠʷ - ʧʦʤʦʯʴ ʩʪʫʜʝʥʪʘʤ ʧʨʦʯʥʦ 

ʫʩʚʦʠʪʴ ʦʩʥʦʚʥʳʝ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʪʝʦʨʝʤʳ ʨʘʟʜʝʣʘ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ 
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ʘʥʘʣʠʟʘ çʆʧʨʝʜʝʣʝʥʥʳʝ ʠ ʥʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ, ʠʭ ʛʝʦʤʝʪʨʠʯʝ-

ʩʢʠʝ ʠ ʬʠʟʠʯʝʩʢʠʝ ʧʨʠʣʦʞʝʥʠʷè, ʘ ʪʘʢʞʝ ʦʩʥʦʚʥʳʝ ʤʝʪʦʜʳ ʠʥʪʝ-

ʛʨʘʣʴʥʦʛʦ ʠʩʯʠʩʣʝʥʠʷ ʠ ʦʙʣʘʩʪʠ ʠʭ ʧʨʠʤʝʥʝʥʠʷ; ʥʘʫʯʠʪʴʩʷ ʚʳʯʠʩʣʷʪʴ 

ʦʧʨʝʜʝʣʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ, ʠʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʳʝ 

ʠʥʪʝʛʨʘʣʳ; ʧʨʠʦʙʨʝʩʪʠ ʥʘʚʳʢʠ ʚ ʨʝʰʝʥʠʠ ʟʘʜʘʯ, ʪʨʝʙʫʶʱʠʭ ʧʨʠʤʝ-

ʥʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ. 

ɼʘʥʥʦʝ ʫʯʝʙʥʦʝ ʧʦʩʦʙʠʝ ʠʤʝʝʪ ʩʣʝʜʫʶʱʫʶ ʩʪʨʫʢʪʫʨʫ. ɺ ʥʘʯʘʣʝ 

ʢʘʞʜʦʛʦ ʧʘʨʘʛʨʘʬʘ ʠʤʝʝʪʩʷ ʪʝʦʨʝʪʠʯʝʩʢʠʡ ʤʘʪʝʨʠʘʣ, ʢʦʪʦʨʳʡ ʩʦʜʝʨ-

ʞʠʪ ʦʩʥʦʚʥʳʝ ʦʧʨʝʜʝʣʝʥʠʷ, ʪʝʦʨʝʤʳ ʠ ʜʦʢʘʟʘʪʝʣʩɹʪʚʘ. ɼʘʣʝʝ ʩʣʝʜʫʝʪ 

ʨʘʟʙʦʨ ʪʠʧʦʚʳʭ ʟʘʜʘʯ, ʢʦʪʦʨʳʝ ʩʠʩʪʝʤʘʪʠʟʠʨʦʚʘʥʳ ʠ ʨʘʩʧʦʣʦʞʝʥʳ ʚ 

ʧʦʨʷʜʢʝ ʚʦʟʨʘʩʪʘʥʠʷ ʪʨʫʜʥʦʩʪʠ. ɺ ʢʦʥʮʝ ʢʘʞʜʦʛʦ ʧʘʨʘʛʨʘʬʘ ʧʦʤʝʱʝ-

ʥʳ ʚʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ, ʮʝʣʴ ʢʦʪʦʨʳʭ ï ʧʦʤʦʯʴ ʩʪʫʜʝʥʪʘʤ 

ʧʨʦʚʝʨʠʪʴ ʧʨʦʯʥʦʩʪ ɹʫʩʚʦʝʥʠʷ ʠʟʫʯʝʥʥʦʛʦ ʪʝʦʨʝʪʠʯʝʩʢʦʛʦ ʤʘʪʝʨʠʘʣʘ. 

ʊʘʢʞʝ ʚ ʢʘʞʜʦʤ ʧʘʨʘʛʨʘʬʝ ʧʨʠʚʝʜʝʥʳ ʧʨʘʢʪʠʯʝʩʢʠʝ ʟʘʜʘʥʠʷ, ʧʦʜʙʦʨ 

ʠ ʢʦʣʠʯʝʩʪʚʦ ʢʦʪʦʨʳʭ ʜʦʩʪʘʪʦʯʥr  ʜʣʷ ʟʘʢʨʝʧʣʝʥʠʷ ʪʝʦʨʝʪʠʯʝʩʢʠʭ 

ʟʥʘʥʠʡ ʠ ʬʦʨʤʠʨʦʚʘʥʠʷ ʫʩʪʦʡʯʠʚʳʭ ʥʘʚʳʢʦʚ ʨʝʝhʥʠʷ ʧʨʠʢʣʘʜʥʳʭ 

ʟʘʜʘʯ. ʇʨʠʣʦʞʝʥʠʷ ʩʦʜʝʨʞʘʪ ʦʩʥʦʚʥʳʝ ʬʦʨʤʫʣʳ ʠ ʘʣʴʙʦʤ ʢʨʠʚʳʭ. 

ʉʠʩʪʝʤʘ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʠ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʥʠʡ, ʧʨʝʜʣʦʞʝʥʥʘʷ 

ʚ ʜʘʥʥʦʤ ʧʦʩʦʙʠʠ, ʧʨʠʟʚʘʥʘ ʘʢʪʠʚʠʟʠʨʦʚʘʪʴ ʩʘʤʦʩʪʦʪ̫ʝʣʴʥʫʶ ʨʘʙʦʪʫ 

ʩʪʫʜʝʥʪʦʚ, ʩʧʦʩʦʙʩʪʚʦʚʘʪʴ ʙʦʣʝʝ ʛʣʫʙʦʢʦʤʫ ʦʩʚʦʝʥʠʶ ʢʫʨʩʘ ʠ ʦʪʨʘ-

ʙʦʪʢʝ ʧʨʠʝʤʦʚ ʨʝʰʝʥʠʷ ʟʘʜʘʯ. 

ʋʯʝʙʥʦʝ ʧʦʩʦʙʠʝ ʤʦʞʝʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʦ ʧʨʝʧʦʜʘʚʘʪʝʣʷʤʠ 

ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ ʧʨʠ ʯʪʝʥʠʠ ʣʝʢʮʠʡ, ʧʨʦʚʝʜʝʥʠʠ ʧʨʘʢʪʠʯʝ-

ʩʢʠʭ ʟʘʥʷʪʠʡ, ʦʨʛʘʥʠʟʘʮʠʠ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʡ ʨʘʙʦʪʳ ʩʪʫʜʝʥʪʦʚ. 
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ɻ ʃ ɸ ɺ ɸ  1. ʆʉʅʆɺʅʓɽ ʇʆʅʗʊʀʗ ʆɹ ʆʇʈɽɼɽʃɽʅʅʆʄ 

ʀʅʊɽɻʈɸʃɽ ʀ ɽɻʆ ɺʓʏʀʉʃɽʅʀɽ 

 

Ä1. ʆʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʢʘʢ ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʳ 
 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b . ʈʘʟʦʙʴʝʤ 

ʦʪʨʝʟʦʢ [ ];a b  ʥʘ n  ʯʘʩʪʝʡ ʪʦʯʢʘʤʠ: 

0x a= , 1 2 1, ,..., , ,...,i i nx x x x x b- = ,   ʛʜʝ 

1 2 1 1... ...i i na x x x x x b- -< < < < < < < <. 

ʈʘʟʙʠʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʟʚʝʜʝʥʦ ʧʦ ʣʶʙʦʤʫ ʟʘʢʦʥʫ. ɼʣʠʥʳ 

ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ [ ]1,i ix x- , 1,i n=  ʦʙʦʟʥʘʯʠʤ:  

 1 2, , ..., , ...,i nx x x xD D D D. 

ʅʘ ʢʘʞʜʦʤ ʯʘʩʪʠʯʥʦʤ ʦʪʨʝʟʢʝ [ ]1,i ix x-  ʚʳʙʝʨʝʤ ʧʨʦʠʟʚʦʣʴʥʦ 

ʪʦʯʢʫ ix, ʙʫʜʝʤ ʠʤʝʪʴ: 

0 1 1 1 2 2 1 1, , ..., , ...,i i i n n nx x x x x x x xx x x x- -¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢. 

ɺʳʯʠʩʣʠʤ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ()f x  ʚ ʢʘʞʜʦʡ ʠʟ ʚʳʙʨʘʥʥʳʭ ʪʦ-

ʯʝʢ ʠ ʦʙʦʟʥʘʯʠʤ ʠʭ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ: 

( ) ( ) () ( )1 2, , ..., , ...,i nf f f fx x x x. 

ʉʦʩʪʘʚʠʤ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʣʠʥʳ ʢʘʞʜʦʛʦ ʯʘʩʪʠʯʥʦʛʦ ʦʪʨʝʟʢʘ ʥʘ 

ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʪʦʯʢʝ ʠ ʚʦʟʴʤʝʤ ʩʫʤʤʫ ʵʪʠʭ 

ʧʨʦʠʟʚʝʜʝʥʠʡ: 

1 1 2 2( ) ( ) ... ( ) ... ( )n i i n nf x f x f x f xs x x x x= D + D + + D + + D, 

ʠʣʠ 

  
1

( )
n

n i i

i

f xs x
=

= Dä . (1.1) 

ʕʪʘ ʩʫʤʤʘ ʥʘʟʳʚʘʝʪʩʷ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʦʡ. ɿʥʘʯʝʥʠʝ ʠʥʪʝ-

ʛʨʘʣʴʥʦʡ ʩʫʤʤʳ ʟʘʚʠʩʠʪ ʦʪ ʧʨʠʥʷʪʦʛʦ ʩʧʦʩʦʙʘ ʜʝʣʝʥʠʷ ʦʪʨʝʟʢʘ [ ];a b  

ʥʘ ʯʘʩʪʠʯʥʳʝ ʦʪʨʝʟʢʠ ʠ ʦʪ ʚʳʙʦʨʘ ʪʦʯʝʢ ix 
ʥʘ ʢʘʞʜʦʤ ʠʟ ʵʪʠʭ ʦʪʨʝʟ-

ʢʦʚ. ʗʩʥʦ, ʯʪʦ ʪʘʢʠʭ ʠʥʪʝʛʨʘʣʴʥʳʭ ʩʫʤʤ ʤʦʞʥʦ ʩʦʩʪʘʚʠʪʴ ʙʝʩʯʠʩʣʝʥ-



7 

 

ʥʦʝ ʤʥʦʞʝʩʪʚʦ. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ l ʜʣʠʥʫ ʥʘʠʙʦʣʴʰʝʛʦ ʯʘʩʪʠʯʥʦʛʦ 

ʦʪʨʝʟʢʘ, ʠ ʙʫʜʝʤ ʫʤʝʥʴʰʘʪʴ ʜʣʠʥʳ ʵʣʝʤʝʥʪʘʨʥʳʭ ʦʪʨʝʟʢʦʚ ʪʘʢ, ʯʪʦʙʳ 

ʠʭ ʯʠʩʣʦ n  ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʫʚʝʣʠʯʠʚʘʣʦʩʴ, ʘ ʜʣʠʥʘ ʢʘʞʜʦʛʦ ʦʪʨʝʟʢʘ 

ʩʪʨʝʤʠʣʘʩʴ ʢ ʥʫʣʶ. 

ɺʦ ʤʥʦʛʠʭ ʩʣʫʯʘʷʭ ʧʨʠ ʵʪʠʭ ʫʩʣʦʚʠʷʭ ʠʥʪʝʛʨʘʣʴʥʘʷ ʩʫʤʤʘ (1.1) 

ʩʪʨʝʤʠʪʩʷ ʢ ʥʝʢʦʪʦʨʦʤʫ ʢʦʥʝʯʥʦʤʫ ʧʨʝʜʝʣʫ I, ʧʨʠʯʝʤ ʵʪʦʪ ʧʨʝʜʝʣ ʥʝ 

ʟʘʚʠʩʠʪ ʥʠ ʦʪ ʩʧʦʩʦʙʘ ʜʝʣʝʥʠʷ ʦʪʨʝʟʢʘ [ ];a b  ʥʘ ʯʘʩʪʠʯʥʳʝ ʦʪʨʝʟʢʠ, 

ʥʠ ʦʪ ʚʳʙʦʨʘ ʚʥʫʪʨʠ ʢʘʞʜʦʛʦ ʦʪʨʝʟʢʘ ʪʦʯʢʠ  ix. 

ʕʪʦʪ ʧʨʝʜʝʣ, ʪʦ ʝʩʪʴ 

 
0

1

lim ( )
n

i i

i

I f x
l

x
­

=

= Dä , 

ʛʜʝ 
1,

max i
i n

xl
=

= D  ʠ ʥʘʟʳʚʘʶʪ ʦʧʨʝʜʝʣʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ 

()f x  ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʠ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ: 

 ()
b

a

f x d xñ . 

ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʦʡ 

ʩʫʤʤʳ ns  ʧʨʠ 0l­  ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʩʧʦʩʦʙʘ ʨʘʟʙʠʝʥʠʷ ʦʪʨʝʟʢʘ [ ];a b  

ʥʘ ʯʘʩʪʠʯʥʳʝ ʦʪʨʝʟʢʠ ʠ ʦʪ ʚʳʙʦʨʘ ʪʦʯʝʢ ix ʥʘ ʵʪʠʭ ʦʪʨʝʟʢʘʭ, ʪʦ ʵʪʦʪ 

ʧʨʝʜʝʣ ʥʘʟʳʚʘʶʪ ʦʧʨʝʜʝʣʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʠʠ ()f x  ʧʦ ʦʪʨʝʟ-

ʢʫ [ ];a b , ʪʦ ʝʩʪʴ 

 
0 0

1

lim lim ( ) ( )

bn

n i i

i a

f x f x d x
l l
s x

­ ­
=

= D =ä ñ . (1.2) 

ɿʜʝʩʴ ()f x  ï ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ; ()f x d x ï ʧʦʜʳʥʪʝ-

ʛʨʘʣʴʥʦʝ ʚʳʨʘʞʝʥʠʝ; ʯʠʩʣʦ a  ʥʘʟʳʚʘʝʪʩʷ ʥʠʞʥʠʤ ʧʨʝʜʝʣʦʤ ʠʥʪʝʛʨʠ-

ʨʦʚʘʥʠʷ; ʯʠʩʣʦ b ʥʘʟʳʚʘʝʪʩʷ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ; x  - 

ʧʝʨʝʤʝʥʥʘʷ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ; [ ];a b  ï  ʦʪʨʝʟʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 

ʌʫʥʢʮʠʷ, ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʢʦʪʦʨʦʡ ʩʫʱʝʩʪʚʫʝʪ, ʥʘʟʳʚʘ-

ʝʪʩʷ ʠʥʪʝʛʨʠʨʫʝʤʦʡ ʥʘ ʦʪʨʝʟʢʝ [ ];a b . 
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ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʦʥ ʧʨʝʜ-

ʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ. 

ʄʳ ʫʩʪʘʥʦʚʠʣʠ, ʯʪʦ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʝʩʪʴ ʧʨʝʜʝʣ ʥʝʢʦ-

ʪʦʨʦʡ ʧʝʨʝʤʝʥʥʦʡ ʚʝʣʠʯʠʥʳ, ʥʦ ʚʝʜʴ ʥʝ ʚʩʷʢʘʷ ʧʝʨʝʤʝʥʥʘʷ ʚʝʣʠʯʠʥʘ 

ʠʤʝʝʪ ʧʨʝʜʝʣ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝ ʜʣʷ ʚʩʷʢʦʡ ʬʫʥʢʮʠʠ ʩʫʱʝʩʪʚʫʝʪ 

ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ. ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ, ʢʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʜʦʣʞ-

ʥʘ ʦʙʣʘʜʘʪʴ ʬʫʥʢʮʠʷ()f x , ʯʪʦʙʳ ʩʫʱʝʩʪʚʦʚʘʣ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝ-

ʛʨʘʣ ʵʪʦʡ ʬʫʥʢʮʠʠ. 

ʊʝʦʨʝʤʘ(ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ 

ʠʥʪʝʛʨʘʣʘ) .  ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , 

ʪʦ ʦʥʘ ʦʛʨʘʥʠʯʝʥʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ. 

ʊʝʦʨʝʤʘ(ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦ-

ʛʦ ʠʥʪʝʛʨʘʣʘ) .  ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , 

ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ, ʙʳʪʴ ʤʦʞʝʪ, ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʪʦʯʝʢ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ 

ʨʦʜʘ, ʪʦ ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ. 

 

Ä2. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b . ɹʫʜʝʤ ʩʯʠʪʘʪʴ, ʯʪʦ () 0f x ² , ʵʪʦ ʙʫʜʝʪ ʦʟʥʘʯʘʪʴ, ʯʪʦ ʛʨʘʬʠʢ 

ʬʫʥʢʮʠʠ ʨʘʩʧʦʣʦʞʝʥ ʚʳʰʝ ʦʩʠ O x. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʠʛʫʨʫ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʩʚʝʨʭʫ ʢʨʠʚʦʡ ()y f x= , 

ʩʥʠʟʫ ʦʩʴʶ O x, ʘ ʩ ʙʦʢʦʚ ʧʨʷʤʳʤʠ x a=  ʠ x b= , ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 

ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʝʡ ʩ ʦʩʥʦʚʘʥʠʝʤ ʥʘ ʦʩʠ O x. 

ɿʘʜʘʜʠʤʩʷ ʮʝʣʴʶ ʚʳʯʠʩʣʠʪʴ ʧʣʦɦʘʜʴ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ. 

ʈʘʟʦʙʴʝʤ ʦʪʨʝʟʦʢ [ ];a b  ʥʘ n  ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ: 

 0 1 2 1... ...i i na x x x x x x b-= < < < < < < < =. 

ɼʣʠʥʘ iïʛʦ ʦʪʨʝʟʢʘ ixD . ɺ ʢʘʞʜʦʤ ʯʘʩʪʠʯʥʦʤ ʦʪʨʝʟʢʝ 1,i ix x-
è øê ú 

ʚʳʙʝʨʝʤ ʧʨʦʠʟʚʦʣʴʥʦ ʧʦ ʪʦʯʢʝ ix ʠ ʚʳʯʠʩʣʠʤ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ʚ 
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ʵʪʠʭ ʪʦʯʢʘʭ. ʄʳ ʧʦʣʫʯʠʤ ʯʠʩʣʘ ( )if x , 1, 2, 3, ...,i n= . ɼʘʣʝʝ ʥʘ 

ʢʘʞʜʦʤ iïʪʦʤ ʯʘʩʪʠʯʥʦʤ ʦʪʨʝʟʢʝ ʧʦʩʪʨʦʠʤ ʧʨʷʤʦʫʛʦʣʴʥʠʢ ʩ ʦʩʥʦʚʘ-

ʥʠʝʤ 
1,i ix x-

è øê ú, ʘ ʚʳʩʦʪʦʡ ( )if x  (ʨʠʩ. 1). ʄʳ ʧʦʣʫʯʠʤ ʩʪʫʧʝʥʯʘʪʫʶ 

ʬʠʛʫʨʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ ʵʪʠʭ ʧʨʷʤʦʫʛʦʣʴʥʠʢʦʚ. ʇʣʦʱʘʜʴ iïʛʦ ʧʨʷʤʦ-

ʫʛʦʣʴʥʠʢʘ iS  ʙʫʜʝʪ ʨʘʚʥʘ:  

 ()i i iS f xx= D , 

ʪʦʛʜʘ ʧʣʦʱʘʜʴ ʚʩʝʡ ʩʪʫʧʝʥʯʘʪʦʡ ʬʠʛʫʨʳ ʨʘʚʥʘ:  

 
1

n

n i

i

S S
=

=ä  ʠʣʠ ( )
1

n

n i i

i

S f xx
=

= Dä . 

ɽʩʣʠ ʜʣʠʥʫ ʥʘʠʙʦʣʴʰʝʛʦ ʠʟ ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ ʫʩʪʨʝʤʠʪʴ ʢ 

ʥʫʣʶ ( )
1,

max 0i
i n

x l
=
D = ­ , ʪʦ ʩʪʫʧʝʥʯʘʪʘʷ ʬʠʛʫʨʘ ʚʩʝ ʤʝʥʴʰʝ ʠ ʤʝʥʴʰʝ 

ʙʫʜʝʪ ʦʪʣʠʯʘʪʴʩʷ ʦʪ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ. 

ɽʩʣʠ ʧʨʠ 0l­  ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʧʝʨʝʤʝʥʥʦʡ ʧʣʦ-

ʱʘʜʠ nS  ʩʪʫʧʝʥʯʘʪʦʡ ʬʠʛʫʨʳ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʩʧʦʩʦʙʘ ʨʘʟʙʠʝʥʠʷ ʦʪ-

ʨʝʟʢʘ [ ];a b  ʥʘ ʯʘʩʪʠʯʥʳʝ ʦʪʨʝʟʢʠ ʠ ʚʳʙʦʨʘ ʪʦʯʝʢ ix ʥʘ ʵʪʠʭ ʦʪʨʝʟʢʘʭ, 

ʪʦ ʵʪʦʪ ʧʨʝʜʝʣ ʧʨʠʥʠʤʘʝʪʩʷ ʟʘ ʚʝʣʠʯʠʥʫ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʡ 

ʪʨʘʧʝʮʠʠ. 

0 ʘ x1 
x1 x2 

x2 x3 

 

x3 xi-1 xi xi b x 

y 

y=f(x) 

f(x3) 

f(x1) 

f(x2) 

f(xi) 

ʈ ʠ ʩ. 1 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʯʝʨʝʟ S ʦʙʦʟʥʘʯʠʪʴ ʧʣʦʱʘʜʴ ʢʨʠʚʦʣʠʥʝʡ-

ʥʦʡ ʪʨʘʧʝʮʠʠ, ʪʦ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ: 

 ( )
0 0

1

lim lim
n

n i i

i

S S f x
l l

x
­ ­

=

= = Dä . 

ʇʦʣʴʟʫʷʩʴ ʧʦʥʷʪʠʝʤ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 

 ()
b

a

S f x d x=ñ . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝ-

ʛʨʘʣʘ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʦʥ ʯʠʩʣʝʥʥʦ ʨʘʚʝʥ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠ-

ʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ. 

 

Ä3. ʉʚʦʡʩʪʚʘ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

 

1. 0 0

b

a

d x=ñ . 

2. ʀʥʪʝʛʨʘʣ ʩ ʦʜʠʥʘʢʦʚʳʤʠ ʧʨʝʜʝʣʘʤʠ ʨʘʚʝʥ ʥʫʣʶ, ʪʦ ʝʩʪʴ 

  () 0

a

a

f x d x=ñ . 

3. 
b

a

d x b a= -ñ . 

4. ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ ʧʨʠ 

ʧʝʨʝʩʪʘʥʦʚʢʝ ʧʨʝʜʝʣʦʚ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʟʥʘʢ ʠʥʪʝʛʨʘʣʘ ʠʟʤʝʥʷʝʪʩʷ ʥʘ 

ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ, ʪʦ ʝʩʪʴ 

  () ()
b a

a b

f x d x f x d x=-ñ ñ . 

5. ʈʘʩʩʤʦʪʨʠʤ ʥʘ ʧʨʷʤʦʡ ʪʨʠ ʪʦʯʢʠ ,a b ʠ c. ʕʪʠ ʪʦʯʢʠ ʚʩʝʛʜʘ 

ʦʧʨʝʜʝʣʷʶʪ ʪʨʠ ʦʪʨʝʟʢʘ, ʧʨʠʯʝʤ ʦʜʠʥ ʠʟ ʥʠʭ ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʜʚʫʭ 

ʜʨʫʛʠʭ. 

ɽʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʙʦʣʴʰʝʤ ʦʪʨʝʟʢʝ, ʪʦ ʦʥʘ 

ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʢʘʞʜʦʤ ʠʟ ʜʚʫʭ ʤʝʥʴʰʠʭ. ʆʙʨʘʪʥʦ: ʝʩʣʠ ʬʫʥʢʮʠʷ 
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()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʢʘʞʜʦʤ ʠʟ ʜʚʫʭ ʤʝʥʴʰʠʭ ʦʪʨʝʟʢʦʚ, ʪʦ ʦʥʘ ʠʥ-

ʪʝʛʨʠʨʫʝʤʘ ʠ ʥʘ ʙʦʣʴʰʝʤ. 

ʇʨʠ ʵʪʦʤ ʧʨʠ ʣʶʙʦʤ ʚʟʘʠʤʥʦʤ ʨʘʩʧʦʣʦʞʝʥʠʠ ʪʦʯʝʢ ,a b ʠ c  

ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ: 

 () () ()
b c b

a a c

f x d x f x d x f x d x= +ñ ñ ñ . 

6. ʇʦʩʪʦʷʥʥʳʡ ʤʥʦʞʠʪʝʣʴ ʤʦʞʥʦ ʚʳʥʦʩʠʪʴ ʟʘ ʟʥʘʢ ʠʥʪʝʛʨʘʣʘ, 

ʪʦ ʝʩʪʴ ʝʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ ʬʫʥʢ-

ʮʠʷ ()k f xÖ , ʛʜʝ k const- , ʪʘʢʞʝ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ: 

 () ()
b b

a a

k f x d x k f x d xÖ =ñ ñ . 

7. ʀʥʪʝʛʨʘʣ ʦʪ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʫʤʤʳ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʠʥʪʝ-

ʛʨʠʨʫʝʤʳʭ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʬʫʥʢʮʠʡ ʨʘʚʝʥ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʫʤʤʝ 

ʠʥʪʝʛʨʘʣʦʚ ʦʪ ʚʩʝʭ ʩʣʘʛʘʝʤʳʭ: 

() () () () () ()
b b b b

a a a a

f x g x h x d x f x d x g x d x h x d x+ - = + -è øê úñ ñ ñ ñ. 

ɼʦʢʘʞʝʤ ʵʪʦ ʩʚʦʡʩʪʚʦ ʜʣʷ ʩʫʤʤʳ ʜʚʫʭ ʩʣʘʛʘʝʤʳʭ. ɽʩʣʠ ()f x  ʠ  

()g x  ʠʥʪʝʛʨʠʨʫʝʤʳ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ ʬʫʥʢʮʠʷ () ()f x g x+è øê ú 

ʪʘʢʞʝ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʧʨʠʯʝʤ: 

() () () ()
b b b

a a a

f x g x d x f x d x g x d x+ = +è øê úñ ñ ñ . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ () () ()x f x g xj = + . 

ʈʘʟʦʙʴʝʤ ʦʪʨʝʟʦʢ [ ];a b  ʥʘ n  ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ. ɺʦʟʴʤʝʤ ʚ ʢʘʞʜʦʤ 

ʠʟ ʥʠʭ ʧʨʦʠʟʚʦʣʴʥʦ ʧʦ ʪʦʯʢʝ ix ʠ ʟʘʧʠʰʝʤ ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ 

ʬʫʥʢʮʠʠ ()xj  ʥʘ ʦʪʨʝʟʢʝ [ ];a b : 
1

( )
n

n i i

i

xs j x
=

= Dä . ʅʦ ʦʯʝʚʠʜʥʦ, ʯʪʦ 

() () ()i i if gj x x x= + , ʧʦʵʪʦʤʫ 
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( ) ( ) ( )
1 1

n n

i i i i i

i i

x f g xj x x x
= =

è øD = + D
ê úä ä . 

ʇʝʨʝʛʨʫʧʧʠʨʦʚʘʚ ʩʣʘʛʘʝʤʳʝ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ, ʤʳ ʤʦ-

ʞʝʤ ʥʘʧʠʩʘʪʴ: 

 ( ) ( ) ( )
1 1 1

n n n

i i i i i i

i i i

x f x g xj x x x
= = =

D = D + Dä ä ä . 

ʇʦʣʦʞʠʤ 
1,

max i
i n

xl
=

= D  ʠ, ʧʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ, ʧʦʣʫʯʠʤ: 

( ) ( ) ( )
0 0 0

1 1 1

lim lim lim
n n n

i i i i i i

i i i

x f x g x
l l l

j x x x
­ ­ ­

= = =

D = D + Dä ä ä . 

ʇʦ ʫʩʣʦʚʠʶ ʦʙʘ ʧʨʝʜʝʣʘ ʩʧʨʘʚʘ ʩʫʱʝʩʪʚʫʶʪ ʠ ʢʦʥʝʯʥʳ, ʟʥʘʯʠʪ, 

ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʨʝʜʝʣ ʩʣʝʚʘ. ʀ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝ-

ʛʨʘʣʘ, ʧʦʣʫʯʘʝʤ: 

() () ()
b b b

a a a

x d x f x d x g x d xj = +ñ ñ ñ . 

ʀʣʠ 

() () () ()
b b b

a a a

f x g x d x f x d x g x d x+ = +è øê úñ ñ ñ , 

ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

8. ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , 

,a b<   ʠ ʥʝʦʪʨʠʮʘʪʝʣʴʥʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʪʦ ʝʩʪʴ () 0f x ² , ʪʦ  

() 0

b

a

f x d x²ñ . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɿʘʧʠʰʝʤ ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ ʜʣʷ ʬʫʥʢ-

ʮʠʠ ()f x  ʥʘ ʦʪʨʝʟʢʝ [ ];a b : 

1

( )
n

n i i

i

f xs x
=

= Dä . 

ʊʘʢ ʢʘʢ () 0f x ² , ʪʦ ( ) 0if x ²  ʧʨʠ 1, 2, ...,i n= ; 0ixD >. ʉʣʝ-

ʜʦʚʘʪʝʣʴʥʦ, ʢʘʞʜʦʝ ʩʣʘʛʘʝʤʦʝ ʚ ʩʫʤʤʝ ʥʝʦʪʨʠʮʘʪʝʣʴʥʦ, ʪʦ ʝʩʪʴ 
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0.ns ²  ʇʦʣʘʛʘʷ 
1,

max i
i n

xl
=

= D  ʠ ʧʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʚ ʚʳʰʝ ʥʘʧʠʩʘʥ-

ʥʳʭ ʥʝʨʘʚʝʥʩʪʚʘʭ, ʧʦʣʫʯʠʤ: 

0
lim 0n
l
s

­
²  ʠʣʠ () 0

b

a

f x d x²ñ . 

9. ɽʩʣʠ ʬʫʥʢʮʠʠ ()f x  ʠ ()g x  ʠʥʪʝʛʨʠʨʫʝʤʳ ʥʘ ʦʪʨʝʟʢʝ [ ];a b ,  

a b< , ʠ () ()f x g x¢  ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʪʦ  

() ()
b b

a a

f x d x g x d x¢ñ ñ . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʇʦʣʦʞʠʤ () () ()x g x f xj = - . ʊʘʢ ʢʘʢ 

() ()f x g x¢ , ʪʦ () 0xj ²  ʠ, ʧʦ ʩʚʦʡʩʪʚʫ 8, ʠʤʝʝʤ: 

 () 0

b

a

x d xj ²ñ ,  ʠʣʠ  () () 0

b

a

g x f x d x- ²è øê úñ . 

ʇʦ ʩʚʦʡʩʪʚʫ 7:  

() () () () 0

b b b

a a a

g x f x d x g x d x f x d x- = - ²è øê úñ ñ ñ . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ  () ()
b b

a a

f x d x g x d x¢ñ ñ . 

ʕʪʦ ʩʚʦʡʩʪʚʦ ʛʦʚʦʨʠʪ ʦ ʪʦʤ, ʯʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʤʦʞʥʦ ʠʥʪʝʛʨʠ-

ʨʦʚʘʪʴ ʧʦʯʣʝʥʥʦ. 

10.   ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ 

ʬʫʥʢʮʠʷ ()f x  ʪʘʢʞʝ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʧʨʠʯʝʤ: 

 () ()
b b

a a

f x d x f x d x¢ñ ñ . 

11.   ʊʝʦʨʝʤʘ ʦʙ ʦʮʝʥʢʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. ɽʩʣʠ ʬʫʥʢ-

ʮʠʷ ()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ba< , ʠ ʩʫʱʝʩʪʚʫʶʪ ʯʠʩʣʘ 

M  ʠ m ʪʘʢʠʝ, ʯʪʦ ()m f x M¢ ¢ , ʪʦ ʩʧʨʘʚʝʜʣʠʚʦ ʥʝʨʘʚʝʥʩʪʚʦ: 
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( ) () ( )
b

a

m b a f x d x M b a- ¢ ¢ -ñ . 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʇʦ ʩʚʦʡʩʪʚʫ 9 ʠʟ ʥʝʨʘʚʝʥʩʪʚʘ 

()m f x M¢ ¢  ʩʣʝʜʫʝʪ ʥʝʨʘʚʝʥʩʪʚʦ ( )

b b b

a a a

m d x f x d x M d x¢ ¢ñ ñ ñ. ɼʘ-

ʣʝʝ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʨʠʤʝʥʷʷ ʩʚʦʡʩʪʚʘ 6 ʠ 3, ʧʦʣʫʯʠʤ ʪʨʝʙʫʝʤʦʝ 

ʥʝʨʘʚʝʥʩʪʚʦ. 

12.   ʊʝʦʨʝʤʘ ʦ ʩʨʝʜʥʝʤ ʟʥʘʯʝʥʠʠ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

ɽʩʣʠ ʬʫʥʢʮʠʷ )(xf  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʠ Mxfm ¢¢ )(  

ʜʣʷ ʣʶʙʳʭ x ʠʟ ʦʪʨʝʟʢʘ [ ]ba, , ʪʦ 

( )( )

b

a

f x d x b am= -ñ , ʛʜʝ m Mm¢ ¢ . 

ʉʣʝʜʩʪʚʠʝ. ʆʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʦʪ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ 

ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʜʣʠʥʳ ʦʪʨʝʟʢʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʘ ʟʥʘʯʝʥʠʝ 

ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ ʧʨʠ ʥʝʢʦʪʦʨʦʤ ʧʨʦʤʝʞʫʪʦʯʥʦʤ ʟʥʘʯʝʥʠʠ 

ʘʨʛʫʤʝʥʪʘ, ʪʦ ʝʩʪʴ: 

() ()( )
b

a

f x d x f c b a= -ñ ,ʛʜʝ a c b< <. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʷ ()f x  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʦʪʨʝʟʢʝ [ ];a b , ʪʦ ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʥʝʤ ʧʦ ʜʦʩʪʘʪʦʯʥʦʤʫ ʫʩʣʦʚʠʶ 

ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʠʥʪʝ-

ʛʨʘʣ()
b

a

f x d xñ . 

ʂʨʦʤʝ ʪʦʛʦ, ʧʦ ʠʟʚʝʩʪʥʦʡ ʪʝʦʨʝʤʝ ɺʝʡʝʨʰʪʨʘʩʩʘ, ʥʝʧʨʝʨʳʚʥʘʷ 

ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʬʫʥʢʮʠʷ ʧʨʠʥʠʤʘʝʪ ʥʘ ʥʝʤ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴ-

ʰʝʝ ʟʥʘʯʝʥʠʷ, ʢʦʪʦʨʳʝ ʤʳ ʦʙʦʟʥʘʯʠʤ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʯʝʨʝʟ M  ʠ m. 

ʊʦʛʜʘ ʜʣʷ ʚʩʝʭ x  ʠʟ ʦʪʨʝʟʢʘ [ ];a b  ʙʫʜʝʪ ʚʳʧʦʣʥʷʪʴʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

()m f x M¢ ¢ .  
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ʅʘ ʦʩʥʦʚʘʥʠʠ ʪʝʦʨʝʤʳ ʦ ʩʨʝʜʥʝʤ ʫʪʚʝʨʞʜʘʝʤ, ʯʪʦ

( )( )

b

a

f x d x b am= -ñ , ʛʜʝ Mm ¢¢m . 

ʇʦ ʪʝʦʨʝʤʝ ɹʦʣʴʮʘʥʦ-ʂʦʰʠ ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  

ʬʫʥʢʮʠʷ, ʧʨʠʥʠʤʘʝʪ ʥʘ ʥʝʤ ʚʩʝ ʩʚʦʠ ʧʨʦʤʝʞʫʪʦʯʥʳʝ ʟʥʘʯʝʥʠʷ, ʧʦ-

ʵʪʦʤʫ ʚ ʢʘʢʦʡ-ʪʦ ʪʦʯʢʝ c  ʦʪʨʝʟʢʘ [ ];a b  ʬʫʥʢʮʠʷ ʧʨʠʤʝʪ ʟʥʘʯʝʥʠʝ 

()f c =m, ʪʦ ʝʩʪʴ () ()( )
b

a

f x d x f c b a= -ñ , ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘ-

ʟʘʪʴ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʪʝʦʨʝʤʳ ʦ ʩʨʝʜʥʝʤ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, 

ʯʪʦ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʩʫʱʝʩʪʚʫʝʪ ʧʨʷʤʦʫʛʦʣʴʥʠʢ ʩ ʚʳʩʦʪʦʡ ()f c ,  

ʧʣʦʱʘʜʴ ʢʦʪʦʨʦʛʦ ʨʘʚʥʘ ʧʣʦ-

ʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ, 

ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ ()y f x= , 

ʧʨʷʤʳʤʠ x a= , x b=  ʠ ʦʩʴʶ 

O x (ʨʠʩ. 2). 

ʏʠʩʣʦ ()
1

b

a

f x d x
b a- ñ

 ʥʘʟʳʚʘ-

ʝʪʩʷ ʩʨʝʜʥʠʤ ʟʥʘʯʝʥʠʝʤ ʬʫʥʢ-

ʮʠʠ ()f x  ʥʘ ʦʪʨʝʟʢʝ [ ];a b . 
 

13.   ʆʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʦʙʦʟʥʘʯʝʥʠʷ ʧʝʨʝ-

ʤʝʥʥʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ: 

 () () ()
b b b

a a a

f x d x f t d t f z d z= =ñ ñ ñ . 

 

  

y = f(x) 

0 x b c a 

f(c) 

y 

ʈ ʠ ʩ. 2 
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Ä4. ʀʥʪʝʛʨʘʣ ʢʘʢ ʬʫʥʢʮʠʷ ʧʝʨʝʤʝʥʥʦʛʦ ʚʝʨʭʥʝʛʦ ʧʨʝʜʝʣʘ 

 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦʛʜʘ 

ʧʦ ʩʚʦʡʩʪʚʫ 5 ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʣʶʙʦʤ 

ʦʪʨʝʟʢʝ [ ];a x  ( )x b< , ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʠʥʪʝʛʨʘʣ () .

x

a

f t d tñ  

ɽʩʣʠ ʤʳ ʙʫʜʝʤ ʙʨʘʪʴ ʨʘʟʣʠʯʥʳʝ ʟʥʘʯʝʥʠʷ x, ʪʦ ʟʥʘʯʝʥʠʝ ʵʪʦʛʦ 

ʠʥʪʝʛʨʘʣʘ ʙʫʜʝʪ ʠʟʤʝʥʷʪʴʩʷ, ʧʨʠ ʵʪʦʤ ʣʶʙʦʤʫ x  ʠʟ ʦʪʨʝʟʢʘ [ ];a b  ʙʫ-

ʜʝʪ ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʚʧʦʣʥʝ ʦʧʨʝʜʝʣʝʥʥʦʝ ʜʝʡʩʪʚʠʪʝʣʥɹʦʝ ʯʠʩʣʦ 

()
x

a

f t d tñ . ʆʪʩʶʜʘ ʷʩʥʦ, ʯʪʦ ʜʘʥʥʳʡ ʠʥʪʝʛʨʘʣ ʙʫʜʝʪ ʬʫʥʢʮʠʝʡ ʦʪ .x  

ʆʙʦʟʥʘʯʠʤ () ()
x

a

x f t d tF =ñ . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʥʪʝʛʨʘʣ ʩ ʧʝʨʝʤʝʥ-

ʥʳʤ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ x  ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ ʵʪʦʛʦ ʚʝʨʭʥʝʛʦ ʧʨʝ-

ʜʝʣʘ. 

ʕʪʘ ʬʫʥʢʮʠʷ ʦʙʣʘʜʘʝʪ ʩʣʝʜʫʶʱʠʤʠ ʩʚʦʡʩʪʚʘʤʠ: 

ʊʝʦʨʝʤʘ1.  ɽʩʣʠ ʬʫʥʢʮʠʷ )(xf  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b , ʪʦ ʬʫʥʢʮʠʷ ( )xF  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b . 

ʊʝʦʨʝʤʘ2.  ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b , ʪʦ ʬʫʥʢʮʠʷ () ()
x

a

x f t d tF =ñ  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʠʥʪʝʨʚʘʣʝ 

( );a b , ʧʨʠʯʝʤ () ()x f x¡F = . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʦʠʟʚʦʜʥʘʷ ʦʪ ʠʥʪʝʛʨʘʣʘ ʧʦ ʧʝʨʝʤʝʥʥʦʤʫ 

ʚʝʨʭʥʝʤʫ ʧʨʝʜʝʣʫ ʨʘʚʥʘ ʟʥʘʯʝʥʠʶ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʇʫʩʪʴ ʫʩʣʦʚʠʝ ʪʝʦʨʝʤʳ ʚʳʧʦʣʥʷʝʪʩʷ. 

ɺʦʟʴʤʝʤ ʚʥʫʪʨʠ ʦʪʨʝʟʢʘ [ ];a b  ʪʦʯʢʫ x  ʠ ʜʘʜʠʤ ʝʡ ʧʨʠʨʘʱʝʥʠʝ xD  

ʪʘʢ, ʯʪʦʙʳ ʪʦʯʢʘ ( )x x+D  ʥʝ ʚʳʰʣʘ ʟʘ ʧʨʝʜʝʣʳ ʦʪʨʝʟʢʘ [ ]; .a b  

ʅʘʡʜʝʤ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ () ()
x

a

x f t d tF =ñ  ʚ ʪʦʯʢʝ x : 
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() ( ) ()x x x xDF =F +D -F, ʟʜʝʩʴ ( ) ()
x x

a

x x f t d t

+D

F +D =ñ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, () () ()
x x x

a a

x f t d t f t d t

+D

DF = -ñ ñ . 

ʇʨʠʤʝʥʷʷ ʩʚʦʡʩʪʚʘ 4 ʠ 5 ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʤʳ ʤʦʞʝʤ 

ʟʘʧʠʩʘʪʴ: 

 () () () ()
x x x xa

x a x

x f t d t f t d t f t d t

+D +D

DF = + =ñ ñ ñ . 

ʂ ʧʦʩʣʝʜʥʝʤʫ ʠʥʪʝʛʨʘʣʫ ʧʨʠʤʝʥʠʤ ʪʝʦʨʝʤʫ ʦ ʩʨʝʜʥʝʤ ʟʥʘʯʝʥʠʠ 

ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʧʦʣʫʯʠʤ: 

 () ()( ) ()
x x

x

f t d t f c x x x f c x

+D

= +D - = Dè øê úñ , 

ʛʜʝ ʪʦʯʢʘ c  ʥʘʭʦʜʠʪʩʷ ʤʝʞʜʫ ʪʦʯʢʘʤʠ x  ʠ ( )x x+D . 

ʊʦʯʢʘ c  ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʨʘʚʝʥʩʪʚʫ c x xq= + D, ʛʜʝ 0 1q< <, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

 () ( )
x x

x

f t d t f x x xq
+D

= + D Dñ . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

() ( )x f x x xqDF = + D D. ʅʘʡʜʝʤ ʦʪʥʦʰʝʥʠʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ ʢ 

ʧʨʠʨʘʱʝʥʠʶ ʘʨʛʫʤʝʥʪʘ: 
()

( )
x

f x x
x

q
DF

= + D
D

. 

ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʦʠʟʚʦʜʥʦʡ, 

 ()
()

( ) ()
0 0

lim lim
x x

x
x f x x f x

x
q

D ­ D ­

DF
¡F = = + D =

D
, 

ʚ ʩʠʣʫ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ()f x . 

ʀʪʘʢ, () ()x f x¡F = , ʯʪʦ ʠ ʪʨʝʙʦʚʘʣʦʩʴ ʜʦʢʘʟʘʪʴ. 

ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b , ʪʦ ʚʩʝʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʧʝʨʚʦʦʙʨʘʟʥʘʷ ʜʣʷ ʵʪʦʡ ʬʫʥʢʮʠʠ. 
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ʉʦʛʣʘʩʥʦ ʜʦʢʘʟʘʥʥʦʡ ʪʝʦʨʝʤʝ ʚ ʢʘʯʝʩʪʚʝ ʵʪʦʡ ʧʝʨʚʦʦʙʨʘʟʥʦʡ 

ʤʦʞʝʪ ʩʣʫʞʠʪʴ ʬʫʥʢʮʠʷ () ()
x

a

x f t d tF =ñ , ʧʦʩʢʦʣʴʢʫ () ()x f x¡F = . 

 

Ä5. ɺʳʯʠʩʣʝʥʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ.  

ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ - ʃʝʡʙʥʠʮʘ 

 

ɺʳʯʠʩʣʝʥʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʢʘʢ ʧʨʝʜʝʣʘ ʠʥʪʝʛʨʘʣʴʥʦʡ 

ʩʫʤʤʳ ʥʘ ʧʨʘʢʪʠʢʝ ʦʢʘʟʳʚʘʝʪʩʷ ʥʝʫʜʦʙʥʳʤ ʠ ʜʘʞʝ ʦʯʝʥʴ ʩʣʦʞʥʳʤ. 

ɼʦʢʘʞʝʤ ʬʦʨʤʫʣʫ, ʩ ʧʦʤʦʱʴʶ ʢʦʪʦʨʦʡ ʪʨʫʜʥʘʷ ʟʘʜʘʯʘ ʦ ʚʳʯʠʩʣʝʥʠʠ 

ʧʨʝʜʝʣʘ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʳ ʩʚʦʜʠʪʩʷ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʢ ʙʦʣʝʝ ʣʝʛ-

ʢʦʡ ʟʘʜʘʯʝ ʥʘʭʦʞʜʝʥʠʷ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ʜʣʷ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢ-

ʮʠʠ. 

ʂʘʢ ʥʘʤ ʠʟʚʝʩʪʥʦ, ʬʫʥʢʮʠʷ () ()
x

a

x f t d tF =ñ  ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙ-

ʨʘʟʥʦʡ ʜʣʷ ()f x . ʇʫʩʪʴ ()F x  ï ʢʘʢʘʷ-ʥʠʙʫʜʴ ʜʨʫʛʘʷ ʧʝʨʚʦʦʙʨʘʟʥʘʷ 

ʜʣʷ ʵʪʦʡ ʬʫʥʢʮʠʠ. ʊʘʢ ʢʘʢ ʜʚʝ ʧʝʨʚʦʦʙʨʘʟʥʳʝ ʤʦʛʫʪ ʦʪʣʠʯʘʪʴʩʷ ʣʠʰʴ 

ʥʘ ʧʦʩʪʦʷʥʥʦʝ ʩʣʘʛʘʝʤʦʝ, ʪʦ ʩʧʨʘʚʝʜʣʠʚʦ ʨʘʚʝʥʩʪʚʦ: 

 () ()
x

a

f t d t F x C= +ñ , (5.1) 

ʛʜʝ C const- . 

ʌʦʨʤʫʣʘ (5.1) ʩʧʨʘʚʝʜʣʠʚʘ ʜʣʷ ʣʶʙʦʛʦ x  ʠʟ ʦʪʨʝʟʢʘ [ ];a b . ʇʦ-

ʣʘʛʘʷ ʚ ʥʝʡ x a= , ʧʦʣʫʯʠʤ:  () ()
a

a

f t d t F a C= +ñ , ʪʦ ʝʩʪʴ 

 ()0 F a C= +, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ()C F a=- . 

ʊʦʛʜʘ 

 () () ()
x

a

f t d t F x F a= -ñ . (5.2) 

ʇʦʣʘʛʘʷ x b=  ʚ ʬʦʨʤʫʣʝ (5.2), ʧʦʣʫʯʠʤ: 
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 () () ()
b

a

f t d t F b F a= -ñ . (5.3) 

ʕʪʦ ʠ ʝʩʪʴ ʬʦʨʤʫʣʘ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ, ʦʜʥʘ ʠʟ ʚʘʞʥʝʡʰʠʭ 

ʬʦʨʤʫʣ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ. ɽʝ ʥʘʟʳʚʘʶʪ ʦʩʥʦʚʥʦʡ ʬʦʨʤʫʣʦʡ 

ʠʥʪʝʛʨʘʣʴʥʦʛʦ ʠʩʯʠʩʣʝʥʠʷ. 

ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʝ (5.3), ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ ʧʦ ʦʪʨʝʟʢʫ [ ];a b  

ʨʘʚʝʥ ʧʨʠʨʘʱʝʥʠʶ ʧʝʨʚʦʦʙʨʘʟʥʦʡ. ʈʘʟʥʦʩʪʴ () ()F b F a-  ʦʙʳʯʥʦ 

ʠʟʦʙʨʘʞʘʶʪ ʩʠʤʚʦʣʦʤ: 

 () () ()
b

a
F x F b F a= - . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʬʦʨʤʫʣʘ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ ʤʦʞʝʪ ʙʳʪʴ ʟʘʧʠ-

ʩʘʥʘ ʚ ʚʠʜʝ: 

() () () ()
b

b

a
a

f x d x F x F b F a= = -ñ . 

ʇʨʠʤʝʥʝʥʠʝ ʬʦʨʤʫʣʳ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ 

ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʦʪ ʢʘʢʦʡ-ʥʠʙʫʜʴ 

ʬʫʥʢʮʠʠ ʥʘʜʦ ʥʘʡʪʠ ʜʣʷ ʥʝʝ ʧʝʨʚʦʦʙʨʘʟʥʫʶ ʠ ʩʦʩʪʘʚʠʪʴ ʨʘʟʥʦʩʪʴ 

ʟʥʘʯʝʥʠʡ ʜʣʷ ʵʪʦʡ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ʧʨʠ ʚʝʨʭʥʝʤ ʠ ʥʠʞʥʝʤ ʧʨʝʜʝʣʘʭ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 

ʇʨʠʤʝʨ 1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

3

2

1

x d xñ . 

ʈʝʰʝʥʠʝ.

33 3 3 3
2

1 1

3 1 1 26
9

3 3 3 3 3

x
x d x = = - = - =ñ . 

ʇʨʠʤʝʨ 2. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

b

x

a

e d xñ . 

ʈʝʰʝʥʠʝ.

b
b

x x b a

a
a

e d x e e e= = -ñ . 

ʇʨʠʤʝʨ 3. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

b

n

a

x d xñ , ʛʜʝ 1n¸-. 
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ʈʝʰʝʥʠʝ.
1 1 1

1 1

bb n n n
n

a a

x b a
x d x

n n

+ + +-
= =
+ +ñ . 

ʇʨʠʤʝʨ 4. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

0

sinx d x

p

ñ . 

ʈʝʰʝʥʠʝ. ( )
2

2

00

sin cos cos cos0 0 ( 1) 1
2

x d x x

p

p p
=- =- - - = - - =ñ . 

ʇʨʠʤʝʨ 5. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
4

2

6

sin

d x

x

p

p
ñ . 

ʈʝʰʝʥʠʝ. 

( )
4 4

2

6
6

ctg ctg ctg 1 3 1 3
sin 4 6

d x
x

x

p p

p
p

p på õ
=- =- - - =- - - = +æ ö

ç ÷
ñ . 

ʇʨʠʤʝʨ 6. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2 2

0

a
d x

x a+ñ
. 

ʈʝʰʝʥʠʝ. 

2 2

00

1 1 1 0 1
arctg arctg arctg = arctg 1 0 =

4

aa
d x x a

x a a a a a a a a a

p
= = - -

+ñ
. 

ʇʨʠʤʝʨ 7. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

6

1 3

d x

x+
ñ . 

ʈʝʰʝʥʠʝ. ( ) ( )
6

6

1
1

2 3 2 9 4 2 3 2 2
3

d x
x

x
= + = - = - =

+
ñ . 

ʇʨʠʤʝʨ 8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

3

0

sin x d x

p

ñ . 

ʈʝʰʝʥʠʝ. 

( ) ( )( )
2 2 2

3 2 2

0 0 0

sin 1 cos sin 1 cos cosx d x x x d x x d x

p p p

= - =- - =ñ ñ ñ  
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3
3 32

0

cos
cos cos 0 22cos cos cos0 .

3 2 3 3 3

x
x

p p
p

å õ
æ öå õ å õ

= - + = - + - - + =æ öæ ö æ ö
ç ÷ ç ÷æ ö

ç ÷

 

ʇʨʠʤʝʨ 9. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

4

2

2
3

x d x

x +ñ
. 

ʈʝʰʝʥʠʝ. 

( )
( ) ( )

24 4
4

2

2 2 2
2 2

31 1 1 1 19
ln 3 ln19 ln7 ln .

3 2 3 2 2 2 7

d xx d x
x

x x

+
= = + = - =

+ +ñ ñ  

ʇʨʠʤʝʨ 10. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

1 3

8

0
1

x d x

x+ñ
. 

ʈʝʰʝʥʠʝ. 

( )

( )

( )

41 1 13 3

2 28 4 4
0 0 0

1 4 1

1 4 41 1

d xx d x x d x

x x x
= = =

+ + +
ñ ñ ñ  

( ) ( )
1

4

0

1 1 1
arctg arctg1 arctg0 0

4 4 4 4 16
x

å õ
= = - = - =æ ö

ç ÷

p p
. 

ʇʨʠʤʝʨ 11. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
4

4

0

1
x

e d x
å õ
+æ ö
ç ÷
ñ . 

ʈʝʰʝʥʠʝ. 
4 4 4

4 4

0 0 0

1
x x

e d x d x e d x
å õ
+ = + =æ ö
ç ÷
ñ ñ ñ  

( )( )
4

4 4

04 4

0 0 0

4 4 4 4 0 4 4
4

x x
x

d x e d x e e e e
å õå õ

= + = + = + - + =æ öæ ö
ç ÷ç ÷

ñ ñ . 

ʇʨʠʤʝʨ 12. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

1 2

2

0
1

x d x

x+ñ
. 

ʈʝʰʝʥʠʝ. 

1 1 1 12 2 2

2 2 2 2

0 0 0 0

1 1 1

1 1 1 1

x d x x x d x
d x d x

x x x x

+ - +
= = -

+ + + +ñ ñ ñ ñ 

( ) ( )( )
1

0
arctg 1 arctg1 0 arctg0 1

4
x x

p
= - = - - - = -. 
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ʇʨʠʤʝʨ 13. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

( )
2

1 1 ln

e
d x

x x-
ñ . 

ʈʝʰʝʥʠʝ. 

( )

( )

( )
( )1

2 2
1 1

ln
arcsin ln

1 ln 1 ln

e e

e
d xd x

x
x x x

= = =
- -

ñ ñ  

( ) ( )
1

arcsin ln arcsin ln1 arcsin arcsin0
2 6

e= - = - =
p

. 

ʇʨʠʤʝʨ 14. ʅʘʡʪʠ ʩʨʝʜʥʝʝ ʟʥʘʯʝʥʠʝ m ʬʫʥʢʮʠʠ () 2sinf x x=  ʥʘ 

ʦʪʨʝʟʢʝ [ ]0; 2p . 

ʈʝʰʝʥʠʝ. ʇʦʣʴʟʫʷʩʴ ʪʝʦʨʝʤʦʡ ʦ ʩʨʝʜʥʝʤ (ʩʚʦʡʩʪʚʦ 12 ʦʧʨʝʜʝ-

ʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ), ʙʫʜʝʤ ʠʤʝʪʴ: 

() ( )
2 2

2

0 0

1 1 1
sin 1 cos 2

2 4

b

a

f x d x x d x x d x
b a

p p

m
p p

= = = - =
-ñ ñ ñ  

2

0

1 1 1 1 1
sin2 2 sin 4

4 2 4 2 2
x x

p

p p
p p

å õ å õ
= - = - =æ ö æ ö

ç ÷ ç ÷
. 

ʀʪʘʢ, 
1

2
m= . 

ɿʘʤʝʯʘʥʠʝ. ɺʳʯʠʩʣʷʷ ʠʥʪʝʛʨʘʣʳ ʩ ʧʦʤʦʱʴʶ ʬʦʨʤʫʣʳ ʅʴʶʪʦʥʘ 

ï ʃʝʡʙʥʠʮʘ, ʩʣʝʜʫʝʪ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ ʫʩʣʦʚʠʷ ʟʘʢʦʥʥʦʩʪʠ ʝʝ 

ʧʨʠʤʝʥʝʥʠʷ. ʅʘʧʦʤʥʠʤ, ʯʪʦ ʧʨʠʤʝʥʝʥʠʝ ʵʪʦʡ ʬʦʨʤʫʣʳ ʜʣʷ ʚʳʯʠʩʣʝ-

ʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʦʪ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʬʫʥʢ-

ʮʠʠ ()f x , ʩʫʱʝʩʪʚʝʥʥʦ ʧʨʝʜʧʦʣʘʛʘʝʪ ʜʣʷ ʝʝ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ()F x  

ʚʳʧʦʣʥʝʥʠʝ ʨʘʚʝʥʩʪʚʘ () ()F x f x¡ =  ʚʦ ʚʩʝʤ ʟʘʤʢʥʫʪʦʤ ʧʨʦʤʝʞʫʪʢʝ 

[ ];a b . ʆʪʩʶʜʘ, ʚ ʯʘʩʪʥʦʩʪʠ, ʩʣʝʜʫʝʪ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʧʝʨʚʦʦʙʨʘʟʥʦʡ 

()F x  ʚ ʵʪʦʤ ʧʨʦʤʝʞʫʪʢʝ. ʅʘʨʫh ʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ()F x  ʭʦʪʷ ʙʳ ʚ 

ʦʜʥʦʡ ʪʦʯʢʝ ʧʨʦʤʝʞʫʪʢʘ [ ];a b  (ʢʦʥʝʯʥʦ, ʚ ʵʪʦʡ ʪʦʯʢʝ ʫʞʝ ʥʝ ʙʫʜʝʪ 

ʠʤʝʪʴ ʩʤʳʩʣʘ ʠ ʨʘʚʝʥʩʪʚʦ () ()F x f x¡ = ), ʤʦʞʝʪ ʧʨʠʚʝʩʪʠ ʢ ʦʰʠʙʦʯ-

ʥʦʤʫ ʨʝʟʫʣʴʪʘʪʫ. ʇʦʷʩʥʠʤ ʵʪʦ ʟʘʤʝʯʘʥʠʝ ʥʘ ʢʦʥʢʨʝʪʥʦʤ ʧʨʠʤʝʨʝ. 
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ʈʘʩʩʤʦʪʨʠʤ ʠʥʪʝʛʨʘʣ 

1

2

1
1

d x

x
-
+ñ

. 

ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ()
2

1

1
f x

x
=
+

 ʥʝ-

ʧʨʝʨʳʚʥʘ ʚ ʧʨʦʤʝʞʫʪʢʝ [ ]1;1-  ʠ ʝʝ ʧʝʨʚʦʦʙʨʘʟʥʘʷ ()F x  ʥʘʤ ʭʦʨʦʰʦ 

ʠʟʚʝʩʪʥʘ: () arctgF x x= . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʬʦʨʤʫʣʝ ʅʴʶʪʦʥʘ ï ʃʝʡ-

ʙʥʠʮʘ ʥʘʭʦʜʠʤ: 

( )
1

1

2 1

1

arctg arctg1 arctg 1 2arctg1
1 2

d x
x

x

p
-

-

= = - - = =
+ñ

. 

ɿʘʤʝʪʠʤ, ʯʪʦ ʬʫʥʢʮʠʷ () arctgF x x=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʧʨʦʤʝʞʫʪʢʝ 

[ ]1;1-  ʠ ʚʦ ʚʩʝʭ ʝʛʦ ʪʦʯʢʘʭ ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ () ()F x f x¡ = . ʉʪʘ-

ʣʦ ʙʳʪʴ, ʧʨʠʤʝʥʝʥʠʝ ʬʦʨʤʫʣʳ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ 

ʦʙʦʩʥʦʚʘʥʦ, ʠ ʧʦʣʫʯʝʥ ʚʝʨʥʳʡ ʨʝʟʫʣʴʪʘʪ. ɽʩʣʠ ʞʝ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ 

ʵʪʦʛʦ ʠʥʪʝʛʨʘʣʘ ʚ ʢʘʯʝʩʪʚʝ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ʚʟʷʪʴ ʬʫʥʢʮʠʶ 

()
1

arcctgF x
x

= , (ʣʝʛʢʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ 
2

1 1
arcctg

1x x

¡
å õ

=æ ö
+ç ÷
ʧʨʠ 0x¸ ), 

ʪʦ ʬʦʨʤʘʣʴʥʦʝ ʧʨʠʤʝʥʝʥʠʝ ʬʦʨʤʫʣʳ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ ʜʘʝʪ: 

( )
11

2

11

1 3
arcctg arcctg1 arcctg 1

1 4 4 2

d x

x x

p p p

--

= = - - = - =-
+ñ

. 

ʇʨʠʰʣʠ ʢ ʘʙʩʫʨʜʫ, ʪʘʢ ʢʘʢ 
2 2

p p
- ¸+. ʆʰʠʙʢʘ ʚʦʟʥʠʢʣʘ ʧʦʪʦ-

ʤʫ, ʯʪʦ ʬʫʥʢʮʠʷ ()
1

arcctgF x
x

=  ʚ ʪʦʯʢʝ 0x= , ʧʨʠʥʘʜʣʝʞʘʱʝʡ ʧʨʦ-

ʤʝʞʫʪʢʫ [ ]1;1- , ʥʝ ʠʤʝʝʪ ʩʤʳʩʣʘ, ʟʥʘʯʠʪ ʨʘʚʝʥʩʪʚʦ () ()F x f x¡ =  ʧʨʠ

0x=  ʪʦʞʝ ʣʠʰʝʥʦ ʩʤʳʩʣʘ. ʂʨʦʤʝ ʪʦʛʦ, ʧʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʵʪʫ ʪʦʯʢʫ 

ʬʫʥʢʮʠʷ ()
1

arcctgF x
x

=  ʜʝʣʘʝʪ ʩʢʘʯʦʢ, ʨʘʚʥʳʡ p (ʜʝʡʩʪʚʠʪʝʣʴʥʦ, 

()
0

lim ;
x

F x p
­-

= ()
0

lim 0
x

F x
­+

= ). ʅʘʣʠʯʠʝ ʩʢʘʯʢʘ ʫ ʬʫʥʢʮʠʠ 
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()
1

arcctgF x
x

=  ʚ ʪʦʯʢʝ 0x=  ʠ ʧʨʠʚʝʣʦ ʢ ʪʦʤʫ, ʯʪʦ ʧʨʠʤʝʥʝʥʠʝ ʬʦʨ-

ʤʫʣʳ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ ʦʢʘʟʘʣʦʩʴ ʥʝʟʘʢʦʥʥʳʤ. 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1.  ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʦʧʨʝʜʝʣʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ ()f x  

ʥʘ ʦʪʨʝʟʢʝ [ ];a b ? ʋʢʘʞʠʪʝ ʝʛʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ. 

2.  ɿʘʚʠʩʠʪ ʣʠ ʚʝʣʠʯʠʥʘ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʦʪ ʩʧʦʩʦʙʘ 

ʨʘʟʙʠʝʥʠʷ ʦʪʨʝʟʢʘ [ ];a b ? ɸ ʦʪ ʚʳʙʦʨʘ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʪʦʯʝʢ ix? 

3.  ʂʘʢʦʚ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʠʥʪʝʛʨʘʣʴʥʦʡ ʩʫʤʤʳ ʦʧʨʝʜʝ-

ʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ? 

4.  ʇʫʩʪʴ () ()0, 0

b

a

f x d x f x= ¸ñ . ʂʘʢ ʵʪʦ ʠʩʪʦʣʢʦʚʘʪʴ ʛʝʦʤʝʪ-

ʨʠʯʝʩʢʠ? 

5.  ʋʢʘʞʠʪʝ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʠʥʪʝʛʨʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ. 

6.  ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨ ʬʫʥʢʮʠʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , 

ʥʦ ʥʝ ʠʥʪʝʛʨʠʨʫʝʤʦʡ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ. 

7.  ʂʘʢʦʚʳ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ? 

8.  ʀʟʚʝʩʪʥʦ, ʯʪʦ ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʜʘʥʥʦʤ ʧʨʦʤʝʞʫʪʢʝ ʬʫʥʢʮʠʷ 

ʚʩʝʛʜʘ ʠʤʝʝʪ ʥʘ ʥʝʤ ʧʝʨʚʦʦʙʨʘʟʥʫʶ. ʀʟ ʢʘʢʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʵʪʦ ʩʣʝ-

ʜʫʝʪ? 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ʇʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ, ʚʳʯʠʩʣʠʪʴ ʩʣʝʜʫʁ ʱʠʝ 

ʠʥʪʝʛʨʘʣʳ. 

1.

1

0

x d xñ . ʆʪʚʝʪ: 
2

3
. 2.

2

2

0

3x d xñ . ʆʪʚʝʪ:8. 

3.

1

5

d x

x

-

-

ñ .          ʆʪʚʝʪ: ln5- . 4.
2sin

2

x
d x

p

p-

ñ . ʆʪʚʝʪ:p. 
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5.

3

2

2
2 3 2

d x

x x+ -ñ .   ʆʪʚʝʪ :
4

0,2ln
3

. 6.
2

2
0 16

d x

x-
ñ .        ʆʪʚʝʪ:

6

p
. 

7. ʅʝ ʚʳʯʠʩʣʷʷ ʠʥʪʝʛʨʘʣʦʚ, ʫʩʪʘʥʦʚʠʪʴ, ʢʘʢʦʡ ʠʟ ʠʥʪʝʛʨʘʣʦʚ ʙʦʣʴʰʝ: 

ʘ) 

1

0

x dxñ  ʠʣʠ 

1

2

0

x d xñ ;                            ʙ) 
2

0

x d x

p

ñ  ʠʣʠ 
2

0

sinx d x

p

ñ ; 

ʚ) 

2

1

x d xñ  ʠʣʠ 

2

2

1

x d xñ . 

ʆʪʚʝʪ: ʘ) ʧʝʨʚʳʡ; ʙ) ʧʝʨʚʳʡ; ʚ) ʚʪʦʨʦʡ. 

 

Ä6. ɿʘʤʝʥʘ ʧʝʨʝʤʝʥʥʦʡ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ 
 

ʇʨʠ ʚʳʯʠʩʣʝʥʠʠ ʤʥʦʛʠʭ ʦʧʨʝʜʝʣʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʧʦʣʝʟʥʦ ʟʘ-

ʤʝʥʷʪʴ ʧʝʨʝʤʝʥʥʫʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʦʚʦʡ ʧʝʨʝʤʝʥʥʦʡ, ʩʚʟ̫ʘʥʥʦʡ ʩ 

ʥʝʡ ʢʘʢʠʤ-ʣʠʙʦ ʬʫʥʢʮʠʦʥʘʣʴʥʳʤ ʩʦʦʪʥʦʰʝʥʠʝʤ. 

ʇʫʩʪʴ ʪʨʝʙʫʝʪʩʷ ʚʳʯʠʩʣʠʪʴ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ: 

()
b

a

f x d xñ , 

ʛʜʝ ()f x  - ʬʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʦʪʨʝʟʢʝ [ ];a b . 

ɺʚʝʜʝʤ ʥʦʚʫʶ ʧʝʨʝʤʝʥʥʫʶ t  ʩʦʦʪʥʦʰʝʥʠʝʤ ()x tj=  ʠ ʥʘʣʦʞʠʤ 

ʥʘ ʥʦʚʫʶ ʬʫʥʢʮʠʶ ()tj  ʩʣʝʜʫʶʱʠʝ ʫʩʣʦʚʠʷ: 

1. ʌʫʥʢʮʠʷ ()tj  ʜʦʣʞʥʘ ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʥʝ-

ʢʦʪʦʨʦʤ ʦʪʨʝʟʢʝ [ ];a b. 

2. ʅʘ ʦʪʨʝʟʢʝ [ ];a b ʜʦʣʞʥʘ ʩʫʱʝʩʪʚʦʚʘʪʴ ʥʝʧʨʝʨʳʚʥʘʷ ʧʨʦʠʟ-

ʚʦʜʥʘʷ ()tj¡ . 

3. () (),a bj a j b= =.  

4. ʌʫʥʢʮʠʷ ()tj  ʧʨʠʥʠʤʘʝʪ ʟʥʘʯʝʥʠʷ, ʧʨʠʥʘʜʣʝʞʘʱʠʝ ʦʪʨʝʟʢʫ 

[ ];a b, ʢʦʛʜʘ t  ʤʝʥʷʝʪʩʷ ʥʘ ʦʪʨʝʟʢʝ [ ];a b. 

ʊʦʛʜʘ ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ:  
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 () () ()
b

a

f x d x f t t d t

b

a

j j¡= è øê úñ ñ . (6.1) 

ɼʦʢʘʞʝʤ ʵʪʫ ʬʦʨʤʫʣʫ. 

ʊʘʢ ʢʘʢ ()f x  ʷʚʣʷʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʝʡ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , 

ʪʦ ʜʣʷ ʥʝʝ ʩʫʱʝʩʪʚʫʝʪ ʧʝʨʚʦʦʙʨʘʟʥʘʷ ()F x  ʠ ʪʦʛʜʘ ʠʥʪʝʛʨʘʣ ʩʣʝʚʘ ʚ 

ʬʦʨʤʫʣʝ (6.1) ʤʦʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥ ʧʦ ʬʦʨʤʫʣʝ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠ-

ʮʘ: 

 () () ()
b

a

f x d x F b F a= -ñ . (6.2) 

ɺʳʯʠʩʣʠʤ ʠʥʪʝʛʨʘʣ ʩʧʨʘʚʘ ʚ ʬʦʨʤʫʣʝ (6.1). ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʷ 

)(xfy=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʘ ʬʫʥʢʮʠʷ ( )x tj=  ʥʝʧʨʝʨʳʚ-

ʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b ʠ ʦʪʦʙʨʘʞʘʝʪ ʦʪʨʝʟʦʢ [ ];a b ʚ ʦʪʨʝʟʦʢ [ ];a b , ʪʦ, 

ʧʦ ʪʝʦʨʝʤʝ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ, ʬʫʥʢʮʠʷ ()[ ]tfy j=  

ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b. ʊʘʢ ʢʘʢ ʧʦ ʫʩʣʦʚʠʶ ʧʨʦʠʟʚʦʜʥʘʷ )(tj¡  

ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b, ʪʦ, ʧʦ ʪʝʦʨʝʤʝ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʧʨʦ-

ʠʟʚʝʜʝʥʠʷ, ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ ʙʫʜʝʪ ʥʝʧʨʝʨʳʚʥʘ ʬʫʥʢʮʠʷ 

() ()f t tj j¡è øê ú . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʬʫʥʢʮʠʷ () ()f t tj j¡è øê ú  ʠʥʪʝʛʨʠʨʫ-

ʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b.  

ɼʦʢʘʞʝʤ, ʯʪʦ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ʜʣʷ ʬʫʥʢʮʠʠ () ()f t tj j¡è øê ú  ʷʚʣ̫-

ʝʪʩʷ ʬʫʥʢʮʠʷ ()F tjè øê ú. ɼʣʷ ʬʫʥʢʮʠʠ ()F tjè øê ú ʚʳʧʦʣʥʷʶʪʩʷ ʚʩʝ 

ʫʩʣʦʚʠʷ ʪʝʦʨʝʤʳ ʦ ʧʨʦʠʟʚʦʜʥʦʡ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ, ʧʦʵʪʦʤʫ 

 () () () () ()F t F t t f t tj j j j j
¡

è ø ¡ ¡ ¡= =è ø è ø è øê ú ê ú ê úê ú . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ()F tjè øê ú ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙʨʘʟʥʦʡ ʜʣʷ ʬʫʥʢʮʠʠ 

() ()f t tj j¡è øê ú . ʅʦ ʪʦʛʜʘ ʠʥʪʝʛʨʘʣ ʩʧʨʘʚʘ ʚ ʬʦʨʤʫʣʝ (6.1) ʪʘʢ ʞʝ ʤʦ-

ʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥ ʧʦ ʬʦʨʤʫʣʝ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ: 

() () () () () () ()f t t d t F t F F F b F a

b
b

a
a

j j j j b j a¡Ö = = - = -è ø è ø è ø è øê ú ê ú ê ú ê úñ  
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ʀʪʘʢ, 

 () () () ()f t t d t F b F a

b

a

j j¡Ö = -è øê úñ . (6.3) 

ʉʨʘʚʥʠʚʘʷ ʬʦʨʤʫʣʳ (6.2) ʠ (6.3) ʫʙʝʞʜʘʝʤʩʷ ʚ ʩʧʨʘʚʝʜʣʠʚʦʩʪʠ 

ʬʦʨʤʫʣʳ (6.1). 

ɿʘʤʝʯʘʥʠʝ. ʇʨʠ ʚʳʯʠʩʣʝʥʠʠ ʥʝʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʤʝʪʦ-

ʜʦʤ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ, ʧʦ ʦʢʦʥʯʘʥʠʠ ʦʧʝʨʘʮʠʠ ʥʘʜʦ ʙʳʣʦ ʚʦʟʚʨʘ-

ʱʘʪʴʩʷ ʩʥʦʚʘ ʢ ʧʝʨʚʦʥʘʯʘʣʴʥʦʡ ʧʝʨʝʤʝʥʥʦʡ, ʯʪʦ ʚʳʟʳʚʘʣʦ ʠʥʦʛʜʘ 

ʜʦʚʦʣʴʥʦ ʙʦʣʴʰʠʝ ʪʨʫʜʥʦʩʪʠ. ʇʨʠ ʚʳʯʠʩʣʝʥʠʠ ʞʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥ-

ʪʝʛʨʘʣʘ, ʢʘʢ ʧʦʢʘʟʳʚʘʝʪ ʬʦʨʤʫʣʘ, ʪʘʢʦʝ ʚʦʟʚʨʘʱʝʥʠʝ ʠʩʢʣʶʯʘʝʪʩʷ ʠ 

ʟʘʤʝʥʷʝʪʩʷ ʠʟʤʝʥʝʥʠʝʤ ʧʨʝʜʝʣʦʚ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʥʦʚʦʡ ʧʝʨʝʤʝʥ-

ʥʦʡ. 

ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʬʦʨʤʫʣʳ (6.1), ʥʫʞʥʦ ʦʩʦʙʝʥʥʦ ʚʥʠʤʘʪʝʣʴ-

ʥʦ ʩʣʝʜʠʪʴ ʟʘ ʪʝʤ, ʯʪʦʙʳ ʬʫʥʢʮʠʷ ()x tj=  ʫʜʦʚʣʝʪʚʦʨʷʣʘ ʚʩʝʤ ʫʩʣʦ-

ʚʠʷʤ, ʧʨʠ ʢʦʪʦʨʳʭ ʩʧʨʘʚʝʜʣʠʚʘ ʵʪʘ ʬʦʨʤʫʣʘ. ʅʝʚʳʧʦʣʥʝʥʠʝ ʵʪʠʭ 

ʫʩʣʦʚʠʡ ʧʨʠʚʦʜʠʪ ʢ ʦʰʠʙʢʝ. 

ʇʨʠʤʝʨ 15. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

2

2

0

4 x d x-ñ . 

ʈʝhʝʥʠʝ. ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʩʜʝʣʘʪʴ ʩʣʝʜʫʶʱʫʶ 

ʧʦʜʩʪʘʥʦʚʢʫ: 

 2sin , 2cosx t d x t d t= = , 

ʪʘʢ ʢʘʢ ʵʪʘ ʧʦʜʩʪʘʥʦʚʢʘ ʧʨʠʚʦʜʠʪ ʧʦʜʳʥʪʝʛʨʘʣʴʥʫʶ ʬʫʥʢʮʠʶ ʢ ʨʘ-

ʮʠʦʥʘʣʴʥʦʤʫ ʚʠʜʫ. 

ʋʩʪʘʥʦʚʠʤ ʟʘʢʦʥʥʦʩʪʴ ʪʘʢʦʡ ʧʦʜʩʪʘʥʦʚʢʠ, ʪʦ ʝʩʪʴ ʧʨʦʚʝʨʠʤ, 

ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʣʠ ʥʦʚʘʷ ʬʫʥʢʮʠʷ ʚʩʝʤ ʫʩʣʦʚʠʷʤ, ʧʨʠ ʢʦʪʦʨʳʭ ʠʤʝʝʪ 

ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ (6.1). 

ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ () 24f x x= -  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪ-

ʨʝʟʢʝ [ ]0; 2. ʌʫʥʢʮʠʷ () 2sint tj =  ʤʦʥʦʪʦʥʥʦ ʚʦʟʨʘʩʪʘʝʪ ʠ ʠʤʝʝʪ ʥʝ-

ʧʨʝʨʳʚʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ () 2cost tj¡ =  ʥʘ ʦʪʨʝʟʢʝ 0; ,
2

pè ø
é ù
ê ú

 ʧʨʠʯʝʤ 
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()0 0; 2
2

p
j j

å õ
= =æ ö

ç ÷
. ʂʦʛʜʘ t  ʠʟʤʝʥʷʝʪʩʷ ʥʘ ʦʪʨʝʟʢʝ 0;

2

pè ø
é ù
ê ú

, ʬʫʥʢʮʠʷ 

()x tj=  ʚʦʟʨʘʩʪʘʝʪ ʠ ʧʨʠʥʠʤʘʝʪ ʟʥʘʯʝʥʠʷ, ʧʨʠʥʘʜʣʝʞʘʱʠʝ ʦʪʨʝʟʢʫ 

[ ]0; 2. ʊʘʢ ʢʘʢ ʚʩʝ ʫʩʣʦʚʠʷ ʜʣʷ ʧʨʠʤʝʥʝʥʠʷ ʨʘʚʝʥʩʪʚʘ (6.1) ʚʳʧʦʣʥʝ-

ʥʳ, ʧʦʣʫʯʠʤ: 

2 2 2
2 2 2

0 0 0

4 4 4sin 2cos 4 cosx d x t t d t t d t

p p

- = - Ö = =ñ ñ ñ  

( )
2 2

0 0

1
2 1 cos2 2 sin 2

2
t d t t t

p p

å õ
= + = + =æ ö

ç ÷
ñ  

1 1
2 sin2 0 sin2 0

2 2 2 2

è øå õ å õ
= + Ö - + Ö =æ ö æ öé ù
ç ÷ ç ÷ê ú

p p
p 

ʇʨʠʤʝʨ 16. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

2

0

sin cosx x d x

p

ñ . 

ʈʝʝhʥʠʝ. ʉʜʝʣʘʝʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ sinx t=, ʪʦʛʜʘ 

cosx d x d t= . ʅʦʚʳʝ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʙʫʜʫʪ sin0 0a= =, 

sin 1
2

p
b= =. ʇʦʜʩʪʘʚʣʷʷ, ʧʦʣʫʯʠʤ: 

11 3 3 32
2 2

0 0 0

1 0 1
sin cos

3 3 3 3

t
x x d x t d t

p

= = = - =ñ ñ . 

ʅʘ ʵʪʦʤ ʧʨʠʤʝʨʝ ʚʠʜʥʦ, ʯʪʦ ʠʥʦʛʜʘ ʫʜʦʙʥʝʝ ʙʨʘʪʴ ʧʦʜʩʪʘʥʦʚʢʫ 

ʚʠʜʘ ()t xy= , ʘ ʥʝ ()x tj= . 

ʇʨʠʤʝʨ 17. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

3

1 7 2

d x

x- -
ñ . 

ʈʝʰʝʥʠʝ. ɿʘʤʝʥʘ 27 2x t- =  ʠʣʠ 
27

2

t
x

-
= , ʦʪʢʫʜʘ d x t d t=- ,  

ʪʨʝʙʫʝʪ ʩʣʝʜʫʶʱʝʛʦ ʠʟʤʝʥʝʥʠʷ ʧʨʝʜʝʣʦʚ: ʧʨʠ 1 11, 3x t=- =; ʧʨʠ 

2 23, 1x t= =. ʇʦʜʩʪʘʚʣʷʷ, ʧʦʣʫʯʠʤ:  
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( )
3 1

1

3

1 3

1 3 2
7 2

d x t d t
t

tx-

-
= =- =- - =

-
ñ ñ . 

ɿʘʤʝʯʘʥʠʝ. ʅʝ ʩʣʝʜʫʝʪ ʟʘʙʳʚʘʪʴ, ʯʪʦ ʦʜʥʦʚʨʝʤʝʥʥʦ ʩ ʟʘʧʠʩʴʶ 

ʠʥʪʝʛʨʘʣʘ ʩ ʥʦʚʦʡ ʧʝʨʝʤʝʥʥʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʘʜʦ ʤʝʥʷʪʴ ʝʛʦ ʧʨʝ-

ʜʝʣʳ, ʠʥʘʯʝ ʟʘʧʠʩʴ ʙʫʜʝʪ ʥʝʚʝʨʥʘ. 

ʋʢʘʟʘʥʠʝ. ɼʣʷ ʦʪʳʩʢʘʥʠʷ ʧʨʝʜʝʣʦʚ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʦʚʦʡ ʧʝʨʝ-

ʤʝʥʥʦʡ t, ʠʩʧʦʣʴʟʫʝʪʩʷ ʨʘʚʝʥʩʪʚʦ ()x tj= . ʅʠʞʥʠʡ ʧʨʝʜʝʣ a 

ʥʘʡʜʝʪʩʷ, ʝʩʣʠ ʚʤʝʩʪʦx  ʧʦʜʩʪʘʚʠʪʴ ʟʥʘʯʝʥʠʝ ʥʠʞʥʝʛʦ (ʩʪʘʨʦʛʦ) ʧʨʝ-

ʜʝʣʘ; ʚʝʨʭʥʠʡ ʧʨʝʜʝʣ b ʥʘʡʜʝʪʩʷ, ʝʩʣʠ ʚʤʝʩʪʦ x  ʧʦʜʩʪʘʚʠʪʴ ʟʥʘʯʝʥʠʝ 

ʚʝʨʭʥʝʛʦ (ʩʪʘʨʦʛʦ) ʧʨʝʜʝʣʘ. 

ʇʨʠʤʝʨ 18. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

2

2

0

1

1

x
d x

x

+

-ñ
. 

ʈʝʰʝʥʠʝ. ɺʚʝʜʝʤ ʥʦʚʫʶ ʧʝʨʝʤʝʥʥʫʶ t, ʩʚʷʟʘʥʥʫʶ ʩʦ ʩʪʘʨʦʡ ʧʝ-

ʨʝʤʝʥʥʦʡ x  ʩʦʦʪʥʦʰʝʥʠʝʤ () cosx t tj= = . ʇʦʢʘʞʝʤ, ʯʪʦ ʪʘʢʘʷ ʟʘʤʝ-

ʥʘ ʧʝʨʝʤʝʥʥʦʡ ʟʘʢʦʥʥʘ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ: 1) ʬʫʥʢʮʠʷ () cost tj =  ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚ-

ʥʘ ʥʘ ʦʪʨʝʟʢʝ ;
4 2

p pè ø
é ù
ê ú

 (ʪʘʢ ʢʘʢ ʦʥʘ ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʚʩʝʡ 

ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ), ʠ ʝʝ ʟʥʘʯʝʥʠʷ ʥʝ ʚʳʭʦʜʷʪ ʟʘ ʧʨʝʜʝʣʳ ʧʨʦʤʝʞʫʪʢʘ 

2
0;

2

è ø
é ù
ê ú

, ʢʦʛʜʘ t  ʠʟʤʝʥʷʝʪʩʷ ʚ ʦʪʨʝʟʢʝ ;
4 2

p pè ø
é ù
ê ú

;  

2) 
2

4 2

p
j
å õ

=æ ö
ç ÷

; 0
2

p
j
å õ

=æ ö
ç ÷

; 3) ʩʫʱʝʩʪʚʫʝʪ ʥʘʦʪʨʝʟʢʝ;
4 2

p pè ø
é ù
ê ú

 ʥʝʧʨʝ-

ʨʳʚʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ () sint tj¡ =- . 

ʀʪʘʢ, ʧʦʣʦʞʠʤ cosx t= , ʪʦʛʜʘ  

2

2

2

2cos
1 1 cos 2 ctg ; sin
1 1 cos 2

2sin
2

t
x t t

d x t d t
tx t

+ +
= = = = -

- -
. 
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ʊʘʢ ʢʘʢ ,
2 4

p p
a b= =, ʪʦ, ʧʨʠʤʝʥʷʷ ʤʝʪʦʜ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ 

ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ, ʧʦʣʫʯʠʤ: 

( )

2

2 4 4

0

2 2

cos 2sin cos
1 2 2 2ctg sin
1 2

sin
2

t t t
x t

d x t d t d t
tx

p p

p p

Ö
+

= - = - =
-ñ ñ ñ  

( )
4 4

2 4

2

2 2

1 cos
2 cos 2 sin

2 2

t t
d t d t t t

p p

p

p

p p

+
= - = - = - + =ñ ñ  

2 2
sin sin 1 1

4 4 2 2 4 2 2 4 2

p p p p p p pè øå õ å õ
=- - + - + =- - + + = + -æ ö æ öé ù
ç ÷ ç ÷ê ú

. 

ʇʨʠʤʝʨ 19. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

ln3

ln 2

x x

d x

e e--ñ
. 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ 
xe t=, ʧʦʣʫʯʠʤ lnx t= , 

d t
d x

t
= . ʉʜʝʣʘʝʤ ʟʘ-

ʤʝʥʫ ʧʨʝʜʝʣʦʚ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ: ʧʨʠ 1 ln2,x =  1 2t =  ʧʨʠ 2 ln3,x =  

2 3t = . ʇʦʣʫʯʠʤ: 

3ln3 3 3

2

ln 2 2 2 2

1 1 1 2 1
ln ln ln

1 1 2 1 2 4 3x x

d t
d x d t tt

e e t t
t

t

-

- å õ
= = = = - =æ ö

- - + ç ÷-
ñ ñ ñ  

( )
1 1 3

ln2 ln3 ln
2 2 2

= - + = . 

ʇʨʠʤʝʨ 20. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
3

3

6

cos

sin

x
d x

x

p

p
ñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʦʞʠʤ sinx t=. ʊʦʛʜʘ cosx d x d t= ; ʧʨʝʜʝʣʳ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ʠʟʤʝʥʷʪʩʷ ʪʘʢ: ʧʨʠ 1 16 , sin 6 1 2x t=p = p =, ʧʨʠ 

2 23, sin 3 3 2x t=p = p =. ʇʦʣʫʯʠʤ: 
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3 3
3 2 2

3 3 2
1

1
2

6 2

cos 1 1 4 4
4

sin 2 2 3 3

x d t
d x

x t t

p

p

å õ
= = - = - =æ ö

ç ÷
ñ ñ . 

ʇʨʠʤʝʨ 21. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

1

3
0

1

1

x
d x

x

+

+
ñ . 

ʈʝʰʝʥʠʝ. ɺʚʝʜʝʤ ʥʦʚʫʶ ʧʝʨʝʤʝʥʥʫʶ t, ʧʦʣʦʞʠʚ 
6x t= . ʊʦʛʜʘ 

56d x t d t= .  

ʅʘʡʜʝʤ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʣʷ ʥʦʚʦʡ ʧʝʨʝʤʝʥʥʦʡ t: ʧʨʠ
6

1 10, 0,x t= = 1 0tÝ = ; ʧʨʠ 6

2 21, 1,x t= = 2 1tÝ = . 

ɿʘʤʝʥʷʷ ʧʝʨʝʤʝʥʥʫʶ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ, ʧʦʣʫʯʠʤ:  

1 1 13
5 6 4 3 2

2 23
0 0 0

1 1 1
6 6 1

1 11

x t t
d x t d t t t t t t d t

t tx

+ + +å õ
= = - + + - - + =æ ö

+ ++ ç ÷
ñ ñ ñ  

( )
1

7 5 4 3 2 2

0

1 1 1 1 1 1
6 ln 1 arctg

7 5 4 3 2 2
t t t t t t t t

å õ
= - + + - - + + + =æ ö
ç ÷

 

1 1 1 1 1 1 3 409
6 1 ln2 0 3ln2

7 5 4 3 2 2 4 2 70

p på õ
= - + + - - + + - = + -æ ö
ç ÷

. 

ʇʨʠʤʝʨ 22. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
3

1

ln
e

x d x

xñ . 

ʈʝʰʝʥʠʝ. ɺʚʝʜʝʤ ʥʦʚʫʶ ʧʝʨʝʤʝʥʥʫʶ lnt x= , ʪʦʛʜʘ 
d x

d t
x
= . 

ʇʨʠ 1 11, ln1 0x t= = =, ʧʨʠ 
2 2, ln 1x e t e= = =. ɺʩʝ ʫʩʣʦʚʠʷ, ʧʨʠ ʢʦ-

ʪʦʨʳʭ ʚʝʨʥʘ ʬʦʨʤʫʣʘ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ 

ʚʳʧʦʣʥʷʶʪʩʷ, ʧʦʵʪʦʤʫ ʧʦʣʫʯʘʝʤ: 
113 4

3

1 0 0

ln 1 1
0

4 4 4

e
x d x t

t d t
x

= = = - =ñ ñ . 
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ʀʥʪʝʛʨʘʣʳ ʩ ʩʠʤʤʝʪʨʠʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ 

ʦʪ ʯʝʪʥʦʡ ʠ ʥʝʯʝʪʥʦʡ ʬʫʥʢʮʠʠ 

ʀʥʪʝʛʨʘʣʘʤʠ ʩ ʩʠʤʤʝʪʨʠʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ ʥʘʟʳʚʘʶʪ ʠʥʪʝ-

ʛʨʘʣʳ ʚʠʜʘ: 

 ()
a

a

f x d x
-

ñ . 

ʇʨʝʦʙʨʘʟʫʝʤ ʵʪʦʪ ʠʥʪʝʛʨʘʣ ʧʦ ʩʚʦʡʩʪʚʫ 5 ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝ-

ʛʨʘʣʘ: 

 () () ()
0

0

a a

a a

f x d x f x d x f x d x
- -

= +ñ ñ ñ . (6.4) 

ʇʨʝʦʙʨʘʟʫʝʤ ʪʝʧʝʨʴ ʠʥʪʝʛʨʘʣ()
0

a

f x d x
-

ñ , ʧʨʠʤʝʥʷʷ ʤʝʪʦʜ ʟʘʤʝ-

ʥʳ ʧʝʨʝʤʝʥʥʦʡ. ʇʦʣʦʞʠʤ x t=-, ʪʦʛʜʘ d x d t=- , ʧʨʠ

1 1,x a t a=- =, ʧʨʠ 2 20, 0x t= =. ʋʯʠʪʳʚʘʷ ʩʚʦʡʩʪʚʘ 4 ʠ 13 ʦʧʨʝʜʝ-

ʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʧʦʣʫʯʠʤ:  

() ( )( ) ( ) ( ) ( )
0 0 0

0 0

.

a a

a a a

f x d x f t d t f t d t f t d t f x d x
-

= - - =- - = - = -ñ ñ ñ ñ ñ 

ʊʦʛʜʘ ʬʦʨʤʫʣʘ (6.4) ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 

 () ( ) ()
0 0

a a a

a

f x d x f x d x f x d x
-

= - +ñ ñ ñ . (6.5) 

ʇʫʩʪʴ ()f x  ï ʯʝʪʥʘʷ ʬʫʥʢʮʠʷ, ʪʦ ʝʩʪʴ ( ) ()f x f x- = , ʪʦʛʜʘ  

() () () ()
0 0 0

2

a a a a

a

f x d x f x d x f x d x f x d x
-

= + =ñ ñ ñ ñ. 

ʇʫʩʪʴ ()f x  ï ʥʝʯʝʪʥʘʷ ʬʫʥʢʮʠʷ, ʪʦ ʝʩʪʴ ( ) ()f x f x- =- , ʪʦʛʜʘ 

 () () ()
0 0

0

a a a

a

f x d x f x d x f x d x
-

=- + =ñ ñ ñ . 

ʀʪʘʢ, ʝʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʚ ʧʨʦʤʝʞʫʪʢʝ [ ];a a-  ʥʝʧʨʝʨʳʚʥʘʷ ʠ 

ʯʝʪʥʘʷ, ʪʦ 
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 () ()
0

2

a a

a

f x d x f x d x
-

=ñ ñ , (6.6) 

ʝʩʣʠ ʞʝ ʬʫʥʢʮʠʷ ()f x  ʚ ʵʪʦʤ ʧʨʦʤʝʞʫʪʢʝ ʥʝʧʨʝʨʳʚʥʘʷ, ʥʦ ʥʝʯʝʪʥʘʷ, 

ʪʦ  

 () 0

a

a

f x d x
-

=ñ . (6.7) 

ʇʨʠʤʝʨ 23. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
1

5

1

x d x
-

ñ . 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʦʡ, 

ʪʦ 
1

5

1

0x d x
-

=ñ . 

ʇʨʠʤʝʨ 24. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

2

2

x d x
-

ñ . 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʯʝʪʥʦʡ, 

ʧʦʵʪʦʤʫ: 
22 2 3

2 2

2 0 0

8 16
2 2 2 0

3 3 3

x
x d x x d x

-

= = = Ö - =ñ ñ . 

ʇʨʠʤʝʨ 25. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

2

2 cos

d x

x

p

p
-
+ñ

. 

ʈʝʰʝʥʠʝ. ɺ ʜʘʥʥʦʤ ʧʨʠʤʝʨʝ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʯʝʪʥʘʷ, ʠ 

ʚ ʩʠʣʫ ʬʦʨʤʫʣʳ (6.6), ʙʫʜʝʤ ʠʤʝʪʴ: 

2 2

0

2

2
2 cos 2 cos

d x d x
I

x x

p p

p
-

= =
+ +ñ ñ . 

ʇʦʩʣʝʜʥʠʡ ʠʥʪʝʛʨʘʣ ʚʳʯʠʩʣʠʤ ʩ ʧʦʤʦʱʴʶ ʪʘʢ ʥʘʟʳʚʘʝʤʦʡ 

çʫʥʠʚʝʨʩʘʣʴʥʦʡ ʧʦʜʩʪʘʥʦʚʢʠè tg
2

x
t= . ʆʪʩʶʜʘ ʣʝʛʢʦ ʥʘʭʦʜʷʪʩʷ ʧʨʝ-
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ʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʧʝʨʝʤʝʥʥʦʡ t: ʝʩʣʠ 1 0x = , ʪʦ 
1

0
tg 0

2
t = =; 

ʝʩʣʠ 
2

2
x
p
= , 

2 tg 1
2

t
p

= =. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʦʛʜʘ x  ʠʟʤʝʥʷʝʪʩʷ ʚ ʧʨʦʤʝʞʫʪʢʝ 0;
2

pè ø
é ù
ê ú

, ʪʦ t  

ʠʟʤʝʥʷʝʪʩʷ ʚ ʧʨʦʤʝʞʫʪʢʝ [ ]0; 1. ʌʫʥʢʮʠʷ 2arctgx t= , ʦʙʨʘʪʥʘʷ ʧʦ 

ʦʪʥʦʰʝʥʠʶ tg
2

x
t= , ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ ʠ ʠʤʝʝʪ ʥʝʧʨʝʨʳʚʥʫʶ ʧʨʦ-

ʠʟʚʦʜʥʫʶ ()
2

2

1
x t

t
¡ =

+
 ʚ ʧʨʦʤʝʞʫʪʢʝ [ ]0; 1. ʇʦʵʪʦʤʫ, ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ 

ʩ ʧʨʘʚʠʣʦʤ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ, ʠʩʧʦʣʴʟʫʷ 

ʬʦʨʤʫʣʫ 

2

2

1 tg
2cos

1 tg
2

x

x
x

-

=

+

, ʥʘʭʦʜʠʤ: 

11 12

2 2 2

0 0 0 0
2

1 1
2 2 2 2 arctg

12 cos 1 3 3 3
2

1

d x d t d t t
I

tx t t

t

p

= = Ö = = =
-+ + +

+
+

ñ ñ ñ  

2 1 2 1 2
arctg arctg0 arctg

63 3 3 3 3 3 3

å õ
= - = = Ö =æ ö

ç ÷

p p
. 

ʇʨʠʤʝʨ 26. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
6

2

6

sinx x d x

p

p
-

ñ . 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʦʡ, 

ʪʦ ʚ ʩʠʣʫ ʬʦʨʤʫʣʳ (6.7), ʧʦʣʫʯʘʝʤ: 

6
2

6

sin 0x x d x

p

p
-

=ñ . 
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ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʇʨʠ ʢʘʢʠʭ ʫʩʣʦʚʠʷʭ ʧʨʠʤʝʥʠʤʘ ʬʦʨʤʫʣʘ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ 

ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ? 

2. ɺʳʚʝʜʠʪʝ ʫʢʘʟʘʥʥʫʶ ʬʦʨʤʫʣʫ. 

3. ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʢʦʪʦʨʳʡ ʤʦʞʥʦ 

ʚʳʯʠʩʣʠʪʴ ʧʦ ʬʦʨʤʫʣʝ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ. ɺʳʯʠʩʣʠʪʝ ʝʛʦ. 

4. ʆʙʲʷʩʥʠʪʝ, ʧʦʯʝʤʫ ʬʦʨʤʘʣʴʥʘʷ ʟʘʤʝʥʘ ʧʝʨʝʤʝʥʥʦʡ 
1

x
t
=  ʚ 

ʠʥʪʝʛʨʘʣʝ 
1

2

1
1 2

d x

x

p

-

=
+ñ

 ʧʨʠʚʦʜʠʪ ʢ ʥʝʚʝʨʥʦʤʫ ʨʝʟʫʣʴʪʘʪʫ. 

5. ʇʦʯʝʤʫ ʚ ʠʥʪʝʛʨʘʣʝ 

3

3 2

2

1x x d x-ñ  ʥʝʣʴʟʷ ʧʦʣʦʞʠʪʴ sinx t= ? 

6. ɼʦʢʘʞʠʪʝ, ʯʪʦ ( ) ( )2 2

0

2

a a

a

x d x x d xj j
-

=ñ ñ . 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣʳ ʩ ʧʦʤʦʱʴʶ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ: 

8. 

9

4 1

x
d x

x-
ñ . ʇʦʜʩʪʘʥʦʚʢʘ 

2x= t .                               ʆʪʚʝʪ: 7 2ln2+ . 

9. 

1

2 2

0

1x x d x-ñ . ʇʦʜʩʪʘʥʦʚʢʘ sinx = t .                      ʆʪʚʝʪ: 
16

p
. 

10. 
( )2

1

ln 3 4

3 4

x
d x

x

+

+ñ . ʇʦʜʩʪʘʥʦʚʢʘ ( )ln 3 4x t+ =.          ʆʪʚʝʪ: 21
ln 10

6
. 

ɺ ʩʣʝʜʫʶʱʠʭ ʧʨʠʤʝʨʘʭ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ ʧʦʜʙʝʨʠʪʝ ʧʦʜʩʪʘʥʦʚʢʫ 

ʠ ʚʳʯʠʩʣʠʪʝ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ. 

11. 

4

0 1

d x

x+
ñ .   ʆʪʚʝʪ: 4 2ln3- . 12.

ln8

ln3 1

x

x

e d x

e +
ñ .          ʆʪʚʝʪ: 2. 
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13. 
2

2

0

sin cosx x d x

p

ñ . ʆʪʚʝʪ: 
1

3
. 14. 

2
1

0

xxe d xñ . ʆʪʚʝʪ: ( )
1

1
2

xe - . 

15.

2

2ln 1
e

e

x
d x

x

+
ñ .     ʆʪʚʝʪ: 4. 

 

Ä7. ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʧʦ ʯʘʩʪʷʤ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥʪʝʛʨʘʣʝ 

 

ʇʫʩʪʴ ʬʫʥʢʮʠʠ ()u x  ʠ ()v x  ʥʝʧʨʝʨʳʚʥʳ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʚʤʝ-

ʩʪʝ ʩʦ ʩʚʦʠʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ()u x¡  ʠ ()v x¡ . ʇʦ ʧʨʘʚʠʣʫ ʜʠʬʬʝʨʝʥʮʠ-

ʨʦʚʘʥʠʷ ʧʨʦʠʟʚʝʜʝʥʠʷ ʠʤʝʝʤ: 

 ( )u v u v v u¡ ¡ ¡Ö = +. 

ʇʨʦʠʥʪʝʛʨʠʨʫʝʤ ʵʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʧʦʣʫʯʠʤ: 

( )
b b b

a a a

uv d x u v d x v u d x¡ ¡ ¡= +ñ ñ ñ. 

ʀʥʪʝʛʨʘʣ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʤʦʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥ ʧʦ 

ʬʦʨʤʫʣʝ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ: 

 ( )
b

b

a

a

uv d x uv¡ =ñ , 

ʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ;u d x d u v d x d v¡ ¡= = .  

ʀʪʘʢ, 

b b
b

a

a a

uv v du u dv= +ñ ñ, ʦʪʢʫʜʘ 

 

b b
b

a

a a

u dv uv v du= -ñ ñ. (7.1) 

ʕʪʦ ʬʦʨʤʫʣʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ ʚ ʦʧʨʝʜʝʣʝʥʥʦʤ ʠʥ-

ʪʝʛʨʘʣʝ. 

ʉʫʱʥʦʩʪʴ ʤʝʪʦʜʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, 

ʯʪʦ ʩ ʧʦʤʦʱʴʶ ʬʦʨʤʫʣʳ (7.1) ʤʦʞʥʦ ʧʝʨʝʡʪʠ ʦʪ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚʳ-

ʨʘʞʝʥʠʷ u dvÖ  ʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʶ ʙʦʣʝʝ ʧʨʦʩʪʦʛʦ ʚʳʨʘʞʝʥʠʷ v duÖ . 

ʇʫʩʪʴ ʪʨʝʙʫʝʪʩʷ ʚʳʯʠʩʣʠʪʴ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ: 
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 ()()ñ
b

a

dxxTxA , 

ʛʜʝ ()xA  - ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ; ()xT - ʪʨʘʥʩʮʝʥʜʝʥʪʥʘʷ ʬʫʥʢʮʠʷ, 

ʘ ʠʤʝʥʥʦ ʦʜʥʘ ʠʟ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: ,xa log ,a x sin ,x cos ,x

arcsin ,x arccos ,x arctgx, arcctgx. ʇʨʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ ʧʦ ʯʘʩʪʷʤ ʚ 

ʫʢʘʟʘʥʥʳʭ ʠʥʪʝʛʨʘʣʘʭ ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʧʦʩʪʫʧʘʪʴ ʩʣʝʜʫʁ ʱʠʤ ʦʙʨʘʟʦʤ: 

1. ɽʩʣʠ ()xT  ï ʵʪʦ ,xa
xe , sinx ʠʣʠ cosx, ʪʦ ʩʣʝʜʫʝʪ ʧʦʣʦʞʠʪʴ:  

()xAu= ,   ()d v T x d x= . 

2. ɽʩʣʠ ()xT  ï ʵʪʦ log ,a x ln x ʠʣʠ ʦʙʨʘʪʥʘʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ 

ʬʫʥʢʮʠʷ arcsin ,x arccos ,x arctgx, arcctgx, ʪʦ ʩʣʝʜʫʝʪ ʧʦʣʦʞʠʪʴ: 

()xTu= ,   ()d v A x d x= . 

ʇʨʠʤʝʨ 27. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

2

0

cosx x d x

p

ñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ u x= , ʧʦʣʫʯʠʤ d u d x= , cosd v x d x= , 

sinv d v x= =ñ . ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 

( )
2 2

2 2

0 0

0 0

cos sin sin 2 sin2 0sin0 cosx x d x x x x d x x

p p
p p

p p= - = - + =ñ ñ  

cos2 cos0 1 1 0p= - = - =. 

ʇʨʠʤʝʨ 28. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

3

2

2

lnx x d xñ . 

ʈʝʰʝʥʠʝ. ʇʦʜ ʟʥʘʢʦʤ ʠʥʪʝʛʨʘʣʘ ʩʪʦʠʪ ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʮʠʦʥʘʣʴ-

ʥʦʡ ʬʫʥʢʮʠʠ () 2A x x=  ʥʘ ʪʨʘʥʩʮʝʥʜʝʥʪʥʫʶ ʬʫʥʢʮʠʶ () lnT x x= . 

ʇʦʣʘʛʘʷ lnu x= , ʧʦʣʫʯʠʤ 
d x

d u
x

= , 2d v x d x= , 
3

.
3

x
v d v= =ñ

ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 
3 3 33 33 3 3

2 2

2 22 2 2

1 1 8 19
ln ln ln 9ln3 ln2 .

3 3 3 3 3 3 9

x x x
x xd x x x d x x= - = - = - -ñ ñ  
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ʇʨʠʤʝʨ 29. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

1

0

xx e d xñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ u x= , xd v e d x= , ʧʦʣʫʯʠʤ d u d x= , xv e= . 

ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 

( )
1 1

1 1

0 0
0 0

1 1x x x xxe d x xe e d x e e e e= - = - = - - =ñ ñ . 

ʇʨʠʤʝʨ 30. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

3

1

ln x d xñ . 

ʈʝʰʝʥʠʝ. ʇʦʜ ʟʥʘʢʦʤ ʵʪʦʛʦ ʠʥʪʝʛʨʘʣʘ ʪʦʞʝ ʬʘʢʪʠʯʝʩʢʠ ʩʪʦʠʪ 

ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʮʠʦʥʘʣʴʥʦʡ ʬʫʥʢʮʠʠ () 1A x =  ʥʘ ʪʨʘʥʩʮʝʥʜʝʥʪʥʫʶ 

() lnT x x= . ʇʨʠʥʠʤʘʷ ʚʦ ʚʥʠʤʘʥʠʝ ʫʢʘʟʘʥʠʷ ʢ ʧʨʠʤʝʥʝʥʠʶ ʬʦʨʤʫʣʳ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ, ʧʦʣʦʞʠʤ lnu x= , ʪʦʛʜʘ 
d x

d u
x

= , 

,d v d x=  v x= . ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 

( ) ( )
1 1

1 1

ln ln ln 1ln1 1 1

e e
e ed x

x d x x x x e e x e e
x

= - = - - = - - =ñ ñ . 

ʌʦʨʤʫʣʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ ʧʨʠʤʝʥʷʝʪʩʷ ʥʝ ʪʦʣʴʢʦ ʚ ʪʝʭ 

ʩʣʫʯʘʷʭ, ʢʦʛʜʘ ʧʦʜ ʟʥʘʢʦʤ ʠʥʪʝʛʨʘʣʘ ʩʪʦʠʪ ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʮʠʦʥʘʣʴ-

ʥʦʡ ʠ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʡ ʬʫʥʢʮʠʡ. 

ʇʨʠʤʝʨ 31. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

8

1 3 1

x d x

x+
ñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ u x= , ʧʦʣʫʯʠʤ d u d x= , 
3 1

d x
d v

x
=

+
, 

2
3 1

3
v x= +. ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 

88 8

11 1

2 2
3 1 3 1

3 33 1

x d x x
x x d x

x
= + - + =

+
ñ ñ  

( ) ( )
8

3 3 3

1

16 2 4 16 2 4
25 4 3 1 5 2 5 2

3 3 27 3 3 27
x

å õ
= - - + = Ö - Ö - - =æ ö
ç ÷
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80 4 4 117 76 52
8

3 27 3

- Ö -
- = =. 

ʇʨʠʤʝʨ 32. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

2

0

cosxe x d x

p

ñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ 
2xu e= , ʧʦʣʫʯʠʤ 22 xd u e d x= , cosd v x d x= , 

sinv x= . ʇʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (7.1) ʧʦʣʫʯʠʤ: 

2 2 2
2 2 2 22

0
0 0 0

cos sin 2 sin 2 sinx x x xe x d x e x e xd x e e xdx

p p p

p
p= - = -ñ ñ ñ . (7.2) 

ʇʦʣʫʯʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʠʥʪʝʛʨʠʨʫʝʤ ʧʦ 

ʯʘʩʪʷʤ. 

ʇʦʣʦʞʠʤ 2

1

xu e= , ʧʦʣʫʯʠʤ 2
1 2 xd u e d x= , 1 sind v x d x=

1 cosv x d x=- . ʇʦ ʬʦʨʤʫʣʝ (7.1), ʙʫʜʝʤ ʠʤʝʪʴ: 

2 2 2
2 2 2 22

0
0 0 0

sin cos 2 cos 1 2 cosx x x xe xd x e x e xd x e xd x

p p p

p

=- + = +ñ ñ ñ .(7.3) 

ʇʦʜʩʪʘʚʣʷʷ ʨʝʟʫʣʴʪʘʪ ʨʘʚʝʥʩʪʚʘ (7.3) ʚ ʨʘʚʝʥʩʪʚʦ (7.2), ʧʦʣʫʯʠʤ: 

2 2 2
2 2 2

0 0 0

cos 2 1 2 cos 2 4 cosx x xe x d x e e xd x e e xd x

p p p

p p

å õ
æ ö

= - + = - -
æ ö
æ ö
ç ÷

ñ ñ ñ . 

ʀʪʘʢ, ʧʦʩʣʝ ʜʚʫʢʨʘʪʥʦʛʦ ʧʨʠʤʝʥʝʥʠʷ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ, 

ʤʳ ʧʨʠʰʣʠ ʢ ʪʦʤʫ ʞʝ ʠʥʪʝʛʨʘʣʫ 

2

2

0

cosxe x d x

p

ñ , ʢʦʪʦʨʳʡ ʪʨʝʙʦʚʘʣʦʩʴ 

ʚʳʯʠʩʣʠʪʴ. ʊʘʢʠʝ ʠʥʪʝʛʨʘʣʳ ʥʘʟʳʚʘʶʪ ʮʠʢʣʠʯʝʩʢʠʤʠ. 

ʈʝʰʘʝʤ ʧʦʣʫʯʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʠʩʢʦʤʦʛʦ ʠʥʪʝʛʨʘ-

ʣʘ: 
2

2

0

5 cos 2xe x d x e

p

pÖ = -ñ , 

ʦʪʢʫʜʘ ʧʦʣʫʯʘʝʤ ʦʪʚʝʪ:

2

2

0

2
cos

5

x e
e x d x

p p-
Ö =ñ . 
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ʇʨʠʤʝʨ 33. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( )
2

2

0

3 sinx x d x

p

+ñ . 

ʈʝʰʝʥʠʝ. ʇʦʣʘʛʘʷ 2 3u x= +, ʧʦʣʫʯʠʤ 2d u x d x= , sin ,d v x d x=  

sin cosv x d x x= =-ñ . ʇʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ (7.1), ʧʦʣʫʯʠʤ: 

( ) ( )
2 2

2 2 2

00 0

3 sin 3 cos 2 cosx x d x x x x x d x

p p

p

+ =- + + =ñ ñ  

2

0

3 2 cosx x d x

p

=- +ñ . 

ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʧʦʩʣʝʜʥʝʛʦ ʠʥʪʝʛʨʘʣʘ ʚʥʦʚʴ ʧʨʠʤʝʥʷʝʤ ʬʦʨʤʫ-

ʣʫ (7.1), ʧʦʣʘʛʘʷ 1u x=  ʠ 1 cosd v x d x= , ʪʦʛʜʘ 1d u d x= , 1 sin .v x=  

ʀʤʝʝʤ: 

( )
2 2

2 2

00 0

3 sin 3 2 sin sinx x d x x x x d x

p p

p
è ø
é ù

+ =- + - =é ù
é ù
ê ú

ñ ñ  

2

0

3 2 sin 0 cos
2 2

x
pp pè øå õ

=- + - + =é ùæ ö
ç ÷é ùê ú

 

3 2 cos cos0 3 2 1 5
2 2 2

p p p
p

è øå õ å õ
=- + + - =- + - = -æ ö æ öé ù

ç ÷ ç ÷ê ú
. 

ʇʨʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ ʯʘʩʪʦ ʧʨʠʭʦʜʠʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʨʠʤʝ-

ʥʷʪʴ ʤʝʪʦʜ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ ʠ ʤʝʪʦʜ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ  

ʯʘʩʪʷʤ. 

ʇʨʠʤʝʨ 34. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 

2

4

0

sin x d x

p

ñ . 

ʈʝʰʝʥʠʝ. ɺʳʧʦʣʥʠʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ, ʧʦʣʦʞʠʤ t x= , ʦʪ-

ʩʶʜʘ 
2x t=  ʠ, ʟʥʘʯʠʪ 2d x t d t= . ʅʘʡʜʝʤ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 
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ʜʣʷ ʥʦʚʦʡ ʧʝʨʝʤʝʥʥʦʡ t: ʝʩʣʠ 0x= , ʪʦ 0 0t= =; ʝʩʣʠ 
2

4
x
p
= , ʪʦ 

2

4 2
t

p p
= =. ʀʪʘʢ, ʧʝʨʝʤʝʥʥʘʷ t  ʠʟʤʝʥʷʝʪʩʷ ʚ ʧʨʦʤʝʞʫʪʢʝ 0;

2

pè ø
é ù
ê ú

. 

2

4 2 2

2 2
0 0

0 0 0

sin 2 sin 2 cos cos 2 0 sin 2.x d x t t d t t t t d t t

p p p

p p
è ø

è øé ù
= = - + = + =é ùé ù ê ú

é ùê ú

ñ ñ ñ  

ʀʥʪʝʛʨʘʣ ʩ ʧʝʨʝʤʝʥʥʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ t  ʚʳʯʠʩʣʝʥ ʤʝʪʦʜʦʤ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ, ʧʦʣʘʛʘʷ u t= , d u d t= , sind v t d t= , cosv t=- . 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ɺʳʚʝʜʠʪʝ ʬʦʨʤʫʣʫ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ ʜʣʷ ʦʧʨʝʜʝʣʝʥ-

ʥʦʛʦ ʠʥʪʝʛʨʘʣʘ. 

2.  ʂʘʢʠʝ ʫʩʣʦʚʠʷ ʜʦʣʞʥʳ ʚʳʧʦʣʥʷʪʴʩʷ, ʯʪʦʙʳ ʦʧʝʨʘʮʠʷ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ ʙʳʣʘ ʟʘʢʦʥʥʦʡ? 

3. ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʢʦʪʦʨʳʡ ʤʦʞʥʦ 

ʚʳʯʠʩʣʠʪʴ ʧʦ ʬʦʨʤʫʣʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ. ɺʳʯʠʩʣʠʪʝ ʝʛʦ. 

4.  ʅʝ ʚʳʯʠʩʣʷʷ ʠʥʪʝʛʨʘʣʘ 

2

5

0

cosx x d x

p

ñ , ʚʳʷʩʥʠʪʝ, ʩʢʦʣʴʢʦ ʨʘʟ 

ʥʝʦʙʭʦʜʠʤʦ ʧʨʠʤʝʥʠʪʴ ʬʦʨʤʫʣʫ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ, ʯʪʦʙʳ 

ʧʦʣʫʯʠʪʴ ʦʪʚʝʪ. 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

16.

2

1

lnx x d xñ .  ʆʪʚʝʪ: 
3

2ln 2
4
- . 

17.

1 2

0

arcsinx d xñ .  ʆʪʚʝʪ: 12 3 2 1p + -. 

18.

1

2

0

xx e d xñ .  ʆʪʚʝʪ:2e- . 

19. ( )
2

2

0

3 5 cos2x x d x

p

+ñ .  ʆʪʚʝʪ:p. 
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Ä8. ʅʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ 
 

ʇʨʠ ʦʧʨʝʜʝʣʝʥʠʠ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ()
b

a

f x d xñ  ʧʨʝʜʧʦʣʘ-

ʛʘʣʦʩʴ, ʯʪʦ: 

1) ʦʪʨʝʟʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ [ ];a b  ʢʦʥʝʯʝʥ; 

2) ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ()f x  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b . 

ʊʘʢʠʝ ʠʥʪʝʛʨʘʣʳ ʥʘʟʳʚʘʶʪʩʷ ʦʧʨʝʜʝʣʝʥʥʳʤʠ ʠʣʠ ʩʦʙʩʪʚʝʥʥʳ-

ʤʠ. ʆʜʥʘʢʦ ʚ ʨʘʟʣʠʯʥʳʭ ʧʨʠʣʦʞʝʥʠʷʭ ʯʘʩʪʦ ʧʨʠʭʦʜʠʪʩʷ ʚʩʪʨʝʯʘʪʴʩʷ 

ʩ ʨʘʟʨʳʚʥʳʤʠ ʬʫʥʢʮʠʷʤʠ ʠ ʩ ʬʫʥʢʮʠʷʤʠ, ʘʨʛʫʤʝʥʪʳ ʢʦʪʦʨʳʭ ʠʟʤʝ-

ʥʷʶʪʩʷ ʥʝ ʚ ʢʦʥʝʯʥʦʤ ʠʥʪʝʨʚʘʣʝ, ʧʦʵʪʦʤʫ ʧʦʥʷʪʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥ-

ʪʝʛʨʘʣʘ ʥʫʞʥʦ ʨʘʩʰʠʨʠʪʴ ʠ ʨʘʩʩʤʦʪʨʝʪʴ ʪʘʢʠʝ ʠʥʪʝʛʨʘʣʳ, ʛʜʝ: 

1) ʦʜʠʥ ʠʣʠ ʦʙʘ ʧʨʝʜʝʣʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʙʝʩʢʦʥʝʯʥʳ; 

2) ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʤʦʞʝʪ ʠʤʝʪʴ ʨʘʟʨʳʚ ʚʥʫʪʨʠ ʧʨʦ-

ʤʝʞʫʪʢʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 

ʊʘʢʠʝ ʠʥʪʝʛʨʘʣʳ ʥʘʟʳʚʘʶʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʀʥʪʝʛʨʘʣʳ ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ ʠʣʠ ʦʪ 

ʨʘʟʨʳʚʥʳʭ ʬʫʥʢʮʠʡ ʥʘʟʳʚʘʶʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ. 

8.1. ʅʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ  

ʧʨʝʜʝʣʘʤʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 

1. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʦʧʨʝʜʝʣʝʥʘ ʚ ʙʝʩʢʦʥʝʯʥʦʤ ʧʨʦʤʝ-

ʞʫʪʢʝ [ );a +¤ ʠ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʣʶʙʦʤ ʢʦʥʝʯʥʦʤ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ 

ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ()
b

a

f x d xñ . 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʝʜʝʣ ʠʥʪʝʛʨʘʣʘ ()
b

a

f x d xñ  ʧʨʠ b­+¤, ʥʘʟr-

ʚʘʝʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʠʠ ()f x  ʩ ʙʝʩʢʦʥʝʯʥʳʤ 

ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ, ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʬʫʥʢʮʠʷ )(xf  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʧʨʦʤʝʞʫʪʢʝ [ );a +¤. 
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ʆʙʦʟʥʘʯʘʝʪʩʷ: ()
a

f x d x

+¤

ñ . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʠʤʝʝʤ: 

 () ()lim

b

b
a a

f x d x f x d x

+¤

­+¤
=ñ ñ . (8.1) 

ɽʩʣʠ ʫʢʘʟʘʥʥʳʡ ʧʨʝʜʝʣ ʩʫʱʝʩʪʚʫʝʪ ʠ ʢʦʥʝʯʝʥ, ʪʦ ʠʥʪʝʛʨʘʣ 

ʥʘʟʳʚʘʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ. ɽʩʣʠ ʫʢʘʟʘʥʥʳʡ ʧʨʝʜʝʣ ʙʝʩʢʦʥʝʯʝʥ ʠʣʠ ʥʝ 

ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʠʥʪʝʛʨʘʣ ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ()
a

f x d x

+¤

ñ  

ʇʫʩʪʴ ʬʫʥʢʮʠʷ () 0f x ²  ʠ 

()f x  ʥʝʧʨʝʨʳʚʥʘ ʚ ʧʨʦʤʝʞʫʪʢʝ 

[ );a +¤. ʈʘʩʩʤʦʪʨʠʤ ʬʠʛʫʨʫ, ʟʘ-

ʢʣʶʯʝʥʥʫʶ ʤʝʞʜʫ ʢʨʠʚʦʡ ()y f x= , 

ʦʩʴʶ O x ʠ ʣʝʞʘʱʫʶ ʧʨʘʚʝʝ ʧʨʷʤʦʡ 

x a=  (ʨʠʩ. 3). 

 

ɿʘ ʧʣʦʱʘʜʴ S ʵʪʦʡ ʬʠʛʫʨʳ 

ʧʨʠʥʠʤʘʝʪʩʷ ʧʨʝʜʝʣ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ a ABb ʧʨʠ 

b­+¤, ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʵʪʦʪ ʧʨʝʜʝʣ ʢʦʥʝʯʝʥ:  lim .a ABb
b

S S
­+¤

=  

ʉʣʝʜʫʝʪ ʧʦʥʠʤʘʪʴ, ʯʪʦ ʬʠʛʫʨʘ, ʦ ʧʣʦʱʘʜʠ ʢʦʪʦʨʦʡ ʠʜʝʪ ʨʝʯʴ ʷʚ-

ʣʷʝʪʩʷ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ ï ʦʥʘ ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʧʨʦʩʪʠʨʘʝʪʩʷ ʚʧʨʘʚʦ. 

ʇʨʠʤʝʨ 35. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
3

1

d x

x

+¤

ñ . 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
3

1
)(

x
xf =  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʤʥʦʞʝʩʪʚʝ ( )( ); 0 0;X = -¤ +¤, ʘ ʟʥʘʯʠʪ, ʠ ʥʘ ʧʨʦʤʝʞʫʪʢʝ 

0 x b a 

y 

ʈ ʠ ʩ. 3 

ɸ 

B 

y=f(x) 
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[ )1; .+¤ ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
3

1

d x

x

+¤

ñ  ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ ʙʝʩʢʦ-

ʥʝʯʥʳʤ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ. ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʦʣʫʯʠʤ: 

3 3 2 2

1 1 1

1 1 1 1 1
lim lim lim 0 .

2 2 2 2 2

b
b

b b b

d x d x

x x x b

+¤

­+¤ ­+¤ ­+¤

å õ å õ
= = - = - + = + =æ ö æ ö

ç ÷ ç ÷
ñ ñ  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 36. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
1

d x

x

+¤

ñ . 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
x

xf
1

)( =  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʤʥʦʞʝʩʪʚʝ ( )( ); 0 0;X = -¤ +¤, ʘ ʟʥʘʯʠʪ, ʠ ʥʘ ʧʨʦʤʝʞʫʪʢʝ [ )1; .+¤ 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
1

d x

x

+¤

ñ  ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ ʙʝʩʢʦʥʝʯʥʳʤ 

ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ. ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʦʣʫʯʠʤ: 

( ) ( )
1

1 1

lim lim ln lim ln ln1

b
b

b b b

d x d x
x b

x x

+¤

­+¤ ­+¤ ­+¤
= = = - =+¤ñ ñ . 

ɼʘʥʥʳʡ ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 37. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
0

cosxd x

+¤

ñ . 

ʈʝhʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ xxf cos)( =  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʤʥʦʞʝʩʪʚʝ R, ʘ ʟʥʘʯʠʪ, ʠ ʥʘ ʧʨʦʤʝʞʫʪʢʝ [ )0; .+¤ 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
0

cosx d x

+¤

ñ  ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ ʙʝʩʢʦ-

ʥʝʯʥʳʤ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ. ʇʦʵʪʦʤʫ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʠʤʝʝʤ: 

( )
0

0 0

cos lim cos lim sin

b
b

b b
x d x x d x x

+¤

­+¤ ­+¤
= = =ñ ñ  

( ) ( )lim sin sin0 lim sin
b b

b b
­+¤ ­+¤

= - = . 

ʇʨʝʜʝʣʘ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 
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2. ʇʫʩʪʴ ʪʝʧʝʨʴ ()f x  ʦʧʨʝʜʝʣʝʥʘ ʚ ʙʝʩʢʦʥʝʯʥʦʤ ʧʨʦʤʝʞʫʪʢʝ 

( ]; b-¤  ʠ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʣʶʙʦʤ ʢʦʥʝʯʥʦʤ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ ʝʩʪʴ 

ʩʫʱʝʩʪʚʫʝʪ ʠʥʪʝʛʨʘʣ  ()
b

a

f x d xñ . 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʝʜʝʣ ʠʥʪʝʛʨʘʣʘ ()
b

a

f x d xñ  ʧʨʠ a­-¤ ʥʘʟr-

ʚʘʝʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʦʪ ʬʫʥʢʮʠʠ ()f x  ʩ  

ʙʝʩʢʦʥʝʯʥʳʤ ʥʠʞʥʠʤ ʧʨʝʜʝʣʦʤ, ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʬʫʥʢʮʠʷ )(xf  

ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʧʨʦʤʝʞʫʪʢʝ ( ]; b-¤ . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: ()
b

f x d x
-¤

ñ . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʠʤʝʝʤ: 

 () ()lim

b b

a
a

f x d x f x d x
­-¤

-¤

=ñ ñ . (8.2) 

ɽʩʣʠ ʫʢʘʟʘʥʥʳʡ ʧʨʝʜʝʣ ʩʫʱʝʩʪʚʫʝʪ ʠ ʢʦʥʝʯʝʥ, ʪʦ ʠʥʪʝʛʨʘʣ 

ʥʘʟʳʚʘʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ, ʝʩʣʠ ʙʝʩʢʦʥʝʯʝʥ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʠʥ-

ʪʝʛʨʘʣ ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ. 

ɺ ʩʣʫʯʘʝ ʩʭʦʜʷʱʝʛʦʩʷ ʠʥʪʝʛʨʘ-

ʣʘ, ()
b

f x d x
-¤

ñ  ʛʝʦʤʝʪʨʠʯʝʩʢʠ ʜʘʝʪ 

ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʟʘʢʣʶʯʝʥʥʦʡ ʤʝʞ-

ʜʫ ʢʨʠʚʦʡ ()y f x= ()( )0f x > , ʧʨʷ-

ʤʦʡ x b= , ʦʩʴʶ O x ʠ ʥʝʦʛʨʘʥʠʯʝʥʥʦ 

ʧʨʦʩʪʠʨʘʶɦ ʝʡʩʷ ʚʣʝʚʦ (ʨʠʩ. 4). 

ʇʨʠʤʝʨ 38. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ 

2

3 1

d x

x

-

-¤ +
ñ . 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
3 1

1
)(

+
=

x
xf  ʥʝʧʨʝʨʳʚʥʘ 

ʥʘ ʤʥʦʞʝʩʪʚʝ ( )( ); 1 1;X= -¤ - - +¤, ʇʨʦʤʝʞʫʪʦʢ ( ]; 2 .X-¤ - Ë 

0 

y 

x b 

y=f(x) 

ʈ ʠ ʩ. 4 
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
1

d x

x

+¤

ñ  ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ ʙʝʩʢʦʥʝʯʥʳʤ 

ʥʠʞʥʠʤ ʧʨʝʜʝʣʦʤ. ʇʦ ʬʦʨʤʫʣʝ (8.2), ʧʦʣʫʯʠʤ: 

( ) ( ) ( )
22 2 2 1 2

3 3
3 3

3
lim lim 1 1 lim 1

21 1a a a
aa a

d x d x
x d x x

x x

-- - -
-

­-¤ ­-¤ ­-¤
-¤

= = + + = + =
+ +

ñ ñ ñ  

( ) ( )
2 2

3 3
3

lim 2 1 1
2a

a
­-¤

è ø
= - + - + =-¤é ù

ê ú
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

3. ʇʫʩʪʴ ()f x  ʟʘʜʘʥʘ ʥʘ ʙʝʩʢʦʥʝʯʥʦʤ ʧʨʦʤʝʞʫʪʢʝ ( );-¤ +¤ ʠ 

ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʣʶʙʦʤ ʢʦʥʝʯʥʦʤ ʩʝʛʤʝʥʪʝ [ ];a b , ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ 

()
b

a

f x d xñ  ʧʨʠ ʣʶʙʳʭ a  ʠ b. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʅʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ ʚʝʨʭ-

ʥʠʤ ʠ ʥʠʞʥʠʤ ʧʨʝʜʝʣʘʤʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ ʧʦʤʦʱʴʶ ʨʘʚʝʥʩʪʚʘ: 

 () () ()
c

c

f x d x f x d x f x d x

+¤ +¤

-¤ -¤

= +ñ ñ ñ , (8.3) 

ʛʜʝ c  - ʧʨʦʠʟʚʦʣʴʥʦʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ, )(xf  ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢ-

ʮʠʷ ʥʘR. 

ʇʨʠʯʝʤ, ʝʩʣʠ ʦʙʘ ʠʥʪʝʛʨʘʣʘ ʩʧʨʘʚʘ ʚ ʬʦʨʤʫʣʝ (8.3) ʩʭʦʜʷʪʩʷ, ʪʦ 

ʠʥʪʝʛʨʘʣ()f x d x

+¤

-¤

ñ  ʥʘʟʳʚʘʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ, ʝʩʣʠ ʞʝ ʦʜʠʥ ʠʟ ʠʥʪʝ-

ʛʨʘʣʦʚ ʩʧʨʘʚʘ ʨʘʩʭʦʜʠʪʩʷ, ʘ ʜʨʫʛʦʡ ʩʭʦʜʠʪʩʷ, ʪʦ ʠʥʪʝʛʨʘʣ ()f x d x

+¤

-¤

ñ  

ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ. 

ʇʨʠʤʝʨ 39. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ: xe d x

+¤

-¤

ñ . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ ( ) xf x e=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ R. ʉʦʛʣʘʩʥʦ ʬʦʨ-

ʤʫʣʝ (8.3), ʚʳʙʨʘʚ 0c= , ʙʫʜʝʤ ʠʤʝʪʴ: 
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0

0

x x xe d x e d x e d x

+¤ +¤

-¤ -¤

= +ñ ñ ñ. 

ʀʩʩʣʝʜʫʝʤ ʦʪʜʝʣʴʥʦ ʢʘʞʜʳʡ ʠʟ ʠʥʪʝʛʨʘʣʦʚ, ʩʪʦʷʱʠʭ ʚ ʧʨʘʚʦʡ 

ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʳ (8.2) ʠ (8.1). 

( )
0 0

0
0lim lim lim 1x x x a

aa a a
a

e d x e d x e e e
­-¤ ­-¤ ­-¤

-¤

= = = - =ñ ñ . 

( )0

0
0 0

lim lim lim

b
b

x x x b

b b b
e d x e d x e e e

+¤

­+¤ ­+¤ ­+¤
= = = - =+¤ñ ñ . 

ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʠʩʭʦʜʥʳʡ ʠʥʪʝʛʨʘʣ ʷʚʣʷʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ. 

ʇʨʠʤʝʨ 40. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝ-

ʛʨʘʣ: 
21

d x

x

+¤

-¤
+ñ

. 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 
2

1
( )

1
f x

x
=
+

 ʥʝʧʨʝʨʳʚʥʘ ʥʘ R. 

ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʘʤ (8.3), (8.2) ʠ (8.1), ʠʤʝʝʤ: 
0 0

2 2 2 2 2

0 0

lim lim
1 1 1 1 1

b

a b
a

d x d x d x d x d x

x x x x x

+¤ +¤

­-¤ ­-¤
-¤ -¤

= + = + =
+ + + + +ñ ñ ñ ñ ñ 

0

0

lim arctg lim arctg
b

a ba

x x
­-¤ ­+¤

= + = 

( ) ( )lim arctg0 arctg lim arctg arctg0
a b

a b
­-¤ ­+¤

=- - + - = 

lim arctg lim arctg
2 2a b

a b
p p

p
­-¤ ­+¤

å õ
=- + =- - + =æ ö

ç ÷
. 

ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʦʩʴ O x ʜʣʷ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʡ ʬʫʥʢʮʠʠ 

2

1

1
y

x
=
+

 (ʢʨʠʚʘʷ ɸʥʴʝʟʠ) ʷʚʣʷʝʪʩʷ ʘʩʠʤʧʪʦʪʦʡ (ʨʠʩ. 5). 

ɻʝʦʤʝʪʨʠʯʝʩʢʠ ʠʥʪʝʛʨʘʣ 

21

b

a

d x

x+ñ
  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʧʣʦʱʘʜʴ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝ-
0 a b x 

A 

1 

y 

 

ʈ ʠ ʩ. 5 

0 a b x 

A 

1 

y 

 

ʈ ʠ ʩ. 5 
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ʮʠʠ a ABb; ʥʦ ʝʩʣʠ a­-¤ ʠ b­+¤, ʪʦ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ 

ʚʳʨʘʟʠʪ ʧʣʦʱʘʜʴ ʙʝʩʢʦʥʝʯʥʦʡ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ, ʢʦʪʦʨʘʷ 

ʠʤʝʝʪ ʢʦʥʝʯʥʫʶ ʚʝʣʠʯʠʥʫ p. 

ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ - ʃʝʡʙʥʠʮʘ ʜʣʷ ʥʝʩʦʙʩʪʚʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ 

ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʠʤʝʝʪ ʧʝʨʚʦʦʙʨʘʟʥʫʶ()F x , ʪʦʛʜʘ ʧʦ 

ʦʧʨʝʜʝʣʝʥʠʶ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʠʤʝʝʤ: 

() () () () () ()lim lim lim

b

b b b
a a

f x d x f x d x F b F a F b F a

+¤

­+¤ ­+¤ ­+¤
= = - = -è øê úñ ñ

ɹʫʜʝʤ ʧʦʥʠʤʘʪʴ ʧʦʜ ʩʠʤʚʦʣʦʤ ( )F +¤ ʧʨʝʜʝʣ ʬʫʥʢʮʠʠ ()F x ʧʨʠ

x­+¤: 

( ) () ()lim lim
x b

F F x F b
­+¤ ­+¤

+¤ = = . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʧʨʦʩʪʦʪʳ ʟʘʧʠʩʠ ʠ ʨʘʩʩʫʞʜʝʥʠʡ, ʧʨʠ ʚʳʯʠʩ-

ʣʝʥʠʠ ʥʝʩʦʙʩʪʚʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ʧʨʠʤʝʥʠʤʘ ʬʦʨʤʫʣʘ ʅʴʶʪʦʥʘ ï ʃʝʡʙʥʠʮʘ: 

() () ( ) () () ()lim
a x

a

f x dx F x F F a F x F a

+¤
+¤

­+¤
= = +¤ - = -ñ ; (8.4) 

() () () ( ) () ()lim

b
b

x
f x dx F x F b F F b F x

-¤ ­-¤
-¤

= = - -¤ = -ñ ; (8.5) 

() () ( ) ( ) () ()lim lim
x x

f x dx F x F F F x F x

+¤
+¤

-¤ ­+¤ ­-¤
-¤

= = +¤ - -¤ = -ñ . (8.6) 

ʇʨʠʤʝʨ 41. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
2 2 5

d x

x x

+¤

-¤
+ +ñ . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 
52

1
)(

2 ++
=

xx
xf  ʥʝʧʨʝʨʳʚʥʘ ʥʘ R. 

ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʝ (8.6), ʙʫʜʝʤ ʠʤʝʪʴ: 

( ) ( )
22 2

1 1

2 5 2 22 1 4 1 4

d x d x d x x
arctg

x x x x x

+¤+¤ +¤ +¤

-¤-¤ -¤ -¤

+
= = = =

+ + + + + + +
ñ ñ ñ  
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1 1 1 1
lim lim

2 2 2 2 2 2 2x x

x x
arctg arctg

p p p

­+¤ ­-¤

+ + å õè ø å õ
= - = - - =æ öæ öé ù
ê ú ç ÷ç ÷

. 

ɼʘʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 42. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
4

3
ln

d x

x x

+¤

ñ . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 
xx

xf
4ln

1
)( =  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʤʥʦʞʝʩʪʚʝ 

( )( )0; 1 1;X = +¤, ʇʨʦʤʝʞʫʪʦʢ [ )3; X+¤ Ë. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʘʥ-

ʥʳʡ ʠʥʪʝʛʨʘʣ ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʩ ʙʝʩʢʦʥʝʯʥʳʤ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ. 

ʇʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ (8.4), ʧʦʣʫʯʠʤ: 

( )4

4 3

33 3

1
ln ln

ln 3ln

d x
x d x

x x x

+¤+¤ +¤

-= =- =ñ ñ  

3 3 3

1 1 1
lim

3ln 3ln 3 3ln 3x x­+¤

å õ
= - + =æ ö

ç ÷
. 

ʀʩʭʦʜʥʳʡ ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 43. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ
2

1

arctgx d x

x

+¤

ñ . 

ʈʝʰʝʥʠʝ .ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
2

)(
x

xarctg
xf =  ʥʝʧʨʝʨʳʚʥʘ 

ʥʘ ʤʥʦʞʝʩʪʚʝ ( )( )¤+¤-= ,00, GX , ʘ ʟʥʘʯʠʪ, ʠ ʥʘ ʧʨʦʤʝʞʫʪʢʝ 

[ )1, .+¤ ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
2

1

arctg x
d x

x

+¤

ñ  ï ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʩ 

ʙʝʩʢʦʥʝʯʥʳʤ ʚʝʨʭʥʠʤ ʧʨʝʜʝʣʦʤ.  

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʦʧʨʝʜʝʣʝʥʠʝʤ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ: 

2 2

1 1

arctg arctg
lim

b

b

x d x x d x

x x

+¤

­+¤
=ñ ñ . 

ɺʳʯʠʩʣʠʤ ʩʥʘʯʘʣʘ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ 
2

1

arctg
b

x d x

xñ , ʜʣʷ ʯʝʛʦ 

ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʬʦʨʤʫʣʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ (7.1), ʧʦʣʘʛʘʷ 
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arctgu x= , ʪʦʛʜʘ 
21

d x
d u

x
=
+

,  
2

1
,

d x
d v v

x x
= =-. 

( )2 2
11 1

arctg 1

1

bb b
x d x d x

arctg x
x x x x

=- - =
+

ñ ñ  

( )
( )

2 2

2

1

11
arctg arctg1+

1

b x x
b d x

b x x

+ -
=- + =

+
ñ  

21

1

1 1
arctg + ln arctg + ln ln1

4 1 4

b
b xdx

b x b b
b x b

p p
=- + - =- + - -

+ñ
 

( ) ( )2 2

1

1 1 1 1
ln 1 arctg + ln ln 1 ln2

2 4 2 2

b

x b b b
b

p
- + =- + - + + = 

2

1 1
arctg ln ln 2

4 21

b
b

b b

p
= - + +

+
. 

ɺr ʯʠʩʣʠʤ ʪʝʧʝʨʴ ʧʨʝʜʝʣ ʧʦʣʫʯʝʥʥʦʛʦ ʚʳʨʘʞʝʥʠʷ ʧʨʠb­+¤: 

2

1 1 1
lim arctg ln ln2 ln2

4 2 4 21b

b
b

b b

p p

­+¤

å õ
- + + = +æ ö

+ç ÷
, 

ʪʘʢ ʢʘʢ 
1

lim arctg 0
b

b
b­+¤

=  ʠ 
2

2

1
lim ln lim ln 0

11
1

b b

b

b

b

­+¤ ­+¤
= =

+
+

. 

ʀʪʘʢ, ʜʘʥʥʳʡ ʠʥʪʝʛʨʘʣ ʷʚʣʷʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ. 

ɿʘʤʝʯʘʥʠʝ. ʀʥʪʝʛʨʘʣʳ ʩ ʙʝʩʢʦʥʝʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ ʠʥʪʝʛʨʠʨʦ-

ʚʘʥʠʷ ʥʘʟʳʚʘʶʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ ʠʥʪʝʛʨʘʣʘʤʠ ʧʝʨʚʦʛʦ ʨʦʜʘ. 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʧʝʨʚʦʛʦ ʨʦʜʘ 

(ʠʥʪʝʛʨʘʣʘ, ʫ ʢʦʪʦʨʦʛʦ ʦʜʠʥ ʠʣʠ ʦʙʘ ʧʨʝʜʝʣʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʙʝʩʢʦ-

ʥʝʯʥʳ), ʫʢʘʞʠʪʝ ʝʛʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ. 

2. ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨʳ ʩʭʦʜʷʱʝʛʦʩʷ ʠ ʨʘʩʭʦʜʷʱʝʛʦʩʷ ʠʥʪʝʛʨʘ-

ʣʦʚ ʧʝʨʚʦʛʦ ʨʦʜʘ. 
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3. ɺ ʢʘʢʦʤ ʩʤʳʩʣʝ ʩʣʝʜʫʝʪ ʧʦʥʠʤʘʪʴ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʝ ʬʦʨʤʫʣʳ 

ʅʴʶʪʦʥʘ- ʃʝʡʙʥʠʮʘ ʥʘ ʩʣʫʯʘʡ ʥʝʩʦʙʩʪʚʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʩ ʙʝʩʢʦ-

ʥʝʯʥʳʤʠ ʧʨʝʜʝʣʘʤʠ? 

4. ʇʨʠ ʢʘʢʠʭ ʟʥʘʯʝʥʠʷʭ k  ʩʭʦʜʠʪʩʷ ʠʥʪʝʛʨʘʣ 
1

k

d x

x

+¤

ñ ? 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʩʣʝʜʫʶʱʠʝ ʥʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘ-

ʣʳ. 

20. 
2

1

d x

x

+¤

ñ .                 ʆʪʚʝʪ: 1. 21. 

1

2

d x

x
-¤
-ñ

.  ʆʪʚʝʪ: ʨʘʩʭʦʜʠʪʩʷ. 

22. 
2 2 2

d x

x x

+¤

-¤
+ +ñ .    ʆʪʚʝʪ: p. 23. 

2xx e d x

+¤

-

-¤

ñ .             ʆʪʚʝʪ: 1. 

8.2. ʅʝʩʦʙʩʪʚʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ ʦʪ ʥʝʦʛʨʘʥʠʯʝʥʥʳʭ ʬʫʥʢʮʠʡ 

ʈʘʩʩʤʦʪʨʠʤ ʩʣʫʯʘʡ, ʢʦʛʜʘ ʠʥʪʝʛʨʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ ()f x  ʧʨʠ ʦʪ-

ʜʝʣʴʥʳʭ ʟʥʘʯʝʥʠʷʭ ʧʝʨʝʤʝʥʥʦʡ, ʣʝʞʘʱʠʭ ʚʥʫʪʨʠ ʧʨʝʜʝʣʦʚ ʠʥʪʝʛʨʠ-

ʨʦʚʘʥʠʷ, ʪʝʨʧʠʪ ʨʘʟʨʳʚ ʥʝʧʨʝʨʳʚʥʦʩʪʠ. 

1. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʨʝʨʳʚʥʘ ʧʨʠa x b¢ <. ʇʨʝʜʧʦ-

ʣʦʞʠʤ, ʯʪʦ ʦʥʘ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b-e, ʛʜʝ 0 b a<e< -, ʠ 

ʥʝʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];b b-e , ʪʦ ʝʩʪʴ ʠʥʪʝʛʨʘʣ()
b

a

f x d x

-e

ñ  ʩʫ-

ʱʝʩʪʚʫʝʪ, ʘ ʠʥʪʝʛʨʘʣ()
b

b

f x d x
-e

ñ  ʥʝ ʩʫʱʝʩʪʚʫʝʪ. 

 

ʊʦʯʢʘ b ʥʘʟʳʚʘʝʪʩʷ ʦʩʦʙʦʡ ʪʦʯʢʦʡ ʬʫʥʢʮʠʠ ()f x . ʄʦʞʥʦ ʜʦ-

ʢʘʟʘʪʴ, ʯʪʦ ʚʙʣʠʟʠ ʦʩʦʙʦʡ ʪʦʯʢʠ ʬʫʥʢʮʠʷ ()f x  ʷʚʣʷʝʪʩʷ ʥʝʦʛʨʘʥʠ-

b a 

bïe 
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ʯʝʥʥʦʡ. ʅʘ ʧʨʘʢʪʠʢʝ ʥʘʤ ʦʙʳʯʥʦ ʚʩʪʨʝʯʘʶʪʩʷ ʩʣʫʯʘʠ, ʢʦʛʜʘ ʚ ʦʩʦʙʦʡ 

ʪʦʯʢʝ ʬʫʥʢʮʠʷ ʦʙʨʘʱʘʝʪʩʷ ʚ ʙʝʩʢʦʥʝʯʥʦʩʪʴ. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʝʜʝʣ ʠʥʪʝʛʨʘʣʘ ()
b

a

f x d x

-e

ñ  ʧʨʠ 0e­  ʥʘʟʳʚʘ-

ʝʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʠʠ ()f x  ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ ()
b

a

f x d xñ , ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʬʫʥʢʮʠʷ )(xf  ʥʝʧʨʝʨʳʚʥʘ 

ʥʘ ʧʨʦʤʝʞʫʪʢʝ [ );a b . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ: 

 () ()
0

lim

bb

a a

f x d x f x d x

-e

e­
=ñ ñ , (8.7) 

ʝʩʣʠ ʧʨʠ (),x b f x­ ­¤. 

ɽʩʣʠ ʫʢʘʟʘʥʥʳʡ ʧʨʝʜʝʣ ʩʫʱʝʩʪʚʫʝʪ ʠ ʢʦʥʝʯʝʥ, ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ 

ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. ɽʩʣʠ ʫʢʘʟʘʥʥʳʡ ʧʨʝʜʝʣ ʙʝʩʢʦʥʝʯʝʥ ʠʣʠ ʥʝ ʩʫʱʝ-

ʩʪʚʫʝʪ, ʪʦ ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 47. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ 

1

2
0 1

d x

x-
ñ . 

ʈʝʰʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ ()
2

1

1
f x

x
=
-

. ʕʪʘ ʬʫʥʢʮʠʷ 

ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʠʥʪʝʨʚʘʣʝ ( )1; 1- , ʘ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝʧʨʝʨʳʚʥʘ ʠ ʥʘ 

ʧʨʦʤʝʞʫʪʢʝ [ )0;1 ; 1x=  ʷʚʣʷʝʪʩʷ ʦʩʦʙʦʡ ʪʦʯʢʦʡ ʬʫʥʢʮʠʠ ()f x . ʇʦ 

ʦʧʨʝʜʝʣʝʥʠʶ (8.7)  ʠʤʝʝʤ: 
11

2 20
0 0

lim
1 1

d x d x

x x

-e

e­
= =

- -
ñ ñ  

1

0 0

lim arcsinx

-e

e­

= = 

( )
0

lim arcsin 1 arcsin0
e ­
= -e - =è øê ú 

y 

x -1 1 

1 

0 

 

 

ʈ ʠ ʩ. 6 
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arcsin1 .
2

p
= =   ʀʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʧʦʣʫʯʝʥʥʦʛʦ ʨʝʟʫʣʴʪʘʪʘ ʩʦʩʪʦʠʪ ʚ ʩʣʝ-

ʜʫʶʱʝʤ: ʧʣʦʱʘʜʴ ʧʦʜ ʢʨʠʚʦʡ 
2

1

1
y

x
=

-
 ʥʘ ʧʦʣʫʠʥʪʝʨʚʘʣʝ [ )0;1  

ʨʘʚʥʘ 
2

p
 (ʨʠʩ. 6). 

2. ʇʫʩʪʴ ʪʝʧʝʨʴ ʬʫʥʢʮʠʷ ()f x  ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b+e  ʠ ʥʝʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a a+e.  

ʊʦʯʢʘ x a=  ʷʚʣʷʝʪʩʷ ʦʩʦʙʦʡ ʪʦʯʢʦʡ ʬʫʥʢʮʠʠ ()f x . 

 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʝʜʝʣ ʠʥʪʝʛʨʘʣʘ ()
b

a

f x d x
+e

ñ  ʧʨʠ 0e­  ʥʘʟʳʚʘ-

ʝʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤ ʠʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʠʠ ()f x  ʧʦ ʦʪʨʝʟʢʫ [ ];a b , 

ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʬʫʥʢʮʠʷ )(xf  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʧʨʦʤʝʞʫʪʢʝ ( ];a b . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ: 

 () ()
0

lim

b b

a a

f x d x f x d x
e­

+e

=ñ ñ , (8.8) 

ʝʩʣʠ ʬʫʥʢʮʠʷ ()f x  ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʚʩʝʭ ʟʥʘʯʝʥʠʷʭ x, ʢʨʦʤʝx b= , 

ʧʨʠʯʝʤ ʧʨʠ (),x b f x­ ­¤. 

ɽʩʣʠ ʚ ʬʦʨʤʫʣʝ (8.8) ʧʨʝʜʝʣ ʢʦʥʝʯʝʥ, ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ ʠʥʪʝʛʨʘʣ 

ʩʭʦʜʠʪʩʷ, ʝʩʣʠ ʵʪʦʪ ʧʨʝʜʝʣ ʙʝʩʢʦʥʝʯʝʥ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʛʦʚʦ-

ʨʷʪ, ʯʪʦ ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 48. ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ, ʚʳʯʠʩʣʠʪʴ ʥʝʩʦʙʩʪʚʝʥʥʳʡ 

ʠʥʪʝʛʨʘʣ 

1

0

d x

x
ñ   ʠʣʠ ʫʩʪʘʥʦʚʠʪʴ ʝʛʦ ʨʘʩʭʦʜʠʤʦʩʪʴ. 

b a 

a+e 
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ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
1

y
x

=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʤʥʦʞʝʩʪʚʝ ( )0;X = +¤, ʟʥʘʯʠʪ, ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʧʦʣʫʠʥʪʝʨʚʘʣʝ ( ]0; 1 , 

0=x  ï ʦʩʦʙʘʷ ʪʦʯʢʘ. 

ʊʘʢ ʢʘʢ 
0

1
lim

x x­+
=+¤, ʪʦ ʬʫʥʢʮʠʷ 

1
y

x
=  ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ 

ʨʘʟʨʳʚ ʚ ʪʦʯʢʝ 0x= . ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝ-

ʛʨʘʣʘ (8.8), ʧʦʣʫʯʠʤ: 

( )
1 1 1

0 0 0
0 0

lim lim 2 lim 2 1 2
d x d x

x
x xe­ e­ e­e+e

= = = - e =ñ ñ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 49. ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ, ʚʳʯʠʩʣʠʪʴ ʥʝʩʦʙʩʪʚʝʥʥʳʡ 

ʠʥʪʝʛʨʘʣ 

1

0

d x

xñ
 ʠʣʠ ʫʩʪʘʥʦʚʠʪʴ ʝʛʦ ʨʘʩʭʦʜʠʤʦʩʪʴ. 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
1

y
x
=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʤʥʦ-

ʞʝʩʪʚʝ ( )( ); 0 0;X = -¤ +¤, ʟʥʘʯʠʪ, ʥʝʧʨʝʨʳʚʥʘʥʘ ʧʦʣʫʠʥʪʝʨʚʘʣʝ 

( ]0; 1 , 0=x  ï ʦʩʦʙʘʷ ʪʦʯʢʘ. 

ʊʘʢ ʢʘʢ 
0

1
lim

x x­+
=+¤, ʪʦ ʬʫʥʢʮʠʷ 

1
y

x
=  ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʨʘʟ-

ʨʳʚ ʚ ʪʦʯʢʝ 0x= . ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

(8.8), ʧʦʣʫʯʠʤ: 

[ ]
1 1 1

0 0 0
0

lim lim ln lim ln1 ln
d x d x

x
x xe­ e­ e­ee

= = = - e =+¤ñ ñ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

3. ʆʩʦʙʘʷ ʪʦʯʢʘ ʬʫʥʢʮʠʠ ʤʦʞʝʪ ʥʘʭʦʜʠʪʩʷ ʠ ʚʥʫʪʨʠ ʦʪʨʝʟʢʘ 

[ ];a b . ʇʫʩʪʴ a c b< <, ʛʜʝ c  - ʦʩʦʙʘʷ ʪʦʯʢʘ ʬʫʥʢʮʠʠ ()f x , ʪʦ ʝʩʪʴ 

ʬʫʥʢʮʠʷ ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʘʭ 1;a cè ø-eê ú ʠ 2;c bè ø+eê ú ʠ ʥʝʠʥʪʝ-

ʛʨʠʨʫʝʤʘ ʥʘ ʦʪʨʝʟʢʝ 1 2;c cè ø-e +eê ú. 
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ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ ʩʫʤʤʘ 

ʧʨʝʜʝʣʦʚ: 

 () () ()
1

1 2

2

0 0
lim lim

cb b

a a c

f x d x f x d x f x d x

-e

e ­ e ­
+e

= +ñ ñ ñ , (8.9) 

ʧʨʠʯʝʤ 1 0e > ʠ 2 0e > ʩʪʨʝʤʷʪʩʷ ʢ ʥʫʣʶ ʧʨʦʠʟʚʦʣʴʥʦ ʠ ʥʝʟʘʚʠʩʠʤʦ 

ʜʨʫʛ ʦʪ ʜʨʫʛʘ. 

 

ʇʨʠʤʝʨ 50. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ 
( )

2

2

0

a
d x

x a-
ñ . 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
( )

2

1
( )f x

x a
=
-

 ʥʝʧʨʝʨʳʚʥʘ 

ʥʘ ʤʥʦʞʝʩʪʚʝ ( )( ); ;X a a= -¤ +¤, ʟʥʘʯʠʪ, ax=  ï ʦʩʦʙʘʷ ʪʦʯʢʘ. 

ʊʘʢ ʢʘʢ 
( )

20

1
lim

x a x a­ +
=+¤

-
, ʪʦ ʬʫʥʢʮʠʷ 

( )
2

1
( )f x

x a
=
-

 ʠʤʝʝʪ 

ʙʝʩʢʦʥʝʯʥʳʡ ʨʘʟʨʳʚ ʚ ʪʦʯʢʝ ax= , ʪʦ ʝʩʪʴ ʧʨʠ ʟʥʘʯʝʥʠʠ, ʣʝʞʘʱʠʤ 

ʤʝʞʜʫ ʧʨʝʜʝʣʘʤʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 0 ʠ 2a. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʫʞʥʦ ʧʨʠ 

ʨʝʰʝʥʠʠ ʧʦʣʴʟʦʚʘʪʴʩʷ ʦʧʨʝʜʝʣʝʥʠʝʤ (8.9) ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ: 

( ) ( ) ( )

11

1 2 1

2

2 2

2 2 20 0 0
0 0 0

1
lim lim lim

aaa a

a

d x d x d x

x ax a x a x a

-e-e

e ­ e ­ e ­
+e

å õ
= + = - +æ ö

-ç ÷- - -
ñ ñ ñ  

2 1 2

2

2

0 0 0
1 2

1 1 1 1 1
lim lim lim

a

a
x a a ae ­ e ­ e ­

+e

å õ å õå õ
+ - = - + - + =¤æ ö æ öæ ö æ ö æ ö- e eç ÷ ç ÷ ç ÷

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʨʘʩʭʦʜʠʪʩʷ. 

ʇʨʠʤʝʨ 51. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ 
( )

1

0

.
1

d x

x x-
ñ  

b a c+e
c 
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ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
( )xx

xf
-

=
1

1
)(  ʥʝʧʨʝʨʳʚ-

ʥʘ ʥʘ ʠʥʪʝʨʚʘʣʝ ( )0;1, ʟʥʘʯʠʪ, 0=x  ʠ 1=x  ï ʦʩʦʙʳʝ ʪʦʯʢʠ. 

ʊʘʢ ʢʘʢ 
( )0

1
lim

1x x x­+
=+¤

-
 ʠ 

( )1 0

1
lim

1x x x­ -
=+¤

-
, ʪʦ ʬʫʥʢʮʠʷ 

( )xx
xf

-
=

1

1
)(  ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʨʘʟʨʳʚ ʚ ʪʦʯʢʘʭ 0=x  ʠ 1=x . 

ʇʦʣʴʟʫʝʤʩʷ ʦʧʨʝʜʝʣʝʥʠʷʤʠ (8.7) ʠ (8.8): 

( ) ( ) ( )

2

1 2

1

1
11 2

0 0
10

2

lim lim
1 1 1

d x d x d x

x x x x x x

-e

e ­ e ­
e

= + =
- - -

ñ ñ ñ  

( ) ( )
2

1 2
1

1
1

2

0 0 1

2

lim arcsin 2 1 lim arcsin 2 1x x

-e

e ­ e ­
e

= - + - =è ø è øê ú ê ú  

( ) ( )
1 2

1 2
0 0

lim arcsin0 arcsin 2 1 lim arcsin 1 2 arcsin0
e ­ e ­

è ø= - e - + - e - =è øê úê ú
 

2 2

p p
= + =p. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʪʝʛʨʘʣ ʩʭʦʜʠʪʩʷ. 

ɿʘʤʝʯʘʥʠʝ. ʀʥʦʛʜʘ ʧʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʥʝʩʦʙ-

ʩʪʚʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʤʝʪʦʜʦʤ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ, ʦʥ ʧʨʝʦʙʨʘʟʫʝʪʩʷ 

ʚ ʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʦʪ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ ʩ ʢʦʥʝʯʥʳʤ ʦʪʨʝʟ-

ʢʦʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ʊʘʢʦʡ ʠʥʪʝʛʨʘʣ ʚʳʯʠʩʣʷʝʪʩʷ ʦʙʳʯʥʳʤ ʧʫʪʝʤ 

ʙʝʟ ʧʨʠʤʝʥʝʥʠʷ ʧʨʝʜʝʣʴʥʦʛʦ ʧʝʨʝʭʦʜʘ. ʄʦʞʝʪ ʩʣʫʯʠʪʴʩʷ ʠ ʦʙʨʘʪʥʦʝ, 

ʪʦ ʝʩʪʴ ʧʨʠ ʟʘʤʝʥʝ ʧʝʨʝʤʝʥʥʦʡ ʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ʤʦʞʝʪ ʧʝʨʝʡ-

ʪʠ ʚ ʥʝʩʦʙʩʪʚʝʥʥʳʡ. 

ʇʨʠʤʝʨ 52. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʠʥʪʝʛʨʘʣ 

3 3

2
0 9

x d x

x-
ñ . 

ʈʝʰʝʥʠʝ. ʇʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ 
3

2
( )

9

x
f x

x
=

-
 ʥʝʧʨʝʨʳʚʥʘ 

ʥʘ ʠʥʪʝʨʚʘʣʝ ( )3; 3- , ʟʥʘʯʠʪ, ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʧʦʣʫʠʥʪʝʨʚʘʣʝ [ )0; 3 , 
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3=x  ï ʦʩʦʙʘʷ ʪʦʯʢʘ. ʊʘʢ ʢʘʢ 
3

23 0
lim

9x

x

x­ -
=+¤

-
, ʪʦ ʬʫʥʢʮʠʷ 

3

2
( )

9

x
f x

x
=

-
 ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʨʘʟʨʳʚ ʚ ʪʦʯʢʝ 3=x . 

ʉʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʶ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʤʳ ʜʦʣʞʥʳ 

ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʧʨʠ ʝʛʦ ʚʳʯʠʩʣʝʥʠʠ ʬʦʨʤʫʣʦʡ (8.7). ɿʘʤʝʥʘ ʧʝʨʝ-

ʤʝʥʥʦʡ 3 sinx t= ; 3 cosd x t d t=  ʜʘʝʪ ʧʨʠ 1 10, 0x t= =, ʧʨʠ 

2 23,
2

x t
p

= =; ʧʦʣʫʯʠʤ  ʠʥʪʝʛʨʘʣ 
2

3

0

27 sin t d t

p

ñ , ʢʦʪʦʨʳʡ ʚʳʯʠʩʣʷ-

ʝʪʩʷ ʥʘ ʢʦʥʝʯʥʦʤ ʦʪʨʝʟʢʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢ-

ʮʠʷ ʝʩʪʴ ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʘʤ ʥʝ ʥʫʞʥʦ ʩʦʚʝʨ-

ʰʘʪʴ ʧʨʝʜʝʣʴʥʳʡ ʧʝʨʝʭʦʜ, ʤʳ ʧʦʣʫʯʠʤ: 

( )( )
3 3 2 2 2

3 2 2

2
0 0 0 0

27 sin 27 sin sin 27 1 cos cos
9

x d x
t d t t t d t t d t

x

p p p

= = =- - =
-

ñ ñ ñ ñ

2
3

0

1 1
27 cos cos 27 1 18

3 3
t t

p

å õ å õ
=- - =- - + =æ ö æ ö

ç ÷ ç ÷
. 

ɿʘʤʝʯʘʥʠʝ. ʀʥʪʝʛʨʘʣʳ ʦʪ ʥʝʦʛʨʘʥʠʯʝʥʥʳʭ ʬʫʥʢʮʠʡ ʥʘʟrʚʘʶʪʩʷ 

ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ ʠʥʪʝʛʨʘʣʘʤʠ ʚʪʦʨʦʛʦ ʨʦʜʘ. 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1.  ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʚʪʦʨʦʛʦ ʨʦʜʘ 

(ʠʥʪʝʛʨʘʣʘ ʦʪ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ ʬʫʥʢʮʠʠ).  

2.  ʋʢʘʞʠʪʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʥʝʩʦʙʩʪʚʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

ʚʪʦʨʦʛʦ ʨʦʜʘ ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʧʦʜʳʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʥʝʦʪʨʠʮʘ-

ʪʝʣʴʥʘ. 

3.  ʇʨʠʚʝʜʠʪʝ ʧʨʠʤʝʨʳ ʩʭʦʜʷʱʝʛʦʩʷ ʠ ʨʘʩʭʦʜʷʱʝʛʦʩʷ ʠʥʪʝʛʨʘ-

ʣʦʚ ʚʪʦʨʦʛʦ ʨʦʜʘ. 

4.  ʂʘʢ ʚʳʯʠʩʣʷʝʪʩʷ ʠʥʪʝʛʨʘʣ ʦʪ ʬʫʥʢʮʠʠ ()f x , ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ 

ʚ ʢʦʥʝʯʥʦʤ ʯʠʩʣʝ ʪʦʯʝʢ ʦʪʨʝʟʢʘ [ ];a b . 
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5.  ʇʨʠ ʢʘʢʠʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʟʥʘʯʝʥʠʷʭ l ʩʭʦʜʷʪʩʷ ʠʥʪʝʛʨʘʣʳ: 

( )

b

a

d x

x a
l

-
ñ      ʠ      

( )

b

a

d x

b x
l

-
ñ ? 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ʀʩʭʦʜʷ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʥʝʩʦʙʩʪʚʝʥʥʳʭ ʠʥʪʝʛʨʘʣʦʚ ʦʪ ʥʝʦʛʨʘʥʠ-

ʯʝʥʥʳʭ ʬʫʥʢʮʠʡ, ʠʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʩʣʝʜʫʶʱʠʝ ʠʥʪʝʛʨʘʣʳ: 

24.

2

0 2

d x

x-
ñ .          ʆʪʚʝʪ: 2 2. 

25.
( )

2

2

0 1

d x

x-
ñ .    ʆʪʚʝʪ: ʨʘʩʭʦʜʠʪʩʷ. 

26.

1

0

ln x d xñ .                    ʆʪʚʝʪ: 1-. 

27.

3

2

0
4 3

d x

x x- +ñ .     ʆʪʚʝʪ: ʨʘʩʭʦʜʠʪʩʷ. 
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ɻ ʃ ɸ ɺ ɸ  2.   ɻɽʆʄɽʊʈʀʏɽʉʂʀɽ ʀ ʌʀɿʀʏɽʉʂʀɽ 

ʇʈʀʃʆɾɽʅʀʗ ʆʇʈɽɼɽʃɽʅʅʆɻʆ ʀʅʊɽɻʈɸʃɸ 

 

Ä1. ʇʨʠʤʝʥʝʥʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

 

ɺ ʩʠʣʫ ʘʙʩʪʨʘʢʪʥʦʩʪʠ ʧʦʥʷʪʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, ʠʥʪʝ-

ʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʰʠʨʦʢʦ ʧʨʠʤʝʥʷʝʪʩʷ ʢ ʩʘʤʳʤ ʨʘʟʥʦʦʙʨʘʟʥʳʤ 

ʚʦʧʨʦʩʘʤ ʛʝʦʤʝʪʨʠʠ, ʤʝʭʘʥʠʢʠ, ʬʠʟʠʢʠ, ʭʠʤʠʠ, ʵʢʦʥʦʤʠʢʠ ʠ ʜʨʫʛʠʤ 

ʥʘʫʯʥʳʤ ʜʠʩʮʠʧʣʠʥʘʤ, ʧʨʠʯʝʤ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʧʨʦʚʦʜʠʪʩʷ ʧʦ ʦʜʥʦʡ 

ʠ ʪʦʡ ʞʝ ʩʭʝʤʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʜʚʝ ʩʭʝʤʳ ʧʨʠʤʝʥʝʥʠʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ 

ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʥʝʢʦʪʦʨʦʡ ʥʝʠʟʚʝʩʪʥʦʡ ʚʝʣʠʯʠʥʳ U . 

 

ʉʭʝʤʘ I 

1. ʈʘʟʙʠʚʘʝʤ U  ʥʘ ʙʦʣʴʰʦʝ ʯʠʩʣʦ n  ʤʘʣʳʭ ʩʣʘʛʘʝʤʳʭ (ʵʣʝʤʝʥ-

ʪʘʨʥʳʭ ʩʣʘʛʘʝʤʳʭ iUD ) 

 1 2

1

...
n

n i

i

U U U U U
=

=D +D + +D = Dä . 

2. ʅʘʭʦʜʠʤ ʧʨʠʙʣʠʞʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘʨʥʦʛʦ ʩʣʘ-

ʛʘʝʤʦʛʦ iUD  ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ( )i i iU f xD = x D. ɿʘʪʝʤ ʩʦʩʪʘʚʣʷʝʤ 

ʩʫʤʤʫ ʪʘʢʠʭ ʧʨʦʠʟʚʝʜʝʥʠʡ (ʠʥʪʝʛʨʘʣʴʥʫʶ ʩʫʤʤʫ), ʢʦʪʦʨʘʷ ʜʘʝʪ ʧʨʠ-

ʙʣʠʞʝʥʥʦʝ ʟʥʘʯʝʥʠʝ U, ʪʦ ʝʩʪʴ 

 ( )
1

n

i i

i

U f x
=

º x Dä ,   

ʛʜʝ x  - ʦʜʠʥ ʠʟ ʧʘʨʘʤʝʪʨʦʚ ʚʝʣʠʯʠʥʳ U, ʠʟʤʝʥʷʶʱʠʡʩʷ ʥʘ ʜʘʥʥʦʤ 

ʦʪʨʝʟʢʝ a x b¢ ¢; ()f x  - ʜʘʥʥʘʷ ʠʣʠ ʦʧʨʝʜʝʣʷʝʤʘʷ ʠʟ ʫʩʣʦʚʠʷ ʟʘʜʘʯʠ 

ʬʫʥʢʮʠʷ ʦʪ x ; 1i i ix x x-D = - - ʜʣʠʥʳ ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ, ʥʘ ʢʦʪʦ-

ʨʳʝ ʦʪʨʝʟʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʝʣʠʪʩʷ, ʧʨʠʯʝʤ ʜʝʣʝʥʠʝ ʤʦʞʥʦ ʧʨʦʠʟ-

ʚʦʜʠʪʴ ʧʨʦʠʟʚʦʣʴʥʦ: ʥʘ ʨʘʚʥʳʝ ʠ ʥʝʨʘʚʥʳʝ ʯʘʩʪʠ; ix - ʧʨʦʠʟʚʦʣʴʥʳʝ 

ʪʦʯʢʠ, ʚʳʙʨʘʥʥʳʝ ʚ ʢʘʞʜʦʤ ʵʣʝʤʝʥʪʘʨʥʦʤ ʦʪʨʝʟʢʝ; ʵʪʠ ʪʦʯʢʠ ʤʦʞʥʦ 

ʙʨʘʪʴ ʢʘʢ ʚʥʫʪʨʠ ʦʪʨʝʟʢʘ, ʪʘʢ ʠ ʥʘ ʝʛʦ ʛʨʘʥʠʮʘʭ. 
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3. ʏʪʦʙʳ ʦʪ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʘʚʝʥʩʪʚʘ ʧʝʨʝʡʪʠ ʢ ʪʦʯʥʦʤʫ ʨʘʚʝʥ-

ʩʪʚʫ, ʥʫʞʥʦ n  ʫʩʪʨʝʤʠʪʴ ʢ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. ɽʩʣʠ ʧʨʠ ʵʪʠʭ ʫʩʣʦʚʠʷʭ 

ʧʦʛʨʝʰʥʦʩʪʴ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʘʚʝʥʩʪʚʘ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ, ʪʦ ʚʝʣʠʯʠ-

ʥʘ U  ʙʫʜʝʪ ʥʘʡʜʝʥʘ ʪʦʯʥʦ ʠ ʯʠʩʣʝʥʥʦ ʙʫʜʝʪ ʨʘʚʥʘ ʦʧʨʝʜʝʣʝʥʥʦʤʫ 

ʠʥʪʝʛʨʘʣʫ: 

 ()
b

a

U f x d x=ñ . 

ʉʭʝʤʘ II  

ʄʝʪʦʜ ʜʠʬʬʝʨʝʥʮʠʘʣʘ 

1. ʉʦʩʪʘʚʣʷʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣ ʠʩʢʦʤʦʡ ʚʝʣʠʯʠʥʳ U, ʪʦ ʝʩʪʴ ʧʨʠ-

ʙʣʠʞʝʥʥʫʶ ʚʝʣʠʯʠʥʫ (ʛʣʘʚʥʫʶ ʯʘʩʪʴ) ʝʝ ʧʨʠʨʘʱʝʥʠʷ UD , ʧʨʠ ʠʟʤʝ-

ʥʝʥʠʠ x  ʥʘ ʤʘʣʫʶ ʚʝʣʠʯʠʥʫ x d xD = : 

 ()dU f x d x= , 

ʛʜʝ ()f x  - ʜʘʥʥʘʷ ʠʣʠ ʦʧʨʝʜʝʣʷʝʤʘʷ ʠʟ ʫʩʣʦʚʠʷ ʟʘʜʘʯʠ ʬʫʥʢʮʠʷ. 

2. ʀʥʪʝʛʨʠʨʫʷ ʧʦʣʫʯʝʥʥʦʝ ʨʘʚʝʥʩʪʚʦ ʚ ʧʨʝʜʝʣʘʭ ʦʪ x a=  ʜʦ 

x b= , ʥʘʭʦʜʠʤ ʟʥʘʯʝʥʠʝ ʩʘʤʦʡ ʠʩʢʦʤʦʡ ʚʝʣʠʯʠʥʳ: 

 ()
b

a

U f x d x=ñ . 

 

Ä2. ɺʳʯʠʩʣʝʥʠʝ ʧʣʦʱʘʜʠ ʧʣʦʩʢʦʡ ʬʠʛʫʨʳ ʚ ʜʝʢʘʨʪʦʚʳʭ  

ʢʦʦʨʜʠʥʘʪʘʭ 

 

2.1. ʇʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ, 

ʟʘʜʘʥʥʦʡ ʫʨʘʚʥʝʥʠʝʤ()y = f x  

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()y f x=  ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b  ʠ ʥʝʦʪʨʠʮʘʪʝʣʴʥʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʢʨʠʚʦʣʠʥʝʡʥʫʶ ʪʨʘʧʝʮʠʶ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʛʨʘʬʠʢʦʤ 

ʬʫʥʢʮʠʠ ()y f x= , ʧʨʷʤʳʤʠ x a= , x b=  ʠ ʦʩʴʶ O x (ʨʠʩ. 7). 

ʉʦʛʣʘʩʥʦ ʛʝʦʤʝʪʨʠʯʝʩʢʦʤʫ ʩʤʳʩʣʫ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, 

ʧʣʦʱʘʜʴ S ʵʪʦʡ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ ʯʠʩʣʝʥʥʦ ʨʘʚʥʘ ʦʧʨʝʜʝʣʝʥ-
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ʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ʦʪ ʬʫʥʢʮʠʠ ()f x  ʥʘ ʦʪʨʝʟʢʝ [ ];a b : 

 ()
b

a

S f x d x=ñ . (2.1) 

ɽʩʣʠ ʬʫʥʢʮʠʷ ()y f x=  ʥʝʧʦʣʦʞʠʪʝʣʴʥʘʷ ʥʘ ʦʪʨʝʟʢʝ [ ];a b , ʪʦ-

ʛʜʘ () 0

b

a

f x d x<ñ . ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʧʣʦʱʘʜʴ S ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ 

(ʨʠʩ. 8) ʨʘʚʥʘ ʦʧʨʝʜʝʣʝʥʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ʦʪ ʬʫʥʢʮʠʠ ()f x  ʥʘ ʦʪʨʝʟʢʝ 

[ ];a b , ʚʟʷʪʦʤʫ ʩʦ ʟʥʘʢʦʤ çʤʠʥʫʩè. 

 ()
b

a

S f x d x=-ñ . (2.2) 

ɽʩʣʠ ʧʣʦʱʘʜʴ ʦʛʨʘʥʠʯʝʥʘ ʢʨʠʚʦʡ ()y f x=  ʠ ʦʩʴʶ O x 

(ʨʠʩ. 9), ʪʦ ʥʫʞʥʦ ʚʳʯʠʩʣʠʪʴ ʘʙʩʮʠʩʩʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʢʨʠʚʦʡ ʩ 

ʦʩʴʶ O x ʠ ʟʘʪʝʤ ʚʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʧʦ ʬʦʨʤʫʣʝ (2.1). 

 

ɽʩʣʠ ʧʣʦʩʢʘʷ ʬʠʛʫʨʘ ʥʝ ʷʚʣʷʝʪʩʷ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʝʡ, ʪʦ-

ʛʜʘ ʚʳʨʘʞʘʶʪ ʠʩʢʦʤʫʶ ʧʣʦʱʘʜʴ ʢʘʢ ʘʣʛʝʙʨʘʠʯʝʩʢʫʶ ʩʫʤʤʫ ʧʣʦʘɦ-

ʜʝʡ ʥʝʢʦʪʦʨʳʭ ʢʨʠʚʦʣʠʥʝʡʥʳʭ ʪʨʘʧʝʮʠʡ. ɼʣʷ ʵʪʦʛʦ ʨʘʟʙʠʚʘʶʪ ʵʪʫ 

ʧʣʦʱʘʜʴ ʥʘ ʯʘʩʪʠ ʧʨʷʤʳʤʠ, ʧʘʨʘʣʣʝʣʴʥʳʤʠ ʦʩʠ O y ʪʘʢ, ʯʪʦʙʳ ʢʘʞ-

ʜʘʷ ʯʘʩʪʴ ʙʳʣʘ ʦʛʨʘʥʠʯʝʥʘ ʪʦʣʴʢʦ ʦʜʥʦʡ ʢʨʠʚʦʡ ʢʘʢ ʩʚʝʨʭʫ, ʪʘʢ ʠ 

ʩʥʠʟʫ, ʪʦ ʝʩʪʴ ʯʪʦʙʳ ʢʘʞʜʘʷ ʯʘʩʪʴ ʙʳʣʘ ʧʨʦʩʪʦʡ ʬʠʛʫʨʦʡ. ɼʣʷ ʪʘʢʦʡ 

ʬʠʛʫʨʳ ʭʘʨʘʢʪʝʨʥʦ ʪʦ, ʯʪʦ ʚʩʷʢʘʷ ʧʨʷʤʘʷ ( )0 0x x a x b= < < ʚʩʪʨʝʯʘ-

ʝʪ ʝʝ ʢʦʥʪʫʨ ʥʝ ʙʦʣʝʝ ʯʝʤ ʚ ʜʚʫʭ ʪʦʯʢʘʭ. ʂʨʠʚʦʣʠʥʝʡʥʘʷ ʪʨʘʧʝʮʠʷ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʧʨʦʩʪʦʡ ʬʠʛʫʨʳ.  

y 

x 0 

y 

x 0 

y 

x 0 a b 

a b 

S 

S 

a b 

ʈ ʠ ʩ. 7. ʈ ʠ ʩ. 8. ʈ ʠ ʩ. 9. 

S 
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ʅʘ ʨʠʩ. 10 ʧʦʢʘʟʘʥʳ ʧʨʦʩʪʳʝ ʬʠʛʫʨʳ, ʘ ʥʘ ʨʠʩ. 11 ʠʟʦʙʨʘʞʝʥʘ 

ʬʠʛʫʨʘ, ʫʞʝ ʥʝ ʷʚʣʷʶʱʘʷʩʷ ʧʨʦʩʪʦʡ. 

 

ʇʫʩʪʴ ʧʣʦʩʢʘʷ ʬʠʛʫʨʘ ABC (ʨʠʩ. 12), ʦʛʨʘʥʠʯʝʥʥʘʷ ʣʠʥʠʷʤʠ 

()y f x=  ( )AB , ()( )y g x BC=  ʠ ()( )y h x AC= , ʥʝ ʷʚʣʷʝʪʩʷ ʢʨʠʚʦ-

ʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʝʡ. ʊʦʛʜʘ ʵʪʫ ʬʠʛʫʨʫ ʨʘʟ-

ʙʠʚʘʶʪ ʥʘ ʨʷʜ ʧʨʦʩʪʳʭ ʬʠʛʫʨ (ʜʣʷ ʯʝʛʦ ʥʫʞ-

ʥʦ ʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʢʨʠ-

ʚʳʭ). ɿʘʪʝʤ ʠʩʢʦʤʫʶ ʧʣʦʱʘʜʴ ʥʫʞʥʦ ʨʘʩ-

ʩʤʦʪʨʝʪʴ ʢʘʢ ʘʣʛʝʙʨʘʠʯʝʩʢʫʶ ʩʫʤʤʫ ʧʣʦʱʘ-

ʜʝʡ ʢʨʠʚʦʣʠʥʝʡʥʳʭ ʪʨʘʧʝʮʠʡ a ABb, bBCc 

ʠ a ACc, ʪʦ ʝʩʪʴ ʧʣʦʱʘʜʴ S ʬʠʛʫʨʳ ABC 

ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

 () () ()
b c c

a b a

S f x d x g x d x h x d x= + -ñ ñ ñ . (2.3) 

ɽʩʣʠ ʬʠʛʫʨʘ ʦʙʨʘʟʦʚʘʥʘ ʧʝʨʝʩʝʯʝʥʠʝʤ ʢʨʠʚʳʭ ʪʘʢ, ʯʪʦ ʣʶʙʘʷ 

ʧʨʷʤʘʷ, ʧʘʨʘʣʣʝʣʴʥʘʷ ʦʩʠ O y, ʧʝʨʝʩʝʢʘʝʪ ʝʝ ʛʨʘʥʠʮʳ ʥʝ ʙʦʣʝʝ ʯʝʤ ʚ 

ʜʚʫʭ ʪʦʯʢʘʭ, ʪʦ ʧʣʦʱʘʜʴ ʨʘʚʥʘ ʨʘʟʥʦʩʪʠ ʧʣʦʱʘʜʝʡ ʩʦʦʪʚʝʪʩʪʚʫʶɦ ʠʭ 

ʢʨʠʚʦʣʠʥʝʡʥʳʭ ʪʨʘʧʝʮʠʡ (ʨʠʩ. 13) ʠ ʠʤʝʝʪ ʤʝʩʪʦ ʬʦʨʤʫʣʘ: 

 () ()2 1

b

a

S f x f x d xè ø= -ê úñ . (2.4) 

ʌʦʨʤʫʣʘ (2.4) ʩʧʨʘʚʝʜʣʠʚʘ ʜʣʷ ()1f x  ʠ ()2f x  ʪʘʢʠʭ, ʯʪʦ 

() ()2 1f x f x²  ʥʘ ʦʪʨʝʟʢʝ [ ];a b  (ʨʠʩ. 14). 

y 

0 a b 

ʈ ʠ ʩ. 12. 

ʩ 

A C 

B 

S 

x 

y 

a 0 
b x0 a1 b1  a2 b2  

ʈ ʠ ʩ. 10. 

y 

x 0 x0 a b 

ʈ ʠ ʩ. 11. 
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ɿʘ ʦʪʨʝʟʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʥʘʧʠʩʘʥʥʳʭ ʚʳʰʝ ʬʦʨʤʫʣʘʭ ʤʳ 

ʙʨʘʣʠ ʦʪʨʝʟʦʢ [ ];a b  ʦʩʠ O x, ʥʘ ʢʦʪʦʨʦʤ ʙʳʣʘ ʟʘʜʘʥʘ ʬʫʥʢʮʠʷ ()f x , 

ʥʦ ʬʫʥʢʮʠʶ ʤʦʞʥʦ ʟʘʜʘʪʴ ʠ ʢʘʢ ()x y=j  ʥʘ ʦʪʨʝʟʢʝ [ ];c d  ʦʩʠ O y 

(ʨʠʩ. 15) ʠ (ʨʠʩ. 16), ʪʦ ʝʩʪʴ ʤʦʞʥʦ ʧʦʤʝʥʷʪʴ ʤʝʩʪʘʤʠ x  ʠ y, ʪʦʛʜʘ 

ʬʦʨʤʫʣʘ (2.1) ʧʨʠʤʝʪ ʚʠʜ: 

 ()
d

c

S y d y= jñ , (2.5) 

ʘ ʬʦʨʤʫʣʘ (2.4) ʙʫʜʝʪ ʪʘʢʦʡ: 

 () ()2 1 .

d

c

S y y d yè ø= j -jê úñ  (2.6) 

 

ʇʨʠʤʝʨ 53. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ 
xy e= , ʦʩʴʶ ʘʙʩʮʠʩʩ ʠ ʧʨʷʤʳʤʠ1x=  ʠ 2x=  (ʨʠʩ. 17). 

x 

y 

0 a 

ʈ ʠ ʩ. 13. 

S 

b 

y=f2(x) 

y=f1(x) S 

y=f2(x) 

y=f1(x) 

0 a b x 

y 

ʈ ʠ ʩ. 14. 

x 

y 

0 

d 

ʈ ʠ ʩ. 15. 

c 

x=ű(y) 

S 

x 

y 

ʈ ʠ ʩ. 16. 

S 
x=ű1(y) x=ű2(y) 

d 

ʩ 
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ʈʝʰʝʥʠʝ. ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʝ (2.1), ʠʩʢʦʤʘʷ ʧʣʦʱʘʜʴ S ʙʫʜʝʪ 

ʨʘʚʥʘ: 
2

2
2

1
1

x xS e d x e e e= = = -ñ  (ʢʚ. ʝʜ.). 

 

 

 

 

 

 

 

 

 

ʇʨʠʤʝʨ 54. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʠʥʫʩʦ-

ʠʜʦʡ siny x=  ʠ ʦʩʴʶ O x ʦʪ ʪʦʯʢʠ 0x=  ʜʦ ʪʦʯʢʠ 2x= p 

(ʨʠʩ. 18). 

ʈʝʰʝʥʠʝ. ɿʜʝʩʴ 1 2S S S= + , ʛʜʝ 1S  ʚʳʯʠʩʣʠʤ ʧʦ ʬʦʨʤʫʣʝ (2.1), ʘ 

2S  ʚʳʯʠʩʣʠʤ ʧʦ ʬʦʨʤʫʣʝ (2.2), ʪʘʢ ʢʘʢ ʥʘ ʦʪʨʝʟʢʝ [ ]0;pʩʠʥʫʩʦʠʜʘ 

ʧʨʦʭʦʜʠʪ ʚʳʰʝ ʦʩʠ O x, ʘ ʥʘ ʦʪʨʝʟʢʝ [ ]; 2p p ʦʥʘ ʣʝʞʠʪ ʥʠʞʝ ʦʩʠ O x. 

ʀʪʘʢ,  

1

0 0

sin cos cos cos 0 ( 1) 1 2S x d x x

p
p

= =- =- p+ =- - + =ñ  (ʢʚ. ʝʜ.), 

2
2

2 sin cos cos2 cos 1 ( 1) 2S x d x x

p
p

p p

=- = = p- p= - - =ñ  (ʢʚ. ʝʜ.). 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 4S= (ʢʚ. ʝʜ.). 

ʇʨʠʤʝʨ 55. ɺʳʯʠʩʣʠʪʴ ʧʣʦɦ ʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʘʨʘʙʦ-

ʣʦʡ 24y x= -  ʠ ʦʩʴʶ O x (ʨʠʩ. 19).  

 

x 

y 

0 

ʈ ʠ ʩ. 17. 

1 2 

S 

x 

y 

0 

ʈ ʠ ʩ. 18. 

1 

p 

2p 

S1 

S2 
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ʈʝʰʝʥʠʝ. ʆʧʨʝʜʝʣʷʝʤ ʘʙʩʮʠʩʩʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʧʘʨʘʙʦʣʳ ʩ 

ʦʩʴʶ O x. ɼʣʷ ʵʪʦʛʦ ʨʝʰʠʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ:
24 ,

0.

y x

y

ë = -
ì
=í

 

24 0x- =, ʦʪʢʫʜʘ 1 22, 2x x=- =. ʀʥʪʝʛʨʠʨʫʝʤ ʧʦx  ʚ ʧʨʝʜʝʣʘʭ ʦʪ 

2-   ʜʦ 2, ʫʯʠʪʳʚʘʷ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʠʥʪʝʛʨʘʣʘ, ʯʪʦ () 24f x x= -  ʚ̫-

ʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ ʯʝʪʥʦʡ. 

( ) ( )
2

2 2 3
2 2

2 0 0

8 32
4 2 4 2 4 2 8

3 3 3

x
S x d x x d x x

-

å õ å õ
= - = - = - = - =æ ö æ ö

ç ÷ç ÷
ñ ñ . 

ʊʘʢ ʢʘʢ ʬʠʛʫʨʘ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʪ ʦʩʠ O y, ʪʦ ʤʦʞʥʦ 

ʙʳʣʦ ʚʳʯʠʩʣʠʪʴ ʧʦʣʦʚʠʥʫ ʧʣʦʱʘʜʠ ʠ ʧʦʣʫʯʝʥʥʳʡ ʨʝʟʫʣʪɹʘʪ ʫʜʚʦʠʪʴ. 

ʇʨʠʤʝʨ 56. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ: 
22y x x= - , 0y= , 3x=  (ʨʠʩ. 20).  

ʈʝʰʝʥʠʝ. ʇʘʨʘʙʦʣʘ 22y x x= -  ʧʝʨʝʩʝʢʘʝʪ ʦʩʴ O x ʚ ʪʦʯʢʘʭ0x=  

ʠ 2x= . ʀʩʢʦʤʘʷ ʧʣʦʱʘʜʴ ʩʦʩʪʦʠʪ ʠʟ ʜʚʫʭ ʯʘʩʪʝʡ: ʦʜʥʘ ʯʘʩʪʴ AOB 

ʨʘʩʧʦʣʦʞʝʥʘ ʚʳʰʝ ʦʩʠ O x, ʜʨʫʛʘʷ ʯʘʩʪʴ B DC ʨʘʩʧʦʣʦʞʝʥʘ ʥʠʞʝ 

ʦʩʠ O x. ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʘʤ (2.1) ʠ (2.2), ʙʫʜʝʤ ʠʤʝʪʴ: 

( )
2

2 3 3
2 2 2

0 0

2 4
2 2 0

3 3 3
AO B

x
S x x d x x

å õ å õ
= - = - = - - =æ ö æ ö

ç ÷ ç ÷
ñ , 

( )
3

3 3 3 3
2 2 2 2

2 2

3 2 4
2 3 2 .

3 3 3 3
B DC

x
S x x d x x

è øå õ å õ å õ
=- - =- - =- - - - =é ùæ ö æ ö æ ö

ç ÷ ç ÷ ç ÷ê ú
ñ  

ʊʦʛʜʘ ʠʩʢʦʤʘʷ ʧʣʦʱʘʜʴ S ʙʫʜʝʪ ʨʘʚʥʘ: 

y 

0 

ʈ ʠ ʩ. 19. 

x 

4 

ï2 2 

y 

0 

ʈ ʠ ʩ. 20. 

x 

ï3 

2 3 

ʉ 

B 

A 

D 
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8

3
AO B B DCS S S= + =(ʢʚ. ʝʜ.). 

ʇʨʠʤʝʨ 57. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ: 

2y x= , 
1

y
x
= , 3x= , 0y=  (ʨʠʩ. 21).  

 

 

 

 

 

 

 

 

 

 

 

 

ʈʝʰʝʥʠʝ. ʀʩʢʦʤʘʷ ʧʣʦʱʘʜʴ S - ʵʪʦ ʧʣʦʱʘʜʴ çʧʦʜè ʢʨʠʚʦʡ O AB 

ʥʘ ʦʪʨʝʟʢʝ [ ]0; 3. ʃʠʥʠʷ O AB ʩʦʩʪʦʠʪ ʠʟ ʯʘʩʪʠ O A ʧʘʨʘʙʦʣʳ 2y x=  

ʥʘ ʦʪʨʝʟʢʝ [ ]0; 1, ʠ ʯʘʩʪʠ AB ʛʠʧʝʨʙʦʣʳ 
1

y
x
=  ʥʘ ʦʪʨʝʟʢʝ [ ]1; 3 . ʇʣʦ-

ʱʘʜʴ S ʥʘʡʜʝʤ ʢʘʢ ʩʫʤʤʫ ʧʣʦʱʘʜʝʡ: O AD ABC DS S S= + , ʢʘʞʜʫʶ ʠʟ 

ʢʦʪʦʨʳʭ ʚʳʯʠʩʣʠʤ, ʠʩʧʦʣʟɹʫʷ ʬʦʨʤʫʣʫ (2.1). ʂʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ 

( )1;1A  - ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʛʠʧʝʨʙʦʣʳ 
1

y
x
=  ʠ ʧʘʨʘʙʦʣʳ 2y x=  

ʥʘʡʜʝʥʳ ʠʟ ʩʠʩʪʝʤʳ:  

2,

1
.

y x

y
x

ë =
î
ì
=î

í

 

11 3
2

0 0

1

3 3
O AD

x
S x d x= = =ñ ;    

3
3

1
1

ln ln3.ABC D

d x
S x

x
= = =ñ  

ʀʪʘʢ, ʠʩʢʦʤʘʷ ʧʣʦʱʘʜʴ S ʙʫʜʝʪ ʨʘʚʥʘ: 
1

ln3
3

S= +  (ʢʚ. ʝʜ.). 

y 

ʈ ʠ ʩ. 21. 

x 0 

y=x
2 

 

1 

1 3 C 

B 
A 

D 

y 

ʈ ʠ ʩ. 22. 

x 0 

1 6 

B 

2 

C 

A 

1 
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ʇʨʠʤʝʨ 58. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʘʨʘʙʦʣʦʡ 
2 6 5y x x= - + ʠ ʧʨʷʤʦʡ 2 7y x= - (ʨʠʩ. 22).  

ʈʝʰʝʥʠʝ. ʀʟ ʫʨʘʚʥʝʥʠʷ 2 6 5 2 7x x x- + = - ʥʘʡʜʝʤ ʘʙʩʮʠʩʩʳ ʪʦ-

ʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʧʘʨʘʙʦʣʳ ʠ ʧʨʷʤʦʡ: 1 2x =  ʠ 2 6x = . ɿʥʘʯʠʪ, ʥʫʞʥʘʷ 

ʥʘʤ ʬʠʛʫʨʘ ʦʛʨʘʥʠʯʝʥʘ ʩ ʙʦʢʦʚ ʧʨʷʤʳʤʠ 2x=  ʠ 6x= , ʩʚʝʨʭʫ ʧʨʷ-

ʤʦʡ 2 7y x= -, ʘ ʩʥʠʟʫ ʧʘʨʘʙʦʣʦʡ 2 6 5y x x= - +, ( )2; 3A - ; ( )6; 5B , 

ʚʝʨʰʠʥʘ ʧʘʨʘʙʦʣʳ ( )3; 4A - . 

ʇʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ (2.4), ʥʘʡʜʝʤ ʧʣʦʱʘʜʴ S ʥʘʰʝʡ ʬʠʛʫʨʳ: 

() () ( )( )
6 6

2

2 1

2 2

2 7 6 5S f x f x d x x x x d xè øè ø= - = - - - + =ê ú ê úñ ñ  

( )
6

6 3
2 2

2 2

32
8 12 4 12

3 3

x
x x d x x x

å õ
= - + - = - + - =æ ö

ç ÷
ñ  (ʢʚ. ʝʜ.). 

ʇʨʠʤʝʨ 59. ʆʧʨʝʜʝʣʠʪʴ ʧʣʦʱʘʜʴ ʤʝʞʜʫ ʧʘʨʘʙʦʣʦʡ 22x y y= - - 

ʠ ʦʩʴʶ O y (ʨʠʩ. 23).  

ʈʝʰʝʥʠʝ. ʆʧʨʝʜʝʣʠʤ ʦʨʜʠʥʘʪʳ ʪʦʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ʧʘʨʘʙʦʣʳ ʩ 

ʦʩʴʶ O y. ɼʣʷ ʵʪʦʛʦ ʨʝʰʠʤ ʩʦʚʤʝʩʪʥʦ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ 

22 ,

0.

x y y

x

ë= - -
ì
=í

. ʈʝʰʝʥʠʝ ʜʘʝʪ 1 2y =- ʠ 2 1y =. ɼʣʷ ʚʳʯʠʩʣʝʥʠʷ ʠʩʢʦ-

ʤʦʡ ʧʣʦʱʘʜʠ S ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʬʦʨʤʫʣʦʡ (2.5): 

 

 

 

 

 

 

 

 

y 

ʈ ʠ ʩ. 23. 

x 0 

ï2 

S 

1 

C 

a 0 

y 

x 

S 

1 

ʈ ʠ ʩ. 24. 
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( )
1

1 2 3
2

2 2

2 2
2 3

y y
S y y d y y

- -

å õ
= - - = - - =æ ö

ç ÷
ñ  

1 1 8 1
2 4 2 4

2 3 3 2

å õ å õ
- - - - - + =æ ö æ ö

ç ÷ ç ÷
(ʢʚ. ʝʜ.). 

ʇʨʠʤʝʨ 60. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ 

1
y

x
= , ʦʩʴʶ ʘʙʩʮʠʩʩ ʠ ʧʨʷʤʳʤʠ1x=  ʠ x a= , 1a> .  

ʈʝʰʝʥʠʝ. ʂʨʠʚʘʷ 
1

y
x
=  ʝʩʪʴ ʨʘʚʥʦʙʦʯʥʘʷ ʛʠʧʝʨʙʦʣʘ, ʘʩʠʤʧʪʦʪʘ-

ʤʠ ʢʦʪʦʨʦʡ ʩʣʫʞʘʪ ʦʩʠ ʢʦʦʨʜʠʥʘʪ (ʨʠʩ. 24). ʇʦ ʬʦʨʤʫʣʝ (2.1) ʠʤʝʝʤ: 

1

1

ln ln ln1 ln

a
ad x

S x a a
x

= = = - =ñ  (ʢʚ. ʝʜ.) 

ʈʘʩʩʤʦʪʨʝʥʥʳʡ ʧʨʠʤʝʨ ʜʘʝʪ ʧʨʦʩʪʦʝ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ʠʩʪʦʣʢʦʚʘ-

ʥʠʝ ʥʘʪʫʨʘʣʴʥʦʛʦ ʣʦʛʘʨʠʬʤʘ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʯʠʩʣʘ 1a>  ʚ ʚʠʜʝ ʧʣʦ-

ʱʘʜʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʢʨʠʚʦʣʠʥʝʡʥʦʡ ʪʨʘʧʝʮʠʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʛʠ-

ʧʝʨʙʦʣʦʡ; ʵʪʠʤ ʠ ʦʙʲʷʩʥʷʝʪʩʷ ʠʭ, ʭʦʪʷ ʠ ʨʝʜʢʦ ʚʩʪʨʝʯʘʶʱʝʝʩʷ ʥʘʟʚʘ-

ʥʠʝ ï ʛʠʧʝʨʙʦʣʠʯʝʩʢʠʝ ʣʦʛʘʨʠʬʤʳ. 

ʇʨʠʤʝʨ 61. ʅʘʡʪʠ ʧʣʦʱʘʜʴ, ʟʘʢʣʶʯʝʥʥʫʶ ʤʝʞʜʫ ʧʘʨʘʙʦʣʘʤʠ 

2x y=  ʠ 23
1

4
x y= + (ʨʠʩ. 25).  

ʈʝʰʝʥʠʝ. ʈʝʰʘʷ ʩʠʩʪʝʤʫ 

2

2

,

3
1

4

x y

x y

ë=
î
ì
= +î

í

, ʥʘʭʦʜʠʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦ-

ʯʝʢ ʧʝʨʝʩʝʯʝʥʠʷ ( )4; 2A - , ( )4; 2B . ʊʘʢ ʢʘʢ ʬʠʛʫʨʘ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪ-

ʥʦʩʠʪʝʣʴʥʦ ʦʩʠ O x, ʪʦ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦʣʦʚʠʥʫ ʧʣʦʱʘʜʠ ʠ ʫʜʚʦ-

ʠʪʴ ʧʦʣʫʯʝʥʥʳʡ ʨʝʟʫʣʴʪʘʪ. 

ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ () 2

2

3
1

4
y yj = + ʠ () 2

1 y yj = . ʇʦʣʴʟʫʷʩʴ ʬʦʨ-

ʤʫʣʦʡ (2.6), ʧʦʣʫʯʠʤ:  

() ()
2 2

2 2

2 1

0 0

3
2 2 1

4
S y y d y y y d y

è øå õ
è ø= j -j = + - =æ öé ùê ú

ç ÷ê ú
ñ ñ  
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2
2 3

2

0 0

1 8
2 1 2

4 12 3

y
y d y y

å õå õ
= - = - =æ öæ ö
ç ÷ ç ÷
ñ  (ʢʚ. ʝʜ.). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ʇʨʠʤʝʨ 62. ʅʘʡʪʠ ʧʣʦʱʘʜʴ, ʩʦʜʝʨʞʘʱʫʶʩʷ ʤʝʞʜʫ ʧʘʨʘʙʦʣʘʤʠ 
2 2y p x=  ʠ 2 2x p y= . 

ʈʝʰʝʥʠʝ. ʏʪʦʙʳ ʥʘʡʪʠ ʠʩʢʦʤʫʶ ʧʣʦʱʘʜʴ (ʨʠʩ. 26), ʥʘʡʜʝʤ ʪʦʯ-

ʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʧʘʨʘʙʦʣ, ʜʣʷ ʵʪʦʛʦ ʨʝʰʠʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 
2

2

2 ,

2

y p x

x p y

ë =î
ì
=îí

.   ʇʦʣʫʯʠʤ: 0, 2x x p= = . 

ɼʘʥʥʘʷ ʬʠʛʫʨʘ ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʧʘʨʘʙʦʣʦʡ ()2 2f x p x= , 

ʩʥʠʟʫ ï ʧʘʨʘʙʦʣʦʡ ()
2

1
2

x
f x

p
= . ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʬʦʨʤʫʣʦʡ (2.4) 

() ()
2 2 2

2 1

0 0

2
2

p p
x

S f x f x d x p x d x
p

å õ
è ø= - = - =æ öê ú

ç ÷
ñ ñ

( )

2
3 3 33

22 2

0

2 1 2 1 8 4
2 2 2

3 2 3 3 2 3 3

p

x p
p x p p p

p p

å õ
= - = - =æ ö
ç ÷

. 

y 

ʈ ʠ ʩ. 25. 

x 0 

1 

1 

2 

ï1 

ï2 

4 

ű2(y) ű1(y) 

y 

ʈ ʠ ʩ. 26. 

x 0 2p 

x
2
=2py 

y
2
=2px 
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ʇʨʠʤʝʨ 63. ʆʧʨʝʜʝʣʠʪʴ ʧʣʦʱʘʜʴ ʧʦʜ ʧʘʨʘʙʦʣʦʡ 2y x=  

(ʨʠʩ. 27). 

ʈʝʰʝʥʠʝ. ʕʪʫ ʟʘʜʘʯʫ ʜʚʝ 

ʪʳʩʷʯʠ ʣʝʪ ʥʘʟʘʜ ʨʝʰʘʣ ʛʝʥʠ-

ʘʣʴʥʳʡ ɸʨʭʠʤʝʜ. ʄʳ ʝʝ ʨʝʰʠʤ, 

ʧʦʣʴʟʫʷʩʴ ʬʦʨʤʫʣʦʡ (2.1): 

3
2

0 0
3

xx
x

S x d x= = =ñ  

3
2

3 3 3

x x x y
x= = =   (ʢʚ.ʝʜ.). 

ɿʘʤʝʪʠʤ, ʯʪʦ ʝʩʣʠ ʙʳ ʙʳʣʘ ʥʝ ʧʘʨʘʙʦʣʘ, ʘ ʧʨʷʤʘʷ ï ʧʫʥʢʪʠʨ (ʩʤ. 

ʨʠʩ. 27), ʪʦ ʧʣʦʱʘʜʴ ʨʘʚʥʷʣʘʩʴ ʙʳ 
2

x y
. 

ʇʨʠʤʝʨ 64. ɺʳʯʠʩʣʠʪʴ ʧʣʦɦ ʘʜʴ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʢʨʠʚʳʤʠ 3y x= , 

2y x=  ʠ ʧʨʷʤʳʤʠ 1x=- ʠ 1x=  (ʨʠʩ. 28). 

ʈʝʰʝʥʠʝ. ɼʘʥʥʘʷ ʬʠʛʫʨʘ ʷʚʣ̫-

ʝʪʩʷ ʧʨʦʩʪʦʡ ʬʠʛʫʨʦʡ, ʪʘʢ ʢʘʢ ʣʙʁʘʷ 

ʧʨʷʤʘʷ, ʧʘʨʘʣʣʝʣʴʥʘʷ ʦʩʠ O y, ʧʝʨʝ-

ʩʝʢʘʝʪ ʢʦʥʪʫʨ ʬʠʛʫʨʳ ʥʝ ʙʦʣʝʝ ʯʝʤ ʚ 

ʜʚʫʭ ʪʦʯʢʘʭ, ʧʦʵʪʦʤʫ ʧʣʦʱʘʜʴ ʝʝ ʚʳ-

ʯʠʩʣʠʤ ʧʦ ʬʦʨʤʫʣʝ (2.4): 

( )
1

1 3 4
2 3

1 1
3 4

x x
S x x d x

- -

å õ
= - = - =æ ö

ç ÷
ñ

1 1 1 1 2

3 4 3 4 3

å õ å õ
= - - - - =æ ö æ ö
ç ÷ ç ÷

 (ʢʚ. ʝʜ.). 

ʇʨʠʤʝʨ 65. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʜʫʛʘʤʠ ʧʘʨʘʙʦʣ 

2y x=  ʠ 21

4
y x= ,  ʠ ʧʨʷʤʦʡ 4y=  (ʨʠʩ. 29).  

ʈʝʰʝʥʠʝ. ɼʘʥʥʘʷ ʬʠʛʫʨʘ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ O y ʧʦ-

ʵʪʦʤʫ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦʣʦʚʠʥʫ ʝʝ ʧʣʦʱʘʜʠ ʠ ʨʝʟʫʣʴʪʘʪ ʫʜʚʦʠʪʴ. 

y 

ʈ ʠ ʩ. 27. 

x 0 x 

y 

y 

ʈ ʠ ʩ. 28. 

x 0 1 

1 

ï1 

f2(x)=x
2 

f1(x)=x
3 
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ɺ ʜʘʥʥʦʤ ʧʨʠʤʝʨʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ ʮʝʣʝʩʦʦʙʨʘʟʥʝʝ ʚʝʩʪʠ ʧʦ ʧʝ-

ʨʝʤʝʥʥʦʡ y, ʪʦ ʝʩʪʴ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʬʦʨʤʫʣʦʡ (2.6): 

( )
44 4 3

2 2

00 0

4 4 32
2 2 2 4

3 3 3
S y y d y y d y y= - = = = =ñ ñ (ʢʚ.ʝʜ.). 

2.2. ʇʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʦʡ, 

ʟʘʜʘʥʥʦʡ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ ʫʨʘʚʥʝʥʠʷʤʠ 

ʇʫʩʪʴ ʢʨʠʚʘʷ ()y f x= , a x b¢ ¢ ʟʘʜʘʥʘ ʚ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ 

ʬʦʨʤʝ 

 
()

()

;

,

x t

y t

=jëî
ì
=yîí

ta¢ ¢b. 

ɿʜʝʩʴ ʬʫʥʢʮʠʷ ()tj  ʤʦʥʦʪʦʥʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b, ʧʨʠʯʝʤ 

() aj a =, () bj b =, ʠ ʠʤʝʝʪ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ ʥʝʧʨʝʨʳʚʥʫʶ ʧʨʦʠʟʚʦʜ-

ʥʫʶ. ʊʘʢ ʢʘʢ () ()( ) (),y f x f t t= = j =y ()d x t d t¡=j , ʪʦ ʧʦ ʬʦʨʤʫʣʝ 

ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ ʧʦʜ ʟʥʘʢʦʤ ʠʥʪʝʛʨʘʣʘ, ʧʦʣʫʯʠʤ: 

() () () () ()
b

a

S f x d x f t t d t t t d t

b b

a a

¡ ¡= = j j = y jè øê úñ ñ ñ . 

ʀʪʘʢ, ʜʣʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʛʦ ʟʘʜʘʥʠʷ ʬʫʥʢʮʠʠ ʠʤʝʝʤ ʬʦʨʤʫʣʫ: 

 () ()S t t d t

b

a

¡= y jñ . (2.7) 

y 

ʈ ʠ ʩ. 29. 

x 0 1 

1 

2 

ű1(y)=  

3 

4 

ű2(y)=  
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ʇʨʠʤʝʨ 66. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʵʣʣʠʧʩʘ cosx a t= , siny b t=  

(ʨʠʩ.30). 

ʈʝʰʝʥʠʝ. ɺʚʠʜʫ ʩʠʤʤʝʪʨʠʠ ʵʣʣʠʧʩʘ ʤʦʞʥʦ ʦʛʨʘʥʠʯʠʪʴʩʷ ʚʳ-

ʯʠʩʣʝʥʠʝʤ ʦʜʥʦʡ ʯʝʪʚʝʨʪʠ ʧʣʦʱʘʜʠ S, ʣʝʞʘʱʝʡ ʚ ʧʝʨʚʦʤ ʢʚʘʜʨʘʥʪʝ. 

ʅʘʡʜʝʤ ʧʨʝʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. ʂʦʛʜʘ 1 0x = , 
1

2
t
p
=  (ʥʘʡʜʝʥʦ 

ʠʟ ʫʨʘʚʥʝʥʠʷ 10 cosa t= Ö ), ʢʦʛʜʘ 2x a= , 2 0t =  (ʥʘʡʜʝʥʦ ʠʟ ʫʨʘʚʥʝʥʠʷ 

2cosa a t= Ö ).  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʦʛʣʘʩʥʦ 

ʬʦʨʤʫʣʝ (2.7), ʤʦʞʝʤ ʟʘʧʠʩʘʪʴ: 

( )
0

2

4 sin cosS b t a t d t
p

¡= Ö Ö Ö Ö =ñ  

0

2

2

4 sinab t d t
p

=- Ö =ñ  

2 2

0 0

1 cos2 1
4 2 sin 2 2

2 2 2

t
ab d t ab t t ab ab

p p

- på õ
= = - = =pæ ö

ç ÷
ñ  (ʢʚ. ʝʜ.). 

ɺ ʯʘʩʪʥʦʩʪʠ, ʝʩʣʠ a b= , ʧʦʣʫʯʠʤ ʧʣʦʱʘʜʴ ʢʨʫʛʘ 2S a=p  ʩ ʨʘ-

ʜʠʫʩʦʤ a . 

ʇʨʠʤʝʨ 67. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʝʨʚʦʡ ʘʨʢʦʡ 

ʮʠʢʣʦʠʜʳ  ( ) ( )sin , 1 cosx a t t y a t= - = - . 

ʈʝʰʝʥʠʝ. ʀʩʢʦʤʘʷ ʧʣʦʱʘʜʴ ʠʟʦʙʨʘʞʝʥʘ ʥʘ ʨʠʩ. 31. ʅʘʡʜʝʤ ʧʨʝ-

ʜʝʣʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʧʝʨʝʤʝʥʥʦʡ t: ʧʨʠ 1 0x = , 1 0t = , ʧʨʠ 

2 2x a= p, 2 2t = p. ʇʦ ʬʦʨʤʫʣʝ (2.7) ʠʤʝʝʤ: 

( ) ( )
2

0

1 cos sinS a t a t t d t

p

¡
= - - =è øê úñ

( )
2 2

22 2

0 0

1 cos2
1 cos 1 2cos

2

t
a t d t a t d t

p p
+å õ

= - = - + =æ ö
ç ÷

ñ ñ  

x 

y 

a ïa 

ïb 

b 

 

ʈ ʠ ʩ. 30. 
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2

2 2

0

3 1
2sin sin 2 3

2 4
a t t t a

p

å õ
= - + = pæ ö
ç ÷

 (ʢʚ. ʝʜ.). 

ʄʳ ʧʦʣʫʯʠʣʠ ʪʝʦʨʝʤʫ ɻʘʣʠʣʝʷ: ʇʣʦʱʘʜʴ, ʦʛʨʘʥʠʯʝʥʥʘʷ ʘʨʢʦʡ 

ʮʠʢʣʦʠʜʳ ʠ ʝʝ ʭʦʨʜʦʡ, ʨʘʚʥʘ ʫʪʨʦʝʥʥʦʡ ʧʣʦʱʘʜʠ ʧʨʦʠʟʚʦʜʷʱʝʛʦ ʢʨʫ-

ʛʘ 23S a= p . 

 

 

ʇʨʠʤʝʨ 68. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʘʩʪʨʦʠʜʦʡ 
3 3cos , sinx a t y a t= Ö = Ö. 

ʈʝʰʝʥʠʝ. ʀʩʢʦʤʘʷ ʧʣʦʱʘʜʴ ʠʟʦʙʨʘʞʝʥʘ ʥʘ ʨʠʩ. 32. ɼʘʥʥʘʷ ʬʠ-

ʛʫʨʘ ʩʠʤʤʝʪʨʠʯʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʝʡ ʦʨʜʠʥʘʪ, ʧʦʵʪʦʤʫ ʚʳʯʠʩʣʠʤ 

ʩʥʘʯʘʣʘ ʧʣʦʱʘʜʴ ʪʦʡ ʝʝ ʯʘʩʪʠ, ʢʦʪʦʨʘʷ ʨʘʩʧʦʣʦʞʝʥʘ ʚ ʧʝʨʚʦʤ ʢʚʘʜ-

ʨʘʥʪʝ, ʵʪʦ ʙʫʜʝʪ 1 4 ʯʘʩʪʴ ʚʩʝʡ ʠʩʢʦʤʦʡ ʧʣʦʱʘʜʠ. ʅʘʡʜʝʤ ʧʨʝʜʝʣʳ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʣʷ ʧʝʨʝʤʝʥʥʦʡ t  ʠʟ ʫʩʣʦʚʠʡ: 3

10 cos ,
2

a t t
p

= Ö =, 

3

2cos , 0a a t t= Ö =. ʇʦ ʬʦʨʤʫʣʝ (2.7) ʧʦʣʫʯʠʤ: 

( )
0 2

3 2 2 4 2

0

2

1
sin 3 cos sin 3 sin cos

4
S a t a t t d t a t t d t

p

p

= - = =ñ ñ  

( )
2 2

2 2 2 2 2

0 0

3 3
sin 2 sin sin 2 1 cos2

4 8
a t t d t a t t d t

p p

= = - =ñ ñ  

x 

y 

0 

b 

 

2a 

 pa 2pa 

ʈ ʠ ʩ. 31. 

x 

y 

0 a 

ʈ ʠ ʩ. 32. 

ïa 

ïa 

a 
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2
2 2

0

3 1 cos4
sin 2 cos2

8 2

t
a t t d t

p

-å õ
= - =æ ö

ç ÷
ñ  

2
2 3 2 2

0

3 1 1 1 3 1 3
sin 4 sin 2

8 2 8 6 8 2 2 32
a t t t a a

p

på õ
= - - = Ö Ö = pæ ö

ç ÷
 (ʢʚ. ʝʜ.). 

ɺʩʷ ʧʣʦʱʘʜʴ, ʦʛʨʘʥʠʯʝʥʥʘʷ ʘʩʪʨʦʠʜʦʡ, ʨʘʚʥʘ 23

8
S a= p . 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʅʘʧʠʰʠʪʝ ʬʦʨʤʫʣʫ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʡ 

ʪʨʘʧʝʮʠʠ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʨʷʤʳʤʠx a= , x b= , ʦʩʴʶ O x ʠ ʥʝʧʨʝʨʳʚ-

ʥʦʡ ʥʘ ʦʪʨʝʟʢʝ [ ];a b  ʢʨʠʚʦʡ ()y f x= ()( )0f x ² . 

2. ʂʘʢ ʚʳʯʠʩʣʷʝʪʩʷ ʧʣʦʱʘʜʴ ʧʣʦʩʢʦʡ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ 

ʧʨʷʤʳʤʠx a= , x b=  ʠ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ [ ];a b  ʢʨʠʚʦʡ ()y f x=

()( )0f x < ? 

3. ʂʘʢ ʚʳʯʠʩʣʷʝʪʩʷ ʧʣʦʱʘʜʴ ʧʣʦʩʢʦʡ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ 

ʧʨ̫ʤʳʤʠ x a= , x b=  ʠ ʥʝʧʨʝʨʳʚʥʳʤʠ ʢʨʠʚʳʤʠ ()y f x=  ʠ 

(),y x=j  ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ () ()f x x¢j  ʜʣʷ a x b¢ ¢? 

ɿʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ɺʳʯʠʩʣʠʪʝ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʩʣʝʜʫʶʱʠʤʠ ʣʠʥʠ-

ʷʤʠ: 

28. 23 , 2, 4y x x x= = =, ʦʩʴ O y.  ʆʪʚʝʪ: ( )
4 3

4 2
9

- . 

29. 3 , 2, 0, 3y x y x x= =- = =.   ʆʪʚʝʪ: 39
3 6

4
+ . 

30. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ, ʩʦʜʝʨʞʘʱʫʶʩʷ ʚʥʫʪʨʠ ʧʘʨʘʙʦʣʳ 2 4 4x y= + 

ʠ ʦʢʨʫʞʥʦʩʪʠ 2 2 16x y+ = .ʆʪʚʝʪ: 
16

4 3
3
p+ . 

31. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʧʝʪʣʠ ʣʠʥʠʠ 

2

3

3 ,

3

x t

y t t

ë=î
ì
= -îí

. ʆʪʚʝʪ: 
72

3
5

. 
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Ä3. ɺʳʯʠʩʣʝʥʠʝ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʩʝʢʪʦʨʘ 

ʇʫʩʪʴ ʚ ʧʦʣʷʨʥʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʟʘʜʘʥʘ ʢʨʠʚʘʷ 

()fr= j, a¢j¢b. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʌʠʛʫʨʫ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʜʚʫʤʷ ʣʫʯʘʤʠ, ʠʩʭʦʜʷʱʠ-

ʤʠ ʠʟ ʧʦʣʶʩʘ ʠ ʢʨʠʚʦʡ ()fr= j ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʢʨʠʚʦʣʠʥʝʡʥʳʤ 

ʩʝʢʪʦʨʦʤ (ʨʠʩ. 33). 

 

 

 

 

 

 

 

 

ɿʘʜʘʜʠʤʩʷ ʮʝʣʴʶ ʚʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʩʝʢʪʦʨʘ.  

ʈʘʟʦʙʴʝʤ ʦʪʨʝʟʦʢ  [ ];a b ʥʘ n  ʯʘʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ ʪʦʯʢʘʤʠ: 

0 1 2 1... ...i i n-a=j <j <j < <j <j < <j =b. 

ʕʪʠʤ ʪʦʯʢʘʤ ʙʫʜʫʪ ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʣʫʯʠ:  

 1 2, , , ..., ,...,ij=a j=j j=j j=j j=b, 

ʢʦʪʦʨʳʝ ʨʘʟʦʙʴʶʪ ʜʘʥʥʳʡ ʢʨʠʚʦʣʠʥʝʡʥʳʡ ʩʝʢʪʦʨ ʥʘ n  ʯʘʩʪʝʡ. 

ʅʘ ʢʘʞʜʦʡ ʠʟ ʯʘʩʪʝʡ 1,i i-
è øj jê ú ʚʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦ ʪʦʯʢʫ iq 

(ʬʘʢʪʠʯʝʩʢʠ ʵʪʦ ʫʛʦʣ) ʠ ʚʳʯʠʩʣʠʤ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ()fr= j ʚ ʵʪʦʡ 

ʪʦʯʢʝ. ʄʳ ʧʦʣʫʯʠʤ ʯʠʩʣʘ ( )if q , 1, 2, 3, ...,i n= . ɸ ʪʝʧʝʨʴ ʢʘʞʜʳʡ 

ʯʘʩʪʠʯʥʳʡ ʢʨʠʚʦʣʠʥʝʡʥʳʡ ʩʝʢʪʦʨ ʟʘʤʝʥʠʤ ʢʨʫʛʦʚʳʤ ʩʝʢʪʦʨʦʤ ʩ ʨʘ-

ʜʠʫʩʦʤ ( )i ifr = q ʠ ʩ ʮʝʥʪʨʘʣʴʥʳʤ ʫʛʣʦʤ 1i i i -Dj =j -j. ʇʦʣʫʯʠʤ 

ʥʝʢʦʪʦʨʫʶ ʚʩʧʦʤʦʛʘʪʝʣʴʥʫʶ ʬʠʛʫʨʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ n  ʯʘʩʪʠʯʥʳʭ 

ʢʨʫʛʦʚʳʭ ʩʝʢʪʦʨʦʚ (ʨʠʩ. 34). 

ʆʙʦʟʥʘʯʠʤ ʧʣʦʱʘʜʴ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʡ ʬʠʛʫʨʳ ns. ʀʟ ʵʣʝʤʝʥ-

ʪʘʨʥʦʡ ʛʝʦʤʝʪʨʠʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʧʣʦʱʘʜʴ ʢʨʫʛʦʚʦʛʦ ʩʝʢʪʦʨʘ ʩʝʢS  ʩ 

B 

ɸ 

0 

b a 

ʈ ʠ ʩ. 33. 

0 

űi 

ʈ ʠ ʩ. 34. 

űi-1 

qi 

f(qi) 
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ʮʝʥʪʨʘʣʴʥʳʤ ʫʛʣʦʤ a ʠ ʨʘʜʠʫʩʦʤ r  ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ 

21

2
ʩʝʢS r= a. ʊʘʢ ʢʘʢ i ïr ʡ ʢʨʫʛʦʚʦʡ ʩʝʢʪʦʨ ʠʤʝʝʪ ʨʘʜʠʫʩ 

( ), ( 1, 2, ..., )i if i nr = q =  ʠ ʮʝʥʪʨʘʣʴʥʳʡ ʫʛʦʣ 1i i i -Dj =j -j, ʪʦ 

ʧʣʦʱʘʜʴ iïʛʦ ʢʨʫʛʦʚʦʛʦ ʩʝʢʪʦʨʘ ʙʫʜʝʪ ʨʘʚʥʘ: 

( )2 21 1

2 2
i i i ifr Dj = q Dj. 

ʇʣʦʱʘʜʴ ʚʩʝʡ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʡ ʬʠʛʫʨʳ, ʩʦʩʪʦʷʱʝʡ ʠʟ n  ʢʨʫʛʦ-

ʚʳʭ ʩʝʢʪʦʨʦʚ, ʨʘʚʥʘ: 

 
2

1

1

2

n

n i i

i =

s = r Djä  ʠʣʠ ( )2

1

1

2

n

n i i

i

f
=

s = q Djä . 

ʇʦʣʦʞʠʤ 
1,

max i
i n=

l= Dj, l ʝʩʪʴ ʥʘʠʙʦʣʴʰʠʡ ʮʝʥʪʨʘʣʴʥʳʡ ʫʛʦʣ ʚ 

ʢʨʫʛʦʚʳʭ ʩʝʢʪʦʨʘʭ, ʠ ʚ ʪʦ ʞʝ ʚʨʝʤʷ l - ʜʣʠʥʘ ʥʘʠʙʦʣʴʰʝʛʦ ʠʟ ʯʘ-

ʩʪʠʯʥʳʭ ʦʪʨʝʟʢʦʚ, ʥʘ ʢʦʪʦʨʳʝ ʤʳ ʨʘʟʙʠʣʠ ʦʪʨʝʟʦʢ [ ];a b. 

ɽʩʣʠ l ʫʩʪʨʝʤʠʪʴ ʢ ʥʫʣʶ, ʪʦ ʚʩʧʦʤʦʛʘʪʝʣʴʥʘʷ ʬʠʛʫʨʘ ʚʩʝ 

ʤʝʥʴʰʝ ʠ ʤʝʥʴʰʝ ʙʫʜʝʪ ʦʪʣʠʯʘʪʴʩʷ ʦʪ ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʩʝʢʪʦʨʘ ʠ ʚ 

ʧʨʝʜʝʣʝ ʩʦʣʴʝʪʩʷ ʩ ʥʠʤ. 

ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʧʣʦʱʘʜʠ ns  ʧʨʠ 0l­ , ʪʦ 

ʵʪʦʪ ʧʨʝʜʝʣ ʧʨʠʥʠʤʘʝʪʩʷ ʟʘ ʚʝʣʠʯʠʥʫ ʧʣʦʱʘʜʠ ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʩʝʢ-

ʪʦʨʘ.  

ʆʙʦʟʥʘʯʠʤ ʧʣʦʱʘʜʴ ʢʨʠʚʦʣʠʥʝʡʥʦʛʦ ʩʝʢʪʦʨʘ S, ʪʦʛʜʘ ʧʦ ʦʧʨʝ-

ʜʝʣʝʥʠʶ ʠʤʝʝʤ: 

 ( )2

0 0
1

1
lim lim

2

n

n i i

i

S f
l­ l­

=

= s = q Djä . 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʥʘʧʠʩʘʥʥʘʷ ʩʫʤʤʘ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʠʥʪʝ-

ʛʨʘʣʴʥʫʶ ʩʫʤʤʫ ʜʣʷ ʬʫʥʢʮʠʠ ()21

2
f j ʥʘ ʦʪʨʝʟʢʝ [ ];a b. ʌʫʥʢʮʠʷ 

()21

2
f j ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ];a b, ʘ ʟʥʘʯʠʪ, ʠʥʪʝʛʨʠʨʫʝʤʘ ʥʘ 
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ʵʪʦʤ ʦʪʨʝʟʢʝ, ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʠʥʪʝʛʨʘʣʴʥʦʡ 

ʩʫʤʤʳ 
0

lim n
l­
s  ʠ ʦʥ ʨʘʚʝʥ ʦʧʨʝʜʝʣʝʥʥʦʤʫ ʠʥʪʝʛʨʘʣʫ ()21

2
f d

b

a

j jñ . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʦʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ:  

()21

2
S f d

b

a

= j jñ , 

ʠʣʠ, ʯʪʦ ʪʦ ʞʝ ʩʘʤʦʝ: 

 ()21

2
S d

b

a

= r j jñ . (2.8) 

ɽʩʣʠ ʧʣʦʩʢʘʷ ʬʠʛʫʨʘ ʦʛʨʘʥʠʯʝʥʘ ʥʝʩʢʦʣʴʢʠʤʠ ʣʠʥʠʷʤʠ, ʫʨʘʚʥʝ-

ʥʠʷ ʢʦʪʦʨʳʭ ʜʘʥʳ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ, ʥʦ ʜʘʥʥʘʷ ʬʠʛʫʨʘ ʥʝ ʷʚ-

ʣʷʝʪʩʷ ʩʝʢʪʦʨʦʤ, ʪʦʛʜʘ ʠʩʢʦʤʫʶ ʧʣʦʱʘʜʴ ʚʳʨʘʞʘʶʪ, ʢʘʢ ʘʣʛʝʙʨʘʠʯʝ-

ʩʢʫʶ ʩʫʤʤʫ ʥʝʢʦʪʦʨʳʭ ʩʝʢʪʦʨʦʚ. 

ɼʣʷ ʬʠʛʫʨʳ, ʠʟʦʙʨʘʞʝʥʥʦʡ ʥʘ 

ʨʠʩ. 35, ʠʩʢʦʤʫʶ ʧʣʦʱʘʜʴ S ʨʘʩ-

ʩʤʘʪʨʠʚʘʶʪ ʢʘʢ ʘʣʛʝʙʨʘʠʯʝʩʢʫʶ 

ʩʫʤʤʫ ʩʝʢʪʦʨʦʚ; ʦʥʘ ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

O ABO OBCO O ACOS S S S= + - . 

ɽʩʣʠ ʢʨʠʚʳʝ ʟʘʜʘʥʳ ʫʨʘʚʥʝʥʠʷʤʠ: 

():AB fr= j; 

():BC gr= j; 

,  

ʪʦ, ʚʳʯʠʩʣʠʚ ʧʦʣʷʨʥʳʝ ʫʛʣʳ , ʧʦʣʫʯʠʤ: 

.(2.9) 

ʇʨʠʤʝʨ 69. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʢʨʫʛʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʢʨʠʚʦʡ 

. 

ʈʝʰʝʥʠʝ. ʀʟʦʙʨʘʟʠʚ ʦʢʨʫʞʥʦʩʪʴ ʧʦ ʜʘʥʥʦʤʫ ʫʨʘʚʥʝʥʠʶ (ʨʠʩ. 

36), ʚʦʟʴʤʝʤ ʧʦʣʫʢʨʫʛ ʠ ʙʫʜʝʤ ʝʛʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʢʨʠʚʦʣʠʥʝʡʥʳʡ 

0 

a 

ʈ ʠ ʩ. 35. 

b g 

r 

ɸ 

ɺ 

ʉ 






























































































































