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Beeoenue

Mamemamuueckoe npoepammupoéarnue NMPEACTABISAET CO-
00l MaTeMaTHYECKYIO JIMCLHHUIUIMHY, 3aHUMAIOMYIOCI HU3yUe-
HUEM DKCTPEMAJBbHBIX 3aJa4 U pa3pabOTKOW METOJOB HX pe-
MICHUS.

B o0mem BuJIE MaTemMaThyecKas IMMOCTAHOBKA DKCTpe-
MaJIbHOW 3a4a4¥ COCTOHUT B OMNMPEACIEHUU HAUOOJIBIIETO WU
HAUMEHBIIIETO 3HAUYECHUS UeEJeBOU (QYHKUMHU f(x1, X2, ..., Xn)
NpH YCIOBUIX Zi (X1, X2, ..., Xn) < bi (i =1,m), rae fu gi — 3a-
JaHHbIe QYHKUMHU, @ bi — HEKOTOPBIE NEHUCTBUTEIbHBIE UUCA.

B 3aBUCHUMOCTH OT CBOWCTB PyHKUMH f U g MaTeMaTuue-
CKOE MpOrpaMMHUPOBAHUE MOKHO paccMaTpuBaTh Kak psj ca-
MOCTOSATEJIbHBIX JAUCUMIIIMH, 3aHUMAIOMMUXCSA HW3YYECHUEM U
pa3pabOTKOH METOJ0B pPEMICHUS ONPEJACICHHBIX KJIacCOB 3a-
aad.

[Ipexnae Bcero, 3aja4yv MaTeMaTH4YE€CKOro MpOrpaMmMupo-
BaHUs JEJSATCA Ha 3a4a4d JIMHEWHOro M HEJIUHEHUHOTO MpO-
rpaMmmupoBanus. [Ipu »TOM e€ciid Bce PYHKUMM f U gi JIMHECH-
HBIC, TO COOTBETCTBYIOINAA 3a7aua SBIAACTCA 3adaueli JuHel-
HO020 npozcpammuposarus. ECIn ke X0Ts Obl OJIHA U3 yKa3aH-
HBIX PYHKUUHA HEIMHEKHas, TO COOTBETCTBYIOIAas 3ajaya sB-
JSETCS 3a0ayeti HeJUHeUHO020 NP O2PAMMUP OBAHUSL.

Hauboiee M3y4EHHBIM pa3eioM MATEMATHYECKOro Mpo-
rpaMMHUPOBaHUS SBJSECTCS JIMHEWHOE MPOrpaMMHUPOBAHUE.
Jlns peumieHus 3ajaad JUHEHHOTO NMpOrpaMMHUpOBaHUS pa3pa-
O0otaH weabld psAa dPPEKTUBHBIX METOAOB, AJITOPUTMOB U
nporpamm.

Cpenu 3a1a4 HEJIUHEUHOTO MPOrpaMMUpPOBaHUsl HauboJee
r1y00OKO HW3YUYEHBI 3a0auu BbINYKA020 NPOSPAMMUPOBAHUSL.
DTO 3aa4yu, B PE3yJbTaTe PEIMICHUS KOTOPBIX OMPEIAENIAETCS
MUHHUMYM BBINYKJIOW (MM MaKCUMyM BOTHYTOH) (yHKIHH,
3aJJaHHOM Ha BBINYKJIOM 3aMKHYTOM MHOECTBE.

B cBOIO ouepeab, CpeaAM 3aaa4 BBHINYKIOTO MPOTpaMMHUPO-
BaHUs 0Oojiee MOAPOOHO MCCIEA0BAHBl 3a0auu K8AOPAMUYUHO-
20 npoepammuposanus. B pe3ynprare pemieHUs TaKUX 3ajad
TpeOyeTcss B 0oO0mEM cily4yae HaTH MakCUMyM (MU MUHH-
MYyM) KBaApaTUYHOHW (PYHKUMH NpPHU YCIOBHUH, YTO €€ Nepe-
MEHHBIE YJOBJIETBOPSAIOT HEKOTOPOU CHUCTEME JTMHEHHBIX HE-



PABEHCTB WJIM JTUHEHHBIX YpAaBHEHUH JTMOO HEKOTOPOH CUCTE-
M€, coleprKaleil KaKk JUHECWHbIE HEPABEHCTBA, TaK U JIMHEW-
HbIE YPABHEHUS.

Kaxnast rmaBa 1aHHOrO yu4eOHOro mocoOus COAEPHKUT Je-
TaJIbHO pa30o0paHHBIE NPUMEPHI U WILIIOCTpPAllMU, a u3jarae-
MBIE METOABI JTOBEICHBI 0 aJIrOpUTMOB HUX pEIICHUA HA
OBM.

Kpome TOro, mecras riaBa LEJUKOM IOCBSIIEHA KOM-
MiIeKkcy JngabopaTopHbIX padOT, BKIOYAKIMX KOJbBI MpPO-
rpaMm, ONMKACAHUS BXOJHBIX U BBIXOJAHBIX IMapamMeTpoB, peuie-
HUA KOHTPOJBHBIX MIPUMEPOB, @ TAKIKE BaAPUAHTHI 3aJaHUIL.

ABTOpBI OJIarolapHbl PELEH3EHTAM 3a HUX LICHHBIE 3aMe-
YaHUS B XO0JA€ NOJATOTOBKH Y4E€OHOro MocoOus K U31aHUIO.



JIuHeiiHOe mporpaMMUpPOBaHH e
1.1 Ilpumepsbl 32124 JTUHEHHOTO NPOrPAMMHUPOBAHUA

1.1.1 3apadya naaHupoBaHMWs BBINYCKAa MNPOAYKUMM (MJja-
HUPOBAHHUE MPOU3BOJICTBA)

MamuHOCTPOUTENbHOE MNPEANPUATUE I WU3TOTOBJICHMUS
4eThIpeX BUJOB MPOJAYKIMH HCIOJNB3yeT TOKapHoe, (pesep-
HOE, CBEPJMIIPHOE, pacTOYHOE U HUIKM(POBanbHOE 000pyI0Ba-
HUE, a TaKKe KOMIUIeKTyomue u3aenus. Kpome toro, coopka
U3AEIUil TpeOyeT BBHIMOJHEHUSA COOPOUYHO-HATAA0OUYHBIX PadoT.
HopMmbl 3aTpaT BceX BUJOB PEeCypCOB Ha M3TOTOBJIEHHUE KaX-
J0T0 U3 u3Aeauil mpuBeaeHbl B Tadbmuue (cm. tadn. 1.1). B
ATOM ke TadIulEe YKa3aH UMEKmuUics GOoHI KaXJA0ro M3 pe-
CYpCOB U MPUOBLIL OT peaau3allui OJTHOTO W3JAECIUS KaXJ0T0
BUJIA.

Tabnuua 1.1-Hopwmbl 3aTpaT Ha U3TOTOBJIEHUE OJTHOTO H3]1€-
Jusl

HopMmbl 3aTpaT Ha O0mui
Pecypcel H3TOTOBIEHHE OJNHOTO | 00BEM
U3JIeus pecypcoB
1 2 3 4 5 6

[TpoU3BOAUTENLHOCTH
00opyioBaHMs (4ed.-4ac)
TokapHoOTO 550 | - 620 - 64270
dpe3epHOTO 40 | 30 20 20 4800
CBEPIUIBHOTO 86 [ 110 | 150 | 52 | 22360
PacTtouHoro 160 | 92 | 158 | 128 | 26240
[InudpoBanbHOTO - 158 | 30 50 7900
KomnuekT uzaenus (mr.) 3 4 3 3 520
COOpOYHO-HaNaI0YHbIC 4.5 14,5 4,5 |4.)5 720
paboThl (Uei.-yac.)




IIponomkenue Tadauupl 1.1

HopMmbl 3aTpar Ha OO6mui
Pecypchl M3rOTOBJIEHHE OJHOTO | 00BEM
U3J1enns peCypcoB
1 2 [ 3] 4 |5 6

[TpuOsinp oT peanuzanuun | 315 (278 | 573 | 370
0JHOTrO0 u3aenus (pyo.)

Hano cocTtaBuTh TaKOM MjaaH BBIINYCKA NPOAYKLUHUH, YTOOI
NOJYyYUTh MAaKCHUMaJdbHYIO NpUOBIIbL. IlocTpouM MaTeMaTu4ye-
CKYK MOJEIb AaHHON 3amadu. [lycThp x; — miIaHUpyeMoOe KO-
JUYECTBO U3JAENUN 1-T70 THUIA, X2, X3, X4 — IIAHUPYEMOE KOJIHU-
YeCTBO M3JEIUMU 2-10, 3-T10, 4-r0 TUNOB COOTBETCTBEHHO.

Torna

f=315x1+278x,+573x3+370x4 (1.1)

npuObLIb npeanpusaTha. Tak Kak HaM HaA0 MOJYYHUTh Kak
MOXHO OOJBIIYKD MPHUOBIABL, TO OyJaeM HCKaTh HauWOOJbIIEE
(MakcuManbHO€) 3HaueHue (QyHkuuu f. O0mue oO0BEMBI pe-
CYpCOB HakJaJAbIBAIOT HA HAIY 3aJa4y OrpaHUYECHHUS

550x1 + 620x2 < 64270
40x1 + 30x2+ 20x3 + 20x4 < 4800
86x1 + 110x2 +150x3 + 52x4 < 22360

160x1+ 92x> + 158x3 + 128x4 < 26240 (1.2)
158x2 + 30x3 + 50x4 < 7900

3x1 +4xy + 3x3 + 3x4 <520
4 5x1 +4.5x, +4.5x35 +4.5x4 < 720.

Tak kak uenepas QPyHKUMS WM OTPAHUUYECHUS SIBISIOTCSA
JUHEWHBIMU, TO 3TO 3aJ1a4a JUHEHHOTO MPOTPaAMMUP OBAHUS.




1.1.2 3amaya n1aHUPOBAHUSA KANTUTAJbHBIX BJIIOKEHUN

JIns dNeKTpoCHA0KEHUS TPEX CTPOUIIIOMAAOK HUCHOJb-
3YIOTCS JBE€ TpaHcPopmaTopHbie mnoacTaHuuu. IlepBas
crpoiimnomanka norpebduser 130 kBT, a BTopass u TpeThsa 1O
140 kBt. Momuocte nepsoit TII — 250 kBT, a BTopoi 160
kBt. Paccrosnue ot nepsoid TII — 600, 400, 200 M, no nep-
BOM, BTOPOM M TPETHEH MIOMAAKH COOTBETCTBEHHO. OT BTO-
poii TII: — 500, 300 u 200 M cooTBeTCTBEHHO. TpedyeTcsa co-
CTaBUTh CXEMY DJEKTPOCHAOKEHHA C MUHUMAJIbHBIMM Kamu-
TaJlbHBIMU BJIOKCHUSMU.

KanuranpHbeie BIOXKEHUS JUId YCTpOWCTBA JUHUKA pac-
CUUTBIBAKOTCSA IO cieayrmeid popmyne:

32 .5,K) 3 2
= = ] = =

rjae: Si; — MOIMHOCTh, MOTpeOAsieMas j-0i MAOMAAKON OT i-OW
TII, kBT;

[;; — paccTOsiHHUE OT j-0U numomanku a0 i-oi TII, m.;

0 — MOCTOSSHHBIA MHOXKHUTEb.

HMTak, HaM HaJ10 MUHUMHU3UPOBATh PYHKIIHIO

f=a(6511+4812+2813+5521+3822+2523), (1.4)
IpH OrpaHUYCHUAX:

S+ 821 =130;
S12 + S22 =140;
S13 + §23=140; (1.5)

S11 + S12 + 813 =250;
S21 + S22 + 523 =160 .

Kak 1 B nmpeapaymeM nNpuMepe UMEEM 3aaady JUHEHHO-
ro NporpaMMHUpPOBaAHUS.

1.2 OcHOBHBIC Onpeae/ICHUS
OITPEAEJIEHHUE 1.1. 3apmada, cocTosimass B HaXO0XIACHUU

HAWnOONbIIETO (HAUMEHBIIETO) 3HAYECHUS PYHKIMUH
f(x)=cix1+cax2 + ... + CnXn (1.6)



HA MHO’>KECTBE TOYEK X' =(X1,...,Xn), YJOBJIETBOPSIOMHUX CH-
CTEME OrpaHUYECHUN BUAA:

anx: t anxy+...+ ainxn < R1 > b

arix1 t axxy+...+ amxn < Ry > by

(1.7)
Am1X1 + am2x2 +...F AmnXn < Rm > bm

Ha3bIBACTCS 3aJau€il TMHEHUHOTO MpOrpaMMHUpPOBAHUs OOIIErO

BUJA.
371eCh:

filx)=c1 x1 +cyxy+ ...+ cy Xy — 1u€NEBAA QYHKLMUSA;

Ri.i= 1,m — onepauyy OTHOIIEHHS =, >, <;

>

ci, 1= 1n;aij, i=1m j= 1Ln; bi,i= L,m — 3a1aHHbIE KOH-
CTAHTHI.

OTIPEJIEJIEHUE 1.2. Beskylo TOYKY X =(X1,...,Xn),
KOMIOHEHTBhl KOTOPOH YAOBJIETBOPSAIOT BCEM OTIpaHHYECHUIM
cucteMbl (1.7), OyaeM Ha3bplBaTh JOMNYCTHUMON TOYKOU WM
JOMYCTUMBIM PEIICHUEM 3aJauyu, UIM JOMNYCTUMBIM MJaHOM
3a1a4M.

3anadya JUHEHUHOTO MPOrpaMMHUPOBAHUS COCTOMT, TaAKUM

00pa3oM, B HAXOXKJCHUM TAKOW AONYCTHUMOUN TOUYKH x© (Ta-
KOro JOMyCTUMOTO IJIaHa) CpeAr MHOKECTBA JOIMYCTUMBIX
TOYEK, MPU KOTOPO neseBass PyHKUMA NpUHUMAET max (min)

snauenue. Jlonyctumoe pemenne xV= (x1©, .. x.)T, no-
CTaBIAIOMIEE LENEBOU (YHKIUM ONTHUMAIbHOE 3HAYEHUE (OTII-
TUMYM), OyAET Ha3bIBAThCS ONTUMAJbHBIM PELICHUEM MU
ONMTUMAJBbHBIM IJIAHOM 3ajauu. B nanpHelimem OyaeM ropo-
PUTh, K MPUMEPY, TOJbKO O HAXO0XJACHMH max UeJeBoil
GyHKLMMY.

3aoauy NUHEUH020 NPOLPAMMUPOBAHUS, NPEeOCMABIIeH-
HYI B BHJIE:



f=rcix1+ cax2 + ... + caXxn — max (min)

aiixi + ... + ainxa= b1

arixi1+ ... + arpxn= b>
C (1.8)
adm1xX1 + ... + AmnXn= bm
xi >0,i=1n;

OyJeM CYUTaTh KAHOHWYECKOW 3aJavyeid TUMHEHHOTO mporpam-
MUPOBAHUS.

BBeeHUEM MONMOTHUTENBHBIX MEPEMEHHBIX, Mbl MOKEM
n1000€ OrpaHUYEHUE BUJAa HEPABEHCTBA CBECTH K OrpaHHUYE-
HUSIM — PABEHCTBAM. ECJIM HE Ha BCE NMEPEMEHHBIC HATOKEHO
TpeOOBAaHUE HEOTPUULATEIBHOCTU (CNa0ble OTpaHUUYEHHUSA), TO
TaKHUE MEPEMEHHBIC MOKHO 3AMEHUTHh PA3HOCTHIO JABYX HOBBIX
MEPEMEHHBIX, KaXAasd U3 KOTOPBIX HeoTpuuareabHa. [Ipoun-
JKOCTPUPYEM CKA3aHHOE HA MpPUMEpE.

Hpumep 1.1. [IpuBecTH K KAHOHUYECKOMY BUAY 3a7a4y:

f=x1-2x1 tx3 - max
X1+ 2x, +3x3<5
2x1 +3x2 —4x3=3 (1.9)
—x1t x2— x3> 2
X1 2 O, X2 2 0.

BBGI[GM ABC JONOJHHUTCIIBHBIC HCOTPpHULATCIBHBLIC IICPC-
MCHHBLIC X4 M X5 B IICPBOM H TPCTLHLCM OI'PAHHUYCHHUAX, TakK,

4yTOOBI MMOJIYUHUTL OI'pPpaHHUYCHHA — PABCHCTBA. KpOMe TOrO,
NEPCMCHHYIO X3 IPCACTABUM B BHJIC.
X3ZX3'—X3", (1.10)

rae: x3 = 0, x3 = 0.

[Tonyuum:
S=x1—2x1+x3' —x3" — max,
x1+2x2 +3(x3—x3")+x4 =5

2x1+ 3x2 — 4(x3'—x3")=3 (1.11)
— X1 — X2 — (X3'—X3") —x5 =2
x120,x2>20,x3 20, x3" 20, x4 0, x5 >0,

a TO y e 3aj]aua B KAHOHHUYECKOH popMme.
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BBenss B paCCMOTPEHHUE BEKTOPHI

dlil... din
C:(Clj . ... Cn), X = (xl, e s xn)T, b= (bl,..., bm)T, A= a1 ... Ao
dml ... dmn

MOKeM mnepenucarb 3agauy (1.6),(1.7) nuHeifiHOoro nporpam-
MUpPOBaHUSA B (opME:

f =C' X — max(min)
(1.12)

Ax=b

1.13
x=0. ( )

1.3 I'eomeTpuueckass MHTEPNpeTANUA ABYMEPHOIl 3a-
Aa44 JIMHEHHOT0 NPOrpaMMUPOBAHUS U €€ peIIeHHeE

PaccMOTpuM JABYMEpPHYIO 3ajauy:

f=cix1+ cax2 — max(min), (1.14)
(a11x1 + a2 x2 < R1 > by

aixi1+ anxa2<Ry> b
(1.15)

\dm1 X1 T dm2 X2 < Rm > bm .

Kaxnoe u3 orpanudyeHuii aiixi1+aiz x2 < Ri > bi onpeaenser
B MJIOCKOCTH, C CUCTEMOM KOOPJAMHAT X1 O X2 MHOXECTBO TO-
4yeK, JexalmMuxX IO OJHY CTOPOHY OT MpIAMOM aiixi+aizx2=bi
(T.€. MOJYMJIOCKOCTh). MHOKECTBO BCEX TOUYEK IJIOCKOCTH,
KOOPJAUHATHI KOTOPHIX YAOBIAECTBOPSAIOT BCEM OTPAHUUYCHHSM,
T.€. MPUHAAJEKAT Cpa3ly BCEM MOJYMIOCKOCTSIM, ONpeaese-
MBIM OTJACJIbHBIMU OrpaHUYCHUSAMH, OYIET MOPEACTABIATH
co00i AOMyCTUMOE MHOXKECTBO. OUEBMAHO, YTO, €CJIM MHO-
KECTBO HE IMYCTO, TO ATO OyJET HEKOTOPhIi MHOTOYTOJbHUK
(BO3MOYXKHO U HEOTpPaHUUEHHBIH, BO3MOKHO BBIPOXKAAKOMUACS
B OTPE30K, TOUKY). MHOrOyrojlbHUK OyJAET BBIMYKIBIM, YTO
JE€rKO MnoKaszaTh, T.€. JHOObIE JBE €ro TOYKM MOMKHO COEIH-
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HUTh OTPE3KOM, TOUKH KOTOPOTO MPUHAANEKAT JOMYCTUMOMY
MHOJKECTBY.

OIIPEJAEJIEHUWUE 1.3. MHOXeCTBO D-TOYE€K ~n-MEPHOTO
€BKJIMJA0BA MPOCTPAHCTBA OyJ€M Ha3bIBaTh BBINYKJBIM, €CJIH
ansg moobx XMW= D, x, )T u xP=(x; P, x,®)T u3
MHOecTBa D M n00bix a >0, >0 Ttakux, 4to a+pf=1, Touka
x=ox+px?) Takxke npunagnexur D.

OIIPENEJIEHHWE 1.4. BepmuHO#l BBIITYKJIOTO MHOMXECTBA
B R, Ha30BEM TaKYyI TOUYKY, KOTOPYI HE€Ib3s NPEJACTABUTH B
pune x=axV+px? >0, >0, a+p=1, uu npu xkakux xH x?.

[TpouAnOCTPUPYEM BhIIIECKA3aHHOE IPUMEP aMHU.

[Ipumepbl: U300pa3uTh MHOXKECTBO TOYEK, YJAOBJIETBOPSI-
IOIMX CUCTEME HEPABEHCTB.

1) 2x1 = 3x2< 2 2) Cxi+x< 1
3x1 — x= 1 x1— 2x22 1
< —x1+%x2£1 : x120
x1>0 x>0
k)QZO
3) 3y +x,>3 4) r3x 1y <3
4 1 2= 2 2 1=
x1+x2<1 {x1+x221
x; <1 x1 +x2 <1
L X2 — x1 >—1

[TocTpOUB AOMYCTUMBIE MHOXECTBA, YOEJAMMCS B BHIIIE-
CKa3aHHOM.

PaccMoTpuM Tenepb TeOMETPUYECKYIO HHTEpHNpETaLUIO
peuieHus 3aaa4M JUHEHHOTro nmporpaMmupoBanus. Ilycte no-
nyctumas oo6ysacth 3aaaum (1.14)—(1.15) okazanach HENMyCTOM
(B COOTBETCTBHHU C PUCYHKOM 1.1).
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X2 f —dmin

(1@, %) — Touka Makcumyma

Touka e

MW H

n= grad =Xt ox=d
g
>

X1

Pucynok 1.1 - 'eoMmeTpuueckas uHTEpOpeETALUA 3a1a4HU
JUHEHHOTO MPOrpaMMHUPOBaAHUS

Mpbl XOTUM HaliTH T€ TOYKHU AONYCTUMOHN 001acTH, KOOp-
JAMHATHl KOTOPBIX JAOCTABJSIOT LEACBOH (PYHKUMU HaAuOOJb-
mee 3HayeHue. [TocTpouM JIMHHUIO YPOBHS LIEJECBONH PYyHKLUU
Jf=cixi1tcax2=a . [lonydyuM MHOXKECTBO TOYEK, B TOUYKAX KOTO-
poro f mpuHUMAET OJHO MU TOXe€ 3HadyeHue a . Ilepememas
JUHUIO YPOBHS B HaNpaBJIEHUHW BEKTOpa grad f=(ci.c2)=n,
HOPMaJILHOTO K JIMHUU YPOBHs, OyjaeM mojayuyaTh B Mepeceye-
HUU ATOM JIMHUU C JONYCTUMOKH 0071aCThI0 TOUYKH, B KOTOPHIX
uejaeBass GyHKUMS MPUHUMAET HOBOE 3HAUYCHUE, OONBIIEE YEM
3HAYEHMWE HA MPEAMECTBYIOMMUX JUHUAX YPOBHS.

[lepeceueHne AONMYyCTUMON 00JIaCTH C JIMHUEW YPOBHS B
TOM €€ MOJOKEHUMU, KOTJa JAajibHelillee nepeMelleHue JaeT
NyCcTO€ MHOXECTBO, M OYyJI€T MHOXECTBOM TOUYEK MakKCUMyMa
3aJauyd JTUHEHHOro mporpaMmMmupoBaHus. Ilepemenias NUHUIO
YPOBHS B HampaBJIEHUW MPOTUBOIOJI0KHOM BEKTOPY M, aHa-
JOrMYHBIM 00pa30M HalaeM TOYKHM MUHUMYyMaA.

HHpumep 1.2.
f=x2—2x1—> max
—x1+x <1
x1—2x<1

x1=20,x>0

13



x2, fm2x1+tx=0

| | / /

i |/ f > X1
2 -1 05 1

Pucynok 1.2 - ['eoMmeTpuueckas MHTEpNpPETALUA 304U
JTUHEHHOTO MPOTrpaMMHUPOBAHUSA

Touka makcumyma:
x=(0, D
Jmax=/(0, 1)=1.

Jlerko npecacraBuThb, 41O 3aJda4a HMCCT OCCUMCIIEHHOE

MHO>ECTBO ONTHUMAJIbHBIX PEIICHUIN, a MOXKET UX HE HMMETh
BOBCE, KaK HampuMmep:

f=x1+x; —» min(max);
x1+x >1

—x1+ x <1
X1—2x, <2

x1=0,x>0.

I{eneBas pyHKUMS JOCTUIacT MUHUMAJIbHOTO 3HAYCHUS B
TOUKax oTpe3ka xi+x2=1, mexay toukamu (0, 1) u (1, 0), a
MAaKCUMAJbHOTO 3HAYEHUA (PYHKUIMUS HE JOCTUTaeT (HE orpa-
HUYEHA B 1OMYCTUMOM 00JIacTH).
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X2

v

X1

Pucynok 1.3 — I'eomeTpuueckas uHTEpIpeTalus 3a1a4u
JUHEWHOTO MPOTrpaMMHUPOBAHUSA

1.3.1 CpoficTBa 3a1a4¥ JTUHEHUHOTO MPOTPAMMHUPOBAHUS

PaccMOTpeHHBIE TPUMEPHI MO3BOJSAIOT CHOPpMYIUPOBATH
OCHOBHBIE€ CBOMCTBA 3aJla4y JUHEUHOTO NMPOTrpaMMHUPOB aAHUS.

Cpoiicteo 1. JlomycTtumas o0JacTh 3aladyd JUHEHHOIO
NporpaMMUPOBAHUS BBINTYKJA, €CJIM OHA HE IMYyCTa.

CpoiictBo 2. Eciu ponyctuMas 001acTh UMEET BEPIIUHBI
W 3ajJa4a JUHEHWHOTrO NMpOrpaMMHUPOBAHUS UMEET PEIICHUE, TO
OHO JOCTUraeTcs IO KpaWHed Mepe B OJTHOW U3 BEPIIHH.

CBolicTBO 3. MHOXKECTBO pPEIIECHUN 3alayu JIMHEHUHOTO
NporpaMMHUPOBAHUS BBIMYKIIO.

CpoiictBo 4. Ecau ponyctuMmas o01acTh OrpaHuueHa, TO
nbas 3agaya JUHEWHOTO MPOrpaMMHUPOBAHHUA HMEET OMNTH-
MaJIbHOE PEIICHUE.

CpoiictBo 5. HeoOXOAMMBIM W JOCTAaTOYHBIM YCJIOBHUEM
CYIIECTBOBAHUS PEIIECHUSA 3aJa4d JIMHEHUHOTO MpOrpaMMupo-
BaHUd HAa MAKCUMyM (MHUHUMYM) SBJISIETCS OTpaHUYECHHOCTH
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ueJeBoid PyHKUMMU CBEPXY (COOTBETCTBEHHO CHHM3Y) B JIOMY-
CTUMOI 00JIacTH.

Bce nepedncneHHbie CBOMCTBA CNIpaBEAJIUBBl U B OOIIEM
ciyuae (n>2).

CpoiicTBa 3aJa4¥ JUHEHHOTO NMPOrpaMMUpPOBAHMS HaTall-
KHBAKOT Ha CIEAYIOMYI CXEMY pEIICHUS 3aJayd JIMHEHUHOTO
NporpaMMUpPOBAHUSA, HM3BECTHYI KAaK  CHUMILUIEKC-METOI.
MMEHHO: myCTh paccMaTpuBaeMas 3ajadya MMEET HEMyCTOeE
JOMYCTUMOE MHOKECTBO C BEPIIUHAMMU.

Torna:

1) TeM WM UHBIM CIHOCOOOM HAaXOJUMM KaKyl-HUOYIb
BEPIIUHY JONYCTUMOTO MHOXKECTBA M 1O ONPEIACIEHHBIM
KPUTEPHUSAM OMPEIACIISAEM, HE SIBIASCTCS JIM OHA ONTUMAalbHOM.
Ecau BepmuHB HET, TO AonmyctuMmas obnacTe nycrta. Ecawu
BEPIIMHA ONITUMAJbHA, TO 3ajJa4a peuicHa.

Ecnu HeT, TO

2) UCTIONB3YS OMPECIICHHBIE MPaBUJIa MPOBEPSAEM, HEJIb3S
AU YTBEPKJAaTh, YTO 3aja4ya HE MMEET ONTUMAJIbLHOTO pelle-
HUs (nejneBass GyHKUMS HE OrpaHUYEHa CBEPXY WM, COOTBET-
CTBEHHO, CHM3Y Ha JONMYCTUMOM MHOXkecTBe). Ecium yTBep-
XKJAATh 3TO MOKHO, TO 3ajlaya HEpa3peumnMma.

Ecinm Henp3s, TO

3) Mo ONpeAeNCeHHOMY MpPaBUJY HIIEM HOBYIO, JIYUIIYIO
BEPIIUHY U NMEPEXOJAUM K NMYHKTY 1).

HTak, A8 peanu3aluu NpeJIOKEHHON cXeMbl HEOOXO0 U~
MO YyKa3zaThb CHOCO0 HaxXOXKJICHHS BEPIMUHBI JOMYCTUMOTO
MHOK€CTBA, KPUTEPUN ONTUMAJBHOCTH MM HEPa3pECIMUMO-
CTH, crnmoco0d mepexoaa OT OAHOW BEPHIMHBI K APYrou, nydu-
meH.
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1.3.2 O00CHOBaHWE CUMIIJIEKC METO 1A

[lycTh uMeeTCs 3aJava JUHEHHOro MporpaMMUPOBAHUS B
KAaHOHHYECKOU popme:

f=cix1+ cax2 ... CoXn — Max (1.16)

ayxi1+ ... amx, = by

o (1.17)
am1 X1t ... TQmn X0 = bm
x1=0, ..., xn=>0.

BBoas B paCCMOTPEHUE BEKTOPHI

Ai=(ayj, ayj,..., ami )’ , j=U1; (1.18)
MBIl MOKE€M IE€penucaTh 3ajgady B popme

f=(c,x)—> max;
A1+ Ay +.. .+ Anxy =b; (1.19)

x > 0;

U TPAKTOBATh €€ CICAYIOMMUM 00pa3oM: U3 BCEX PA3JOKECHUI
BeKkTOpa b mo BexkTtopam Ai,...,A, , C HEOTPULATEJIbHBIMU KO-
adppunreHTamMu TpedyeTcss BeIOpaTh XOTs Obl OJHO TAaKO€, KO-
3pduuueHTs  xi, i=1,n, KOTOPOr0 JOCTaBIAKT LEJIEBOM
¢GyHKIMU f onTUMadbHOE 3HaueHUEe. He orpaHuyuBas oOmHO-
CTH CYMTAEM paHI MaTpUlbl A paBHBIM m WU n>m (caydai
n=m TpUBHANECH). JlaauM psaa onpeacnecHU.
OITIPEJAEJIEHHWE 1.5. HenyneBoe A0NyCTUMOE PEIICHHE
x=(x1,...,xn)" HA3LIBAETCA OMOPHBIM, €CJIIH BEKTOPHI A;, coot-

BETCTBYIOIIHUE OTJHWYHBIM OT HYJIA KOOpJAWHATAM BEKTOpa X,
JTUHEMHO-HE3aBUCHUMBI.

OITIPEJAEJIEHUE 1.6. Henynepoe ONOpPHOE pEIICHUE
HA30BEM HEBBIPOKACHHBIM, €CJIM OHO HMMEET TOYHO «m» IO0-
JOKUATEABHBIX KOOPJAMHAT.

OITPEAEJIEHHWE 1.7. Ecin 4ucno NOJIOKUTEIBHBIX KO-
OpJAMHAT OMOPHOTO PEIICHHUA MEHBIIE M, TO OHO HA3bBIBACTCA
BBIPOKACHHBIM.
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OITPEJIEJIEHHWE 1.7. YnopsaodeHHbIi HaboOp M3 «m»
JUHENHO — HE3aBUCHUMBIX BEKTOPOB Ai, COOTBETCTBYIOMMX
NOJOKHUTENBHBIM KOOPJAMHATAM OMNOPHOTO PEIIEHHA HA30BEM
0a3zucom.

HHpumep 1.3.

JlaHa cucTemMa OrpaHUYEHUM 3a1a4u:

2x1+tx) +3x3 =2

xX1—2x3 + xu=1 (1.20)
x12>0, x220, x3>0, x4>0.
3aech

e () () (3) 40) ()

Ouesuano, uro x(MV=(0, 2, 0, T, x» =(1, 0, 0, 0)7,
x(3)=(%, 1, 0, %)T, ABJISAIOTCS JOMYCTUMBIMHM PELICHUIMHU 3a-

nayu. Ouesuano, uro x, x(P— gpnsrorcs onmopHsIMHU pele-
HUSIMU, MMOCKOJIBKY CUCTEMBI BEKTOPOB { Az, As} u { Az}, nu-
HelHO He3aBucUMBbl, a X3 He ABIAETCA ONOPHBIM PELIEHUEM,
Tak Kak { A1, Ay, A4 } — IMHEHHO 3aBUCUMBI. ONOPHOE pelie-

nue xV— meBpipoxkaennoe, a x?— BrIpoxkaeHHoe. basuc He-
BLIPOXKAECHHOTO ONOPHOIO pELIEHHUs ONpeaeaseTcs ecTe-
cTBeHHBIM o0paszom. Jlna x() — oro { 4y, A4}.

[IpuBenemM TeopeMy, YBSA3BIBAIOMYK MOHATHE OMOPHOIO
pelIeHUs] U BEPIMUHBI AONYCTUMOI0O MHOECTRBA.

TEOPEMA 1.1. Bektop x= (x1,...,Xn) TOrJa U TOJBKO
TOTJla SABJSIETCS OMOPHBIM pEIIEHUEM 3ajJavyd, Korja Todyka X
SIBISETCS BEPIMIMHON JONYCTUMOTIO MHOYECTBA.

Jlokazamenvcmeo. Heobxooumocmo. 1lyCTh X — ONMOPHOE
pemenue 3anaum (1.19). Eciu x = 0, ToO HEBO3MOKHOCTh €€

NpeJACTaBIICHUS B BHJE x:(xx(l)+Bx(2), rae oo >0, B >0 u
)

@ +
X X7 — IONMYCTUMBIC PEIICHUS, OUEBUIHA.
[Tycth x # O u
X =(x,%,y,..., %, 0,...,0),
%,_J
n—k

rae x1>0, x, >0,..., xx>0.
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[Ipeanonoxum, B IpOTUBOPEUYUE C TEOPEMOI, YTO TOUYKA X
HE SIBJISIETCS BEPIIMHOM JOMYCTUMOIO0 MHOTOT'paHHMKA:

1 ) 1 2 2) (2 2
x():(xl( ),xg),...,xr(l)) u xt ):(xl( ),xg ),...,xg )),
x:ax(l)+Bx(2),a>O,B>O,a+B:1.
Tak kak nocieaHue n-k KOOPAMHAT TOYKH X PAaBHBI HY-
10, TO U TMOCIEIHHE n-k KOOpAMHAT, Kak Touku x'V, Tak u

Touku X nomxHbl ObITh paBHbl 0.Takum 06pa3oM, MOMHO
3aUCaTh:

W= XV xD 0,..,0),
X =@ X2 x20,..,0).

BBuay 1onyCTUMOCTH TOUEK x 1 x@ umeen:

b=x"A +xP Ay + . +xD A, (1.21)
b=xP A +xP Ay + .+ xP Ay (1.22)

Beruurag nounenno (1.22) u3 (1.21), nonyuum:

Y —x A+ () =y D - P Aa =0, (1.23)

Toukn xV u x¥) paznuuHbpl, Cleg0BATENBHO, CPEAH KO-
s¢ppunmentoB npu A; (i=1,2,....,k) B (1.23) ecTh OTAUYHBIE
OT HyJs. A 3TO 03HAYAE€T, YTO BEKTOPHI A1, A2,..., Ax JTHUHEH-
HO 3aBUCHMBI, 4TO NpOTUBOPEUUT TOMY, 4TO
x=(x1,x2,...,xx,0,...,0)— onmopHoe pemeHue 3agauu. Ciueaopa-
TENbHO, HALIE NPEANOJ0KEHHUE HEBEPHO M X BEpPIIMHA JOIY-
CTUMOI'0 MHOTOTpaHHUKA.

Jlocmamounocmoe. IlycTh HA000OPOT, TOUKA X— BEpIIMHA
JOITy CTUMOT0 MHOrorpaHHuka. Eciu x = 0, ToO X M0 yCJIIOBHIO
onopHoe pemeHue. Ilycts, x #0 W aa9 ONPEACIECHHOCTH
x=(x1,x2,...,xx,0,...,0), rae x1>0, x2 >0,...,x>0.

[TpearnosoKuM CHOBA OT MPOTUBHOIO, YTO NPHU TOM BEK-
Top X=(x1,X2,...,xk,0,...,0) SABAASACH, KOHEYHO, JOIYCTHMBIM
NI HAIIEH 3aJa4u, HE ABJISCTCS ONOPHBIM pemeHueM. Toraa
BEKTOpHI A1, A2,..., Ax — IUHEHHO 3aBUCUMBI, T.€. CYIIECTBY-
I0T TaKU€ JCHCTBUTEIbHBIEC YUCIA O], O2,..., Ok HE BCE PaBHBIC

HYJIO, 4TO CIIPABCAJIUBO PABCHCTBO!
(11A1+(12A2 -I—...-I—OLkAk:O. (124)

19



ABNSASACH AOMNYCTUMBIM, BEKTOP X YAOBJIETBOPSET YCJIO-
BUIO:

XA +x, A+ +x A =b . (1.25)

YMHOxHUM 00€¢ yacth paBeHcTBaA (1.24) Ha HEKOTOPBIH
napaMeTp 6 u cHadana BbeIUTEM moujeHHO (1.24) u3 (1.25), a
3aTteMm cnoxuM (1.24) u (1.25).ITonyuum:

(x; —00)A, +(x, —0a,)A, +...+(x, —06a,)A, =5,
(x; +00)A; +(x, +00,)A, +...+(x, + 00, )4, =b.

Tak kak x; >0 (i=1.,2,...,k), To, OUEBUAHO, MOKHO HaWTH
TAKOE€ JOCTATOYHO MaJIO€ 3HAueHUE 09 > 6 MHOXKUTEJA O, UTO
U B MEPBOM U BO BTOPOM M3 MOJIYYEHHBIX PABEHCTB, BCE KO-
3¢uureHTs OYyayT HEOTpHLATEAbHBIMU. ToOrjga »TH paBEH-
cTBa (npu O = 0p) 03HAYAKOT, YTO #- MEPHBIE BEKTOPHI

xM = —0,03%, —0,0,3...3%, —0,0,:0;...;0)

1 . . {0 -
X = (2 + 000335 00,555 X, +000,50;....50)
SIBJSAIOTCS JAOMYCTUMBIMH (MPHYEM Pa3JUYHBIMU) PCIICHUSIMH

3aJlavu.
[Tpu 3TOM, OUEBUAHO, UMEEM

1,0, 1,@_
2 2

a 3TO NPOTUBOPEYUT TOMY, YTO X— BEPIIMHA JONYCTHUMOTO
MHOTOTpaHHUKa. CJIen0BaTEIbHO, X HE MOXKET HE OBITH OMOP-
HBIM peumieHueM. TeopeMa ngoKa3aHa.

Takum o0Opa3zoM, 3ajadya O HAXOKJACHWU BEPIIUHBI AOMY-
CTUMOTO MHOXKECTBA CBEJIACHh K 3aJa4€ HAXOXKACHUS OMNOPHO-
ro pelmeHus, a, CIeI0BAaTEIbHO, K HAX0XKAcHUO Oa3uca. by-

JI€M CUMTaTh, YTO MCXOJHBIH 0a3zuc Ail,Aiz,...,Aim paH. Ot-

(xl,xz,...,xk,O,...,O)z X,

NpaBisgsich OT HEro MOKaXKEM, KaKk HAMTH OMOPHOE PEIICHHE.
ChopMynupyeM yCI0BHE ONTHUMAJIbHOCTH PEIICHMS, YCIOBUE
OTCYTCTBUA pemeHUs. [lokaxkeM, Kak mepelTu Kk 0asucy, jaa-
I0MIEMY JIyUlllee peIIeHUE.
Jlan 6a3uc
A, A ..., A

11 > Im

Tornaa:
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= .+ o4+ 4y . =[A4. . 1%y : T
b=x;  A; +x, A torx A=A L A TG X )

(xilo ""’ximo )T :[All seeey Alm ]_1 * (b],...,bm)T,

JOIIOJIHUB HalWJeHHBIH BEKTOpP HYJEBHIMH 3HAYECHUSIMHU MEpeE-
MEHHBIX (X; .,xin), noJjiy4yaeM omopHoe pemeHue. Mccue-

m+1’""

AYCM CIro Ha ONITHUMAJIBHOCTL, AJIA 5TOro UCCICAYCM LCJICBYIO

(G YHKLIHIO.
[IpeaBapuTeabHO BBEAEM 0003HAUYEHUS:
xp= (X, ,...,xim)T — BEKTOP 0a3UCHBIX MEPEMEHHBIX;
B=[A; .....A; ]-marpuna 6a3uCHBIX BEKTOPOB;
Xp=(X; _ .....,% )= BEKTOP CBOOOJHBIX IIEPEMCHHBIX;
CB:(Cil,...,Cim )T — BekTOp M3 KOOPPULIMEHTOB LIEIEBOM

(GyHKUMU Tpyu 0a3UCHBIX HEU3BECTHBIX,

cp= (¢ »-»C ) — BEKTOp U3 KOdQUUHMEHTOB LeJIeBOi
(GYHKLUHU MPU CBOOOJHBIX EPEMEHHBIX ;
D=[Aim+1,...,Ain] — MaTpuia CBOOOJHBIX BEKTOPOB

(BEKTOPOB, HE BOIIEAMMUX B Oa3uC).
C y4eToM BBEJECHHBIX 0003HaUeHU orpaHudeHus (1.19)
MOXHO MEPENUCaTh B BUJE:
Bxpt+Dxp=b. (1.26)
Bripazum 0a3ucHbIE IEPEMEHHBIE YEPE3 CBOOOHBIE
xp=B ' (b—Dxp)=B~'b— B 'Dxp, (1.27)
(mpu xp=0 monydyaem Oa3WCHBIE KOMIIOHEHTBI OMOPHOTO pe-
MICHUSA).
[ToncTtaBUM X3 B LEAEBYIO ()YHKIIHIO:

- _ —1 —1

f=e,xpte xp=c, B~ b—(c, B~'D-c)xp. (1.28)
O003HaYUM;

o=(0t1,...,0n-m)=(c’ B~ D—c’) (1.29)

1 HA30BEM €0 BEKTOPOM OILIEHOK.
O4eBUAHO, YTO

+i

@ X= 0% . (1.30)
i=1

21



OtrMerumM, 4TO nmpousBenenHue B~ !A; mpencrtasnser pas-
NOKEHHE BEKTOpa A; mo 0a3ucy, CJIEAOBATENbHO, B CTOJOIAX

MaTpuusl B~'D ¢TOAT pa3snoxkeHWs BEKTOPOB, HE MOMABINUX
B 0a3uc (cBOOOAHKIX) Mo Oa3ucy. IIpoaHanu3upyeM BhIpake-
HUE AJs uenepoil pynkuuu (1.28):

a) €CJIM BCE KOMIIOHEHTHl BEKTOPA OLEHOK HEOTPHULATEI b-
HBIE, TO MAKCUMaJIbHOE 3HA4YE€HHUE LENeBOH (PYHKUMU TOCTH-

raetcd npu Xz=B 'b 1 xp=0, TO €CcTh NOCTPOEHHOE OMOPHOE
pemeHUE — ONTUMANbHBIN MJIaH (pEMIEHUE) UCXOAHOH 3a1auH;

0) ecau cpelud KOMIIOHEHT BEKTOpa OLIEHOK ¢ €CTh OT-
pULIATEJIbHBIE, TO OIOPHOE pPEIIEHWE HE ONTUMAJbHO, MO-
CKOJBbKY, Kak BUAHO U3 (1.28)—(1.30), BO3MOXKHO YBECIAUYHUTH
3HAYE€HUE f 3@ CUET HEKOTOPBIX KOMIIOHEHT BEKTOpa Xp; MpPH
PTOM BO3MOKHBI JBE CUTYAIlUU:

1) oTpuareibHbl KOMIOHEHTHI BEKTOpA OLIEHOK, K Ip HU-
MEPY, Oki1, Ok2,...,0ks U TIPHA 3TOM, MO KpalHEH MEPE y OAHOTO

U3 CBOOOJHBIX BEKTOPOB A Ay, pnseesAiy, o BCE KOM-

MOHEHTHI Pa3l0KEHUSA MO 0a3ucy HE MOJIOKUTEIbHBI, TOTJA
u3 (1.27) BHAHO, 4YTO MOXKHO HEOTPAHWUYEHHO YBEJIUYHUTH
KOMMOHEHTHI BEKTOpPaA Xp 3a CUET YBEIMUYECHUS KOMITOHEHTHI
BEKTOpA Xp, 4, CACAOBATENbHO, LeneBass yHKUHSA HE OTpaHU-
4yeHa,

2) B cllydyae IMOJIOKUTECAbHBIX KOMMIOHEHT pPa3JIOKEHUS
no 0a3ucy CBOOOJHBIX BEKTOPOB CYHIECTBYET Jydllee OMOp-
HOE pEIIEHWE, KOTOPOE MOKHO TMOJIy4YUTh, BBEIs B 0Oazuc
CBOOOJHBII BEKTOp As, COOTBETCTBYIOIMMUI HAUMEHBIIECH W3
OTPHULIATEJBHBIX KOMIIOHEHT BEKTOpaA OLIEHOK (C LEJBIO MaK-
CUMaJbHO MNPUPACTUTH f ) M, BBIBEAS M3 Oa3Wca TOT BEK-

TOp A, MCX0aHOro 6asuca, st KOTOPOTo:

] Xi1 0 1
min — = —* (1.31)

Xis>0 T1kS 1S

rac. xiko — KOMIIOHCHTBI X3, xik — KOMIIOHCHTBI BCKTOpa As,

BBOJAUMOTO B 0azuc, k=1,m.
3aMeHUB 0a3uc, Mbl MOXEM BHOBb IEPEHTH K MOCTPOE-
HUIO OMOPHOTO PELIEHUS U €ro Ucclel0BaHusl.
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OTMETHUM, UTO KOOPJAMHATHI BCEX BEKTOPOB B HOBOM Oa-
3UC€ MOTYT OBITh HAMJICHBI 4Y€pe3 KOOPAUHATHI BEKTOPOB B
cTapoM 0azuce 1mo GopMmyiaam:

Xki
— mpuk=rt
X
Xg=1 "¢ (1.32)
xrj — -
Xgj —— Xkso J=u.n, kzl, , k#T
rs

B wuTore ajroputM pemeHUs 3anadyd JUHEHHOTO NpoO-
rpaMMHUPOBAHUS MOKHO H300pa3UTh CXEMOM, NpeEACTaBJIEH-
HOW Ha pucyHke 1.4.

1.3.3 HaxoxJaeHue HadyajJapbHOTro 0Oasuca.

B 3akmioueHuun oOpaTuMcs K BOOPOCY TMOCTPOCHHUSA
HayaJbHOTro 0Oazuca. 31€Cb OTMETUM, YTO, €CJAU B HCXOJIHOM
3ajJauy€ BCE€ OrpaHUYECHHS HMEJIH BHUA “<”, TO B Ka4e€CTBE
HavyajabHOTO 0Oa3uca (Kak JIErKO MOKa3aTh) MOXKHO OpaTh Oa-
3UC U3 BEKTOPOB MPHU JAOMOJHUTENBHBIX MEPEeMEHHBIX. B 00-
meM ciydae s MOCTPOCHMS HadaJlbHOrO 0a3uca MCIOJb3Y-
€TCA CNECUMAJbHBIA MNPUEM, HU3BECTHBIH KAk METOJ HCKYC-
CTBEHHOTO 0a3uca, U3JOXKEHHBIUH HUXE. MTak, myCcTh JaHa 3a-
aada JIMHEWHOTO MpOrpaMMHUpPOBAHHUA B KaHOHUYECKOH ¢op-

MC.

f=c-x - max;
Ax=0b

1.33
x=0. ( )
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/HCXOI[HBIG JaHHBIC:
Bekropsr b,

Al,...,An,C,

WCXOIHBIN Oa3uc

N /

Beruucnenue koopauHar

 XxiiBeKkTOpoB b, A, ...,

Ay wouenok 0;,j=1,n

3amMeHa B Oa3uce Bek-
TOpa

A- HaAS

1r

A

OTBICKAHHE S;

O = min o;
(Xj<0
x
nr: = min 20

24

Komner;

OTIOPHOE peTIie-
HHUE ONTUMAJIBHO

- /

Komner:
neneBas
byHKIUS

HE OrpPaHUYECHA

Pucynok 1.4 — Cxema anropurma pemicHUs 3aJ1a4u Jiv-
HEWHOTO NMpOrpaMMUpOBaHUA




PaccMoTpuM BCIOMOTaTENIbHYIO 3a/1a4y:

G=-y1—-y2—... — ¥m — max;

aix1+ ...+ awxa ty1=b

anxi+ ...+ amxn +0y1+y2=5b (1.34)
Xi 20, 1= l,n,

yi >0,1=1Lm,

Tak kak wneneBas QYHKIOHUA DTOU 3ana4yud OTrpaHUUYECHA
CBEPXY HYJIEM, TO 3aJ1a4a UMEET ONTUMAIILHOE PELICHHUE.

[lepeMeHHBIE Y1, V2, ....,Ym HA3BIBAOTCSA UCKYCCTBEHHBIMU
MEPEMEHHBIMU.

O4eBUIHO, UYTO BEKTOPHI

An—i—]:(l,o,. .. ,O)T, An+2:(091,o,. .. ,O)T,. “es An—i—m:(o,o,. “es l)T

00pa3yroT 0a3uc AJs ONOPHOTO peEHUS

x=(0,0,...0, b.by,..b ).

n
KOTOPBIM Ha3bIBAIOT MCKYCCTBEHHBIM Oa3zucom. Pemas BCOO-
MOTATEJIbHYI0 3aJa4y CUMILJIEKC-METOJOM, Mbl HAMJIEM ONTH-

MaJIbHOE PEIICHUE x(0)=(x1(0),...,xflo),yfo),...,yfg)). Eciu B

9TOM pCHICHHH, CPCAN UCKYCCTBCHHBLIX IMCPCMCHHBLIX CCTh I10-
JOXMHUTCIBbHBIC, TO HCXOJAHAsA 3aaa4a JIMHEHUHOTO nporpamMmmu-

pOBaHHUsI Hepa3pelmumMa, €CIHU XKE yi(o):O, 1=1m, To 0a3uc,
COOTBETCTBYIOIIMNH ONTHUMAaAbHOMY PEIICHHIO BCIIOMOTraTesb-

HOM 3aJa4M, MOKHO B3SITh B KaueCTBE MCXOJIHOro 0a3zuca oc-
HOBHOMH 3aJayH.
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1.3.4 Pemienue B popMe CUMITIIEKC — TA0JIULIL.

B cnyuae He0OJBIIOr0 uyucaa OrpaHUYEHUl U NEepeMeEH-
HBIX, MPUBEACHHBII B NpEAbIAYIIEM pa3jaeie aJropuTM MO K-
HO JIETKO peanu3oBarh 0e3 nmomomu DBM, odopmuss peme-
HHE B BHJE cuMmnaekc-tadnun. MTak, nana 3ajnauva:

f=(c,x) > max

Ax1+ Ay xo+. . .+ Awxa=b, (1.35)
x>0
M HalJeH HCXOAHBIA Oasuc A; .A; .....A4; . Haxonum pas-

JOKE€HUSI BCEX BEKTOPOB Ai,....,Ax 1 b no Oa3zucy. [lonyueH-
HBIE PE3YJAbTATHI 3aHOCUM B Tabnuuy 1.2.

Taoauua 1.2 - CuMiiekc Tadauna

b Cl1 2 .. Cn

Nen/m | bazuc | c¢p. | (omopHOe
peLIeHKE) A Ay e A,
1 A | 4, X10 X11 X12 X1n
2 4;, | €, X20 X21 X22 o X2n
3 Ai, | <, X30 X31 X32 . X3n
m A iy Cim Xm0 Xml Xm2 . Xmn

m

OueHku S = kZ_:lCik X10 o1 o) . On

3xecy B croadbue «bazucy ykasbiBaloTcs BekTopa A; momas-

mue B 0a3uc; B CTOJOLE Cp 3amUCHIBAKOTCA KOY(PPUIIMEHTHI
¢. THPpH COOTBETCTBYIOUIMX HEU3BECTHBIX U3 LieaeBOM (yHK-
k

uuu; B cToa0LE b (OMOPHOE PEIICHHUE) 3aMUCHIBAIOTCS KOOP-
JUHATHI pa3J0KEHUSA BEKTOpPA b 1Mo 0a3ucy, TO €CTh OMOPHBIN
niaH;, B croiadouax A, A,...,An 3alUCBIBAIOT KOOPAMHATHI
Pa3JIOKEHUSI THUX BEKTOPOB IO 0a3uCy, TO €CTh  CTOJIOLBI
matpuusl B~1D. [Tocne 3TOro 3anonHsaIoT cTpoky «OLUeHKNY
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m
S =2.6¢,%0 — 3HaueHUE UeNeBONH (YHKUUM s
k=1
HAWIEHHOTO OMOPHOTO PEUICHUA U OUEHKH

m
o =zj—cj= Zcikxkj — ¢;— KOMIIOHEHTBI BEKTOpa
k_

a=c£ B_lAj_Cj .

Jlanee, corjacHo alropuTMy, BbISICHAEM, OyJeT JH
HalJ€HHOE ONMOPHOE pElIeHUWE ONTUMAJbHBIM, €CIHU Ja, TO
ATO pemeHUue (miaH) B cTojdue «b», a €Cau HET, TO BhIOUpa-
€M BEKTOp NOjAJIe)KaIMUil BBOY B 0a3uC, BEKTOP MOAeKa Ui
BBIBOJIY M3 0a3uca U MepexoJuM K HaXOXKACHHUIO CIAEAYIOIIEro
OMOPHOrO pEIIEHUs, 3aMO0JHAS HOBYIO TaOIMILy.

IHpumep 1.4.

f=5x1+ 10x; —» max
4x1+ 3x; < 96
S5x1+ 8xx < 144

x1+4x; <48
x1>20, x2>0.

HpI/IBGILGM 3ajady K KAHOHHUYCCKOMY BUAY.

=51+ 10x; +0 - x3+ 0 -x4+0 ‘x5 ->max

4x1+ 3x2 + x3=96
Sx1+ 8xy + x4 =144
x1+4x; + x5 =48

x>0, 1=15.
BBeass BEKTOPHI:
96 4 3 1 0 0
b: 144 , A1: 5 ,Azz 8 ,A3: O ,A4: 1 ,Asz O
48 1 4 0 0 |

MOJKCM 3aluCaThb 3aa1a4y B BUIC.

S=5x1+10x2 +0 - x3+0 - x4+ 0 - x5 ymax
x1A1+x2Ar+x3 A3t x4 As+x5A5=b
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xi>0, 1=15.

O4eBUAHO, UTO BEKTOpHl A3, Ais, As o0pa3yroT 0a3zuc u
CTOJIb K€ OYEBUJJHO, YTO OTHOCHUTEJIBHO 3TOro 0aszuca:

b=96A5+144 A4+ 48 A5
A1=4A5+5A,+1A5
Ar=3A;+8A,+4A;
A;=1A4A3+0A4,+0As5
A;=0A3+1A4,+0A;5
As=0A4;+0A4,+1As5

3anonaHseM NepBYO cuMILIeke Tadbauny 1.3:

Taonmuua 1.3 - Cumiiekc Tadauia

No b (omop- 5 10 0 0 0
I /;1 basuc | cp HOE pe-
IICHHUE) A, A % E Ay As
1 Aj; 0 96 4 3 1 0 0
2 A, 0 144 5 8 0 1 0
3 As 0 48 1 4 0 0 1
OHGHKI/I f:O o1=-5 o= 10 a 3:() a 4:() a 5:()

Ilockoabky cpeam a;

ontumMalieH. Haxonum nr1111’15 o =02=—10, cienoBaTebHO, B HO-
i=
BbIii 0a3zuc OyaeM BBOJAUTH BEKTOp A2 U cTON0E A2 HA30BEM
BEAYIIUM.
HaiineM OTHOWmIEHHE KOOPAMHAT BEKTOpa b K COOTBET-
CTBYIOIIUM, HO TOJIBKO MMOJIOKUTEJbHBIM KOOPJAWHATAM BEK-
Topa A, U BBIOEpPEM MUHUMAJIBHOE U3 HHUX:

min (96/3, 144/8, 48/4) = 48/4.

CCTh OTpHUIATCIIbLHBLIC, TO IIJIaH HC

M3 »sTOoro ciaeayer, 4rto w3 0a3zuca Haa0 BBIBECTU As.
Ctpoky « As» Oynem Ha3bpiBaTh Beaymeid. Uucino 4, crosuee
HA NEPECEUYCHUHU BEAYIIEH CTPOKH U BEAylEro cronodua, Oy-
J€M Ha3bIBaTh BEAYIIMM DJICMEHTOM.
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[TepexoaumM K HaXOXJIECHUK HOBOTO OMOPHOTO PEIICHHUS,
JUJISL YETO COCTABJIAEM HOBYIO CUMIUIEKC TA0JMIY C HOBBIM Oa-
3ucoM Asz, Ay, A,. 3amoNHEHHE HOBOM CHUMIIJICKC TaOJIUIIBI
HAa4YUHAEM C 3aN0JHEHUSA CTPOKHU, COOTBETCTBYIOWIECH BHOBH
BBOJAUMOMY BEKTOPY A>. OHa mnonayyaercs JCJIEHUEM HJie-
MEHTOB BEAYIIECH CTPOKM HA BEeAYMIHHU 3JIeMEeHT. OCTaJIbHBIE
DJIEMEHTHI TAOMHUIIBI MOYKHO HAUTH UCXOAS U3 GOPMY bl

' xrj
xij = xi- ——xis, (136)
IS
!
1
Xrs — BEAYIIUN DJIEMEHT,
Xrj — DJEMEHT, CTOAIIMNN B MPOECKIIMU DJIEMEHTA Xij Ha BE-
Aymuii cTonoel;
Xis — DJEMEHT, CTOSAIMUN B MNPOECKUHUHU Xij HA BEAYIIYIO
CTPOKY.

rae: X, — UICKOMBIN PJIE€MEHT B HOBOM Ta0IHUILE,

Tabnauna 1.4 Bropas cuMmiiekc tTadbauna

No b 5 10 | 0 0 0
i basuc | ¢p | (omopaoe
pelenue) A, A, As Ay As
1 As; 0 60 13/14 0 1 0 -3/4
2 Ay 0 48 3 0 0 1 -2
3 A 10 12 1/4 1 0 0 1/4
OueHkH 1200 | a=-5/2 0 0 0 5/2

Tak kak min ;=0 =-5/2 <0, TO nNyuaH He ONTUMAICH U

B 0a3MC CIEAYET BBECTH Aj.
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Haininewm:

mm

| (13694’?’

): 48/3,

TO €CTh W3 Oazuca BRIBOAUM A;. CocTaBjiseM CUMIIJIEKC TaO0-
auny (tadbnuna 1.5).

Tabnuua 1.5 TpeTss cuMIieke Tabiuua

Ne b 5 10 0 0 0
0 /;1 basuc | ¢p | (omopHoe
peleHue) A, A As A As
1 As 0 8 0 0 1 -13/12 | 17/12
2 A, 5 16 1 0 0 1/3 -2/3
3 A, | 10 8 0 1 0 -1/12 5/12
OLeHKH f=160 0 0 0 5/6 5/6

Tak kak Bce 0;2 0, TO HaliICHHOE OMOPHOE pelIeHHE

x1=16, x2 =8, x3 =8, x4=0, x5=0 gocTapaseT UEeJICBOU PyHKUHHU

f MakCUMaabHOE 3HAYCHUE
Jmax = 5-16+10-8 =160.

1.4 /IBoiicTBeHHas 3ajAadva JUHEHHOro MPOrpaMMHUPO-
BaHHUSA

1.4.1 Ilpumep npssMOil U IBOWCTBEHHOM 3a/Ja4M JUHEHHO-
ro nporpaMMHUpPOBaHUA

OOpaTtuMcs K 3aJa4e pallMOHAJILHOTO MCIOJb30BAHUS pE-
cypcoB. IlycTh ais oCymecTBACHUS [ TEXHOJOTUYECKUX MPO-
ueccoB Ti,...,T; npeanpusTHIO TpeOYETCs m pecypcoB Si,...,
Sm. 3amacel pecypcoB KaXIA0Tr0 BHAAa OTPAHUYEHBI U PABHBI
bi,....bn.
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HN3BecTeH pacxona pecypcoB {aij}, i=1l,m, j=1,/ Ha eauHU-
0y OPOAYKUHUHU IO KaXAOMY TEXHOJIOTMYECKOMY MPOULECCY U
CTOUMOCTb €JAUHUIIBI MPOAYKIHU Kaxka0oro tuna cj, j=1/. To-
rja, KaKk HaM M3BE€CTHO, 3ajada ONpEACICHHUS TAaKOro IJiaHa
BBINYCKa MPOAYKIHUHU X;, MPU KOTOPOM JOXOJ OT €€ peajiu3a-
uuu OyJAeT MaKCUMAalbHBIM, SBISETCS 3aJayeidl JTUHEHHOTO

NpOrpaMMHUPOBAHUS
/

j=1

/ -
Z ainj Sbi,izl,m; (138)
j=1

Xj > O, J = l,l

U €€ PEIIEHUE MOXKET ObITh HAUJEHO CUMINIEKC-METOAOM.
3agaaumMcsa BONPOCOM, KAKOBA C TOYKH 3PEHUS MPEATNpUsi-
THUS LHEHHOCTh UMEIOIMMUXCS B €ro pacHopsKEHUU PECYPCOB.
[Ipu pemeHun 3TOro Bornpoca OyJaeM UMETh B BHJIY, UTO pe-
CYPCHI, KOTOPBIEC MPEANPUITHE HE MOMKET MOJTHOCTHIO UCIIOJ b-
30BaTh, UMEIOT JJd HEro OY€Hb HHU3KYK LIEHHOCTh, B TOM
CMBICJIE, UTO MPEANPUATHE HE OYAET HECTHU J1ake HEOONbIIUE
pacxoabl Ha YBEJIWYECHHUE 3amacoOB ITHUX PECYpPCOB. 3aMeTUM
Opu 3TOM, YTO PhIHOYHAS LI€HA PTUX PECYPCOB MOXKET OBITh
O0ONBIMOMN (CKaXEM AOPOrOCTOAIILEE HEUCIIOJNb3YEMOE HJIM M C-
MOJb3YEMOE HE HA MOJIHYK MOIIHOCTh 000PYJOBAHUE).

Haubonpmyr HEHHOCTh OYYT UMETh TE€ PECYPCHI, KOTO-
pble B HAWOOJbIIEH CTENEHU OrpAaHUYUBAIOT BBHINMYCK MPOIYK-
UMHU, a4 CAECAOBATENLHO U AOXOA MpeanpusasTusi. MTak, MOKHO
CUMTATh, UTO KaXAbIi BUJ pecypca 00agaeT HEKOTOPOM, ro-
BOPAT, «KTEHEBOW LIEHOW», ONpeAEeNAOIENd HEHHOCTh JAHHOTO
pecypca g NpeaAnpusiThUA ¢ TOYKU 3PEHUSA A0XO0Aa OT peanu-
3alMM BBHIMYCKAEMON MPOAYKIUU W 3aBUCAIIEH OT HAJIMUYHOTO
3araca 3TOro pecypca M NOTpeOHOCTH B HEM JJISl BBIMYyCKa
NPOJYKIHUH.

SIcHO, 4TO BapbUpys MJaH BbINYCKAa NPOAYKUMU, MBI TEM
CaMbIM BapbUpPyE€M TEHEBBIEC LIEHBI MCIOJb3YEMBIX PECYPCOB,
a NOTOMY CTaBMUTCS 3ajadya HaAXO0XXJACHUS ONTHUMAaJIbHbIX TEHE-
BBIX II€H, KOTOPbIE COOTBETCTBYIOT MAaKCUMaJIbHOMY JOXOJY
OpEeANPUATHS, TO €CTh ONTHUMAJbHOMY PacCHpeaCICHHUIO peE-
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cypcoB. ONTUMaJIbHBIE TEHEBHIE LICHBI HA3bIBAKOT OOBEKTHUB-
HO OOYCIOBJIE€HHBIMM WJIH ONTHMaJIbHBIMU OLlEHKaMHu. Ilo-
CTPOMM MAaTEMaTUYECKYI MOJEJb s ONpEACICHUs ONTH-
MaJIbHBIX TEHEBBIX LIECH.

O003HauuM 4yepe3 yi TEHEBYI LEHY pecypca S; . Benu-
YUHBI y; JOJKHBI OBITh TAKUMU, YTOOBI TEHEBAS LIEHA PECYP-
COB, HUCHOJB3YEMBIX B JIIOOOM TEXHOJIOTHYECKOM NpoOIECCe,
Ha MPOU3BOACTBO €AMHUIIBI MPOAYKIUU HE ObljIa MEHBIIE MO-
Jy4aeMoro JA0X0Ja OT €AUHULbI TPOJAYKIHH.

m I
Zaiij'ZCj,j:Ll. (139)
i=1
OnTtuMadbHBIMM TEHEBBIMU LEHAMHU €CTECTBEHHO CYU-
TaTbhb TAKHUC, KOTOPbLIC MUHUMHU3HPYIOT O6HIYIO TCHCBYIO CTOH-
MOCTL PCCYpPCOB, TO CCTh BCIIMYHUHY

m
g"=>" b;iyi— min. (1.40)
i=1
3anadya HaxoXKACHUS MUHUMYyMa HeiaeBoid pyHkuuu (1.40)
npu ycnosusax (1.39) npeacrapasiet co00id 3aaa4y JUHEHUHOTO
NporpaMMHUpPOBaHUA W HA3bIBAETCSA ABOWCTBEHHOW MO OTHO-
meHur K 3aaave (1.37)—(1.38).

1.4.2 OOmas ¢dopMyIupoBKa OpsiIMOH M JABOHCTBEHHOI
3aaauu

JlaaiuM 10CTAaTOYHO 00Iee onpeAeiEHUuE JABONHCTBEHHOI
3aJ1a4¥ MO OTHOIIEHUIO K MPAMOM, 3aJaHHOW B BUJIE:

f=cix1+ cax2 + ...+ cnXn —» max (1.41)
pH YCIOBUAX

(anxitanx ...t amxan<Ri> b

a)xitanx; +...+ anxa <Ry > b

(1.42)
L Am1 X1 T Am2X2F. ..+ Gun Xn < R > b
x1>0,x>0,...,x.> 0,
rae: R1,R2, ..., Ry, — onepauust oTHOIEHUs BHIa TH0O0 =, JHU-

00 < OITHOBPEMEHHO.
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OdeBUIHO, 4TO N0V 3ajauyy JUHEHWHOro IPOTrpamMMH-
POBAHUSA MOXHO IPEJACTABUTH B OJHOW M3 JBYX YKa3aHHBIX
¢dopm. Torma nABOWCTBEHHOM 110 OTHOWMEHHWIK K 3ajaue
(1.41)—(1.42) 6ynem Ha3bpIBATh 3a7a4y:

Fr=biyi+bayat. .. Fbmym — min (1.43)
[Py yCIOBUAX
(any1 + any2+...+ amiym > €1

anyi tany:t...t amym > 2
(1.44)

\d1nY1 + axy2 +...t AmnYm = Cn
U, €Clu B npsiMoii 3agaue Ri=(<), i=L—n, TO
y1>0,y2>0,...,ya> 0. (1.45)

CohopmynupyeM npaBujia MOCTPOECHUS ABOHCTBEHHOW 3a-
Jlavyu:

a) ueneBas pyHkuusa ucxoaHoi 3anauu (1.41)—(1.42) 3a-
Ja€TCs HAa MAKCHUMYM, a LeneBas QyHKUMsS ABOMCTBEHHOH 3a-
nauu (1.43)—(1.45) — Ha MUHUMYM;

0) MaTpulla CUCTEMbI CHUJIBHBIX OTPAHUYEHUU JBOKWCTBE H-
HOW 3aayd MOJYYUTCA U3 MATPULBl CHCTEMBI OTPAHUYECHUU
NpsAMOW 3a/1ayy TPAHCIIOHUPOBAHUEM,

B) YHUCJIO MEPEMEHHBIX JBOUCTBEHHON 3a1a4yu paBHO UM C-
JyY CUJIBHBIX OTPaHUYEHUNW NMPAMOM, & YHUCIO OrpaHUYCHUI B
JIBOMCTBEHHOU 3a7a4€ paBHO YHUCTY MMEPEMEHHBIX MPAMOIi,

r) kKo3ppuuueHTaMM NMpU HEU3BECTHBIX B LENEBOU (PYyHK-
UUU JBOWCTBEHHOM 3a1a4yu SIBJISIOTCS CBOOOJHBIC YJICHBI CH-
CTEMBI CHUJIBHBIX OTPAaHUYEHUW MPAMOW 3aaayu, a MPaBbIMHU
4yacTAMHU CUCTEMBI CUJIBHBIX OTPAHUYEHUN ABOWCTBEHHOW 3a-
nauyu — KOd(PPUUHUEHTH NMPU HEU3BECTHBIX B LEJEBOW (PYyHK-
UMK HUCXOAHOH 3agauu. OTMETHUM, 4TO €ciau Bce Ri=(<) wu,
CJ€A0BaTENbHO, B ABOWCTBEHHOW 3aJa4e BBINOJHEHBI YCJIO-
Busi (1.45) — mepeMEHHBIE HEOTPULIATENILHBI, TO Mapa 3ajay
(1.41)—(1.42) u (1.43)—(1.45) Ha3pIBa€TC CUMMETPUYHOM.
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1.4.3 CBoiicTBa NBOWCTBEHHON 3a/1aun

[IpuBeaeM TEOpPEMBI, YCTAHABJIMBAIOIMMUE 3aBHUCUMOCTH
MEXKAY PECUICHUSAMHU NPIMON U IBOMCTBEHHOM 3a1a4.

TEOPEMA 1.2. 3HaueHue MeaeBOM (QPYHKLOMH 3adayu
(1.41)—(1.42) npu nwbOOM IOMYyCTUMOM IIJIAHE X HE MPEBBI-
maeT 3HaYeHUs1 ueaeBod pyHkuuum 3anauu (1.43)—(1.45) npu
N000M ee 10MycTUMOM IiaHe y: A x)<f (y).

Ecau nns kakux-HuOyJAb X U 'y 3HAUYECHUS LEJEBBIX (PYyHK-
1y copnanamT, T.€. f(x) = f (y), TO . X- ONTUMalbHOE pe-
meHue (1.41)—(1.42), y— ontumainsHoe pemenue (1.43)—
(1.45).

Jokazamenvcmeo. Ilycth X=(X1,X2,...,Xn) — AONYCTUMOE
pemenue 3agauu (1.41)—(1.42), y=(y1,y2,.....Yym) — JAOIYCTH-
Moe pemeHue 3agaum (1.43)—(1.45). IToacTtaBum pelieHUe X B
orpanuueHus (1.42), yMHOXXHUM TIEpBOE€ pPaBEHCTBO Ha Vi,
BTOPOE HA y2,..., M—€ HA Ym M CJIOKUM MOJYYECHHBIC paBEH-
CTBA:

(al 1¥1 +a12x2 +.. .+a1nxn )yl +(a2 1¥1 +a22x2 +.. .+a2nxn )}72 +...

Ham1X1 +amXo +.. . FammXn )Y m =011 +br Vo +.. . +bp Vi -
[leperpynnupyeM claracMbi€ B J€BOI 4acTH:

(any1taz1yz+.. tamiym)xiHapy tanys+.. +amoym )Xo +. ..
Hamy1+amy2+. - FamnYm)¥n =by1+boyo+.. +bnym.  (1.46)

Tak kak y — gonyctumoe pemeHue 3agadu (1.43)—(1.45),
TO i Awdoro j (j=1,2,....n) , UMEEM:

a;yi +612jy2 +.. .+amjyn ZCJ' .
3amensas B (1.46) cyMMBbI, 3aKJIOYE€HHBIE B CKOOKH, COOT-
BETCTBYIOIIUMHU ¢; U YUUTHIBAs, 4TO xj > 0 , moayvyaem:
C1X]+Cr X +.. +Ch X < blYl +b2}72 +.. +bmym ,

WK, 4To Toxke camoe f(x)<f"(y). [lepBas 4acTh TEOPEMBI J0-
Ka3aHa.

ITycTh 101 Kakux-HuOyap x,y umeem: (c,x)>(bT,y). Jo-
NyCTUM OT MPOTUBHOI'O, YTO X HE SBJSAETCS ONTUMAJbHBIM
pemeHueM 3anauu (1.41)—(1.42). 5T0 3HAUUT, 4TO €CTh TAKOE
Apyroe JomycTumoe pemeHue x 3agadu (1.41)—(1.42), uto

(e,x) > (e,x) = (bT.y),
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a TO MPOTHUBOPEYMUT MEPBOM YyacTU AAHHOU TeopeMbl. Creno-
BaTeJbHO, NMPHU HAMEM YCAOBHHU X— ONTHUMAIbHOE PEHICHUE
3apaun (1.41)—(1.42). AHamoruyHo MNMOKa3bIBAETCSA, 4YTO y -
onTuManbHoe pemeHue 3agaumn (1.43)—(1.45). Teopema noka-
3aHa.

TEOPEMA 1.3. Ecau oaHa u3 nmap ABOWCTBEHHBIX 3aaa4
(1.41)—(1.42) wunm (1.43)—(1.45) uMeeT ONTUMAIILHOE peElIe-
HUE, TO U APyras TAKXKE UMEET ONTUMAJIbHOE PECUICHUE, NPU-
yeM MX ONTHUMYMBI COBIAAAIOT (max f=min f ).

Eciu neneBas QyHkuusi oAHOH W3 mapbhl JABOMCTBEHHBIX
3a1a4 He orpaHuveHa (Ui NpsMOM — CBEpXy, a AJS JBOM-
CTBEHHOW — CHH3Y), TO JAomycTtuMmas o0jacTh APYroi 3amadu
nycra.

Jloxazamenvbcmeo. BBUy B3aMMHONW JIBOMCTBEHHOCTH 3a-
nau (1.41)—(1.42) u (1.43)—(1.45) nocTaTO4YHO NPOBECTH J0-
Ka3aTEeNbCTBO, MPUHUMAA 34 HMCXOJHYK OJHY U3 3ajad.
[TycTs, Hanpumep, 3aaa4a (1.41)—(1.42) umeeT onTumMalibHbIE

0) (0 .
pEIICHUS, U x(o):(xl( ),xg ),...,xr(lo)) — OJHO U3 HHUX, HAMJACHHOC

CUMILIEKC-METOAOM, U Ail,Aiz,...,A- — ero Oasuc. Torma Ha

Im
MmocieAHeH urepaunn umeem o;=z;—¢;=0 (J=1,2,...,n) Tak 4ro

zj > ¢j, j=1,2,...,n, U1K, B BEKTOPHOU popme

(219229"'9Zn)2(019029”'9Cn)' (147)
[Ipu paccCMOTPEHUU CUMIIJIEKC-METOAA Mbl BBISICHUIM, YTO
BEKTOD (Z7,Z9,....Z,) MOXKET OBITh HAlAEH 1O (popmyie
-1 -1
rne  B~!— wmarpuna, oOparHas K Oa3uCHOl MaTpule
B:(Ail,Aiz,...,Aim), A —maTtpuiia CUCTEMBI OTpAHUYCHHUI-
ypaBHeHuil 3amaum (1.42). A=(A,A,,...A,).CienoBarenpHo,
u3 (1.47) umeem:
-1
(Cil 9612 ’”"Cim) B A 2(019029“‘901’1)20 (148)
BeeneMm 0003HAUEHUE !
-1
(Cil ,Ciz 9“‘9Cim)B :y:(yl,y2,...,ym).
Torna HepaBeHCTBO (1.48) npUuHUMaET BUJ
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yA=>c.

OHO 03HaA4aeT, 4TO BEKTODP y:cBB_1 ABJIIETCS JOMYCTHUMBIM

pemeHuemM 3aaauu (1.43)-(1.45).
JlIokaxkeM, 4TO y— OnTHUMalbHOE pemeHue 3aaaum (1.43) —
(1.45). Umeem:

(¥.0)=((c;, .Ci, s, )s B'B)=((c;, .6 sy, )3V XV, )=

:cilxi(lo) +cizxi(§) +...+cimxi(o)):(c,x(0)) :

m

Takum oOpa3oM, 3HaueHHUE LeeBOl (GyHKUMM 3aaauum (1.43)
—(1.45) npu €€ 1ONMyCTUMOM pPEIIEHUU y COBIMAJAET C 3HAYEC-
HUEM ueneBoil GpyHkuuu 3aaauum (1.41)—(1.42) npu e€¢ mony-

CTUMOM PEIICHUU x@ Cornacho Teopeme 1.2 3T0 03HAUaeT,
4yTO y onTUMaldbHOE pemeHue 3anauum (1.43)—(1.45). IlepBas
4acTh TEOPEMBI JOKa3aHa.

JlokasxkeM BTOpYIO €€ 4yacTh. IlycTh HM3BECTHO, YTO LEE-
Bas GpyHKIUsA, HanpumMmep, 3anauu (1.41)—(1.42) He orpaHuye-
Ha CBEpPXY Ha JOMYCTUMOM MHOXKECTBE. J[OMycTUM, OT MpoO-
TUBHOTO, 4TO 3anada (1.43)—(1.45) umeer npu 3TOM JOIMY-
CTUMOE pEUICHUE, U MYyCTh Yy — OJHO U3 HUX. BBUay Heorpa-
HUYEHHOCTH HeiaeBoid  ¢yHkouu 3axaum  (1.41)—(1.42)
HAUAETCA TAKOE JOMYyCTUMOE €€ pEMEHUE X, UL KOTOPOTO
3HAYEHMUE LENeBOH PyHKUMHU OyaeT Oonbie yucaa (b,y):

(cX)>(by).
4TO NpOTUBOpEUUT Teopeme 1.2. Teopema nokaszana.

[Ipu nokazaTenbCTBE MEPBOM YACTH TEOPEMBI Mbl YCTAHO-
BUJIK CEAYIOIee: ecniu B — 0a3ucHas MaTpUila ONTUMAJIbHO-
ro ONOPHOTrO pEImEHUs KaHOHUYeCKOo# 3amaum (1.41)—(1.42),
TO

y:CBB_l
— ONTUMAaJIbHOE pemeHue ABocTBeHHOM K (1.41)—(1.42) 3a-

nauu (1.43)-(1.45). Otum dpakTomM Mbl OyAE€M MOJb30BATHCS B
JaJIbHEUIIEM.

PaccmoTpuM, B KaueCcTBE MpuUMeEpa, CHAECAYIOMYIO 3a1a4y U
JBOWUCTBEHHYIO K HEH.
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f=5x1+10x, > max [ =96y1+144y,+48y3; —min

4x1+ 3x2 < 96 {4}/1 +35y2+y3> 35
5x1+ 8x; < 144 3}/1 + 8}/2 + 4Y3 > 10
x1+4x; < 48 }HZO,}QZO,}@ZO

x1>0, x2>0.

OnTumManbHOE pEHIeHUE NMPAMOM 3adayM, MPUBEICHHOE B
nocieadeil cummueke tabuune: x'=(16,8,8,0,0) noaydeHo B

Oasuce As, A1, A,. Halinem matpuupl B, B!

143 12 ~13 17
B=|058 | B '=(1/12)|0 4 -8|;
014 0 -1 5

y =cg B~1=(0, 5/6, 5/6);
max /= f(x") =160 =min f “(y").

B Tom cnyuae, korma cpead BEeKTOpoB Ai, Az, ..., Ag
npsaMoi 3agaun(1.41)—(1.42) umeeTcs m — e AMHUYHBIX
(A;,A;,...,Ay,), PEHICHHUC TBOHCTBCHHOMW 3amaud  MOXKET

OBITH HaMICHO npome, a UMCHHO, KOMIIOHCHTEBI BCKTOpa

Vik=0jk+cijk, K = 1Lm;
Y =(Yi..... ym)T,

rJ1€ Ojk — PJIEMEHTHI CTPOKM OLIEHOK B MOCJEIHEH CUMILIEKC-
TabauIEe peEHU NPAMOI 3aJauM, a Cjk — COOTBETCTBYIOIIUE
KO3 PUUMEHTHI LEJEBOU QYHKIIUU MPSAMOM 3a1a4H.

PaccMoTpeB mnpeablAyIIMHA TpUMEP, MOXKEM YOECAUTHCH,
4TO IMOCKOJBbKY B MCXOIAHOW 3amaue BEKTOPbl Az, Ai, As -
€JAMHUYHBIE, TO:

}/2:(14+C4:5/6+O:5/6
y3=0s5+cs=5/6+0=5/6
y'=(0; 5/6; 5/6).

{y1a3+030+00
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1.4.4 AHanu3 4yBCTBUTEJIBHOCTH

Hac Oyaer uHTEpecoBaTh BOMNPOC: KAKOE€ BO3JCHCTBUE
OKQXYT HU3MEHEHHS, BHOCHUMBIC B T€ WJIM WHBIE IMapamMeTphbl
3aJla4u JIMHEWHOro NMpOrpaMMHUpPOBAaHU, HA €€ PECIICHHE, Ha
pemeHUE ABOWCTBEHHOW 3anayv, Ha ONTUMAJIbHBIE 3HAYCHUSA
ueJeBOM PYHKUMHU 7 A HMEHHO, U3YUYUM:

a) BO3JEHCTBUE NOMOJHUTEABHOTO KOJIUYECTBA ACHULMT-
HOTO pecypca;

0) BO3JCHCTBHUE JIOMOJHUTENBHOIO KOJWYECTBA Heaedu-
LUUMTHOTO pecypca;

B) BO3JCHCTBUE M3MEHEHHUKH B KOA(pPUUHUEHTAX LEJEBOM
(GyHKLUMY.

JIns HarasiAHOCTH MCCIENOBAHUN pACCMOTPHUM MPAMYIO U
JBOWCTBEHHYIO 3aJa4M JIUHEHHOTO MPOrpaMMHUPOBAHUA U HX
reOMETPUUYECKOE peleHue (pUCYHOK 1.5).

IHpumep 1.5.

f =2x1+3x; > max f =4y + 2y, - min
x1tx <4 Vi—y2 >2
—X1tx2 <2 y1+y223
x1 >0, x2>0 y1>0,y1>0
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X2 Y2 ﬂ‘

f=4y1 + 2y =co =11

M(1,3) NI
f=2+3n=11

N

\ X1

/!

\
ST=(@+Ab) i+ 2+ Aby) yo = Cl/\

f‘max:f‘)q:1 =11 f‘min:f‘ylzz.sz11
Xy =3 v2=0.5

Pucynok 1.5 - Pemenue 3agaum TUHEHUHOTO
NpOorpaMMHUPOBAHUSA TEOMETPUUECKHUM CITOCOOOM.

[IpuBeneM 3aKIIOUYUTEIBHYK CUMILIEKC-TA0NMIY pelie-
HUS NPpAMOW 3a1a4u.

Tadoauma 1.6 — 3akjaOUuTEeIbHAS CUMITJIEKC-Ta0IuIa

C1 G C3 Cs

bazuc Cp b 2 3 0 0
OITOPH. A, A, As; Ay
A 2 1 1 0 12 -1/2
As 3 3 0 1 12 12
f: 11 | o 0 0 2.5 0,5

Y1 Y2

O4YeBUJHO, YTO 3HA4Y€HHWE LENECBOW (PYHKIMHU 3aaavyud Ju-
HEeilHOTO mporpammupoBanus f = f (b1, by ..., bm) 3aBUCHT,
BOOOIIE TOBOPs, OT 3alacoB pecypcoB. M3ameHeHue pecypcoB
bi Ha Manyrw BeNHYUHY Abi, 1= 1,2,....m BE€AET K U3MEHECHHUIO
3HayeHus max f =min f°, HO U3MeHeHHe min f NPOUCXOJUT,
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npu MaliblX Ab;, HE 3a CUET U3MEHEHH TOUYKH, B KOTOPOH 10-
cturaercsa min f* (nonycrumas o01acTh ABONCTBEHHOM 3ana-
44 BOOOINE HE U3MEHUTCS NMPU U3MEHEHUM bi), a 32 CUET U3-
MEHEHHUS HAKJOHA NOBEPXHOCTH (JUHHHU) YPOBHS LEJEBOM
Gyukuuu £, K0>PpPULHEHTH KOTOPO 3aBUCAT OT bi+Ab;.

Cnenyer OTMETHUTBH, YTO NpU OOJNBIIMX H3MEHECHUAX bj,
1=, m WU Haxe HEKOTOPHIX M3 HUX, ONTUMAIILHOE PEIICHUE
JIBOUCTBEHHON 3aJa4d MOXKET IMEPEUTH B JAPYIYHO YIJIOBYIO
TOuKky. Hac OyaeTr mHTEpecoBaTh B KakWX Mpeaeaax U3MEHE-
HUE 3aIMacoB b; HA BEJIUUYUHY Ab; HE BJICUET U3MEHEHUS JBO -
CTBEHHBIX OLEHOK (TEHEBBIX LEH). MHOXKECTBO TaAKHX 3HAYE-
HUuii Ab; OyaeM Ha3bplBaTh 00JACThHO YCTOWYMBOCTHU PEIICHHUS
JNBOWCTBEHHOM 3aJaul.

PaccMOTpuUM BIHMAHHWE HA YCTOWYHMBOCTH JBOMCTBEHHBIX
OLEHOK mpupameHuii Ab; 1ePUUUTHBIX U HEACPULUUTHBIX peE-
cypcoB. OYEBUAHO, YTO YBEJIMYECHUE HEACPUUIUTHBIX pECYp-
COB HE NMPUBEACT K YBECIUUYECHUIO NMPUOBIIH, a MOSABJICHUE JNO-
MNOJHUTEJIILHOTO KOJIUYECTBA AC(PUUMTHBIX PECYPCOB yay4llla-
€T, BOOOIIE TOBOPS, ONTUMAIILHOE 3HAYE€HUE LEIeBOH (PyHK-
uuu. OaHaKO HEOOXOAUMO MPUHATH BO BHUMAHHUE, UTO U3ME-
HEHUE ONTHUMAJIBHOTO PEIICHUS 32 CUET YBEIUYECHUS KOJIHUYE-
CTBa JA€(PUUMTHBIX PECYPCOB MPUBEIAET K YJIYUIIEHUIO 3HAYE-
HUS [EeIeBOU PyHKUMH (NpsAMOM 3a7auyu) TOJABKO B TOM CIy-
yae, €CJIM CyMMa JONOJHUTEIbHBIX HU3JACPKEK Mo obecrieue-
HUIO JOMOJHUTENBHBIM KOJUYECTBOM peECypca HE MPEBBIIIACT
CYyMMY NpHUOBLIH, MNOJYYEHHON B pe3yabTaTe €ro MCIOJb30-
BaHMUA.

B paccMOTpeHHOM NpumMepe yBeJIU4YeHUE Ab, Ha BEJIMYU-
HY OO0JbIIyl 2, TO €CTh by+Aby>4, npu (PUKCUPOBAHHOM
b1=4, nepeMemacT ONTUMAJIBHOE PEIMIEHUE TBOUCTBEHHOM 3a-
1a4d B TOUKY y1=3, y»=0 u min f "= max f=12. Takum oGpa-
30M, YBEJIHWYECHUE HA | €AUHUIY MPOU30MIO 34 CUET YBEIHU-
YyeHUus pecypca by Ha BenuuuHy >2. [lpudem, HauuHas co
3HaUY€HUs br=4, 3TOT pecypc InepecTaet ObITh ACHUUUTHBIM.
[Tpu 0<Ab2<2 u Ab1>0 Touka MUHMMYMA f HEe MEHIETCS, a
3HAYeHME LeAeBON (QYHKUMM [ yBEIMYMBAETCS, a CIEA0Ba-
TEJIbHO, YBEJIUYUBAECTCSA W 3HAYECHUE LEICBON (PYHKUUHU TIpsi-
MOH 3aaa4v. DTO M €CTh 0071aCTh YCTOHYHUBOCTH JBOUCTBE H-
HBIX OLEHOK J€(PUIUTHBIX PECYPCOB. 31€Ch KE OTMETUM, YTO
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ecnu bi1=4, b»>4, To ymeHbas HeaeUUUTHBIHA pecypc by Ha
BEJMUUHY Ab2<0, Mbl nipu br+Abr<4 noObeMCs TOTO, 4YTO OM-
TUMaJlbHOE€ pPEUICHHE JBOMCTBEHHOM 3amaum OyaeT JOCTH-
rateca B Touke (2,5; 0.5) m pecypc y2 CTaHET A€PHULUUTHBIM,
HO 3HAYEHHE Min £ = max f YyMEHbIIUTCH.

B o0meM ciiydyae pacCMOTPHUM WHOW MOAXOJ K U3YUYEHHIO
BIAUAHUA Ab; HAa 00JaCTh YCTOMYMBOCTH JABOMCTBEHHBIX OILE-
HOK. IlycTth B— marpuiia BEKTOPOB HUCXOJHOW 3amayu, CoO-
CTaBAAOMUX 0a3UC, B KOTOPOM pEIICHUE NMPAMOM 3a1a4u OIl-
TuManbHo. Torga mnocineaHss cumiuiekc-tadbnuua 1.7 ¢dop-
MaJIbHO MOKET OBITh NMOJYYE€HA TaK:

Taboauua 1.7 — UTorosasa cuMIjieKc-tadauIia

bazuc Cs OnopHoe Cl Cy - Cn
pELICHUE

A, A . A,
Ai C

! I —1 —1 —1 —1

... B'b B A, | B A, B 'A,
Aim C.
Im
OreHka o o Ol

O4YEeBUHO, YTO U3MEHEHUS 3aMacoB PECYypCOB HA BEIUYU-
Hbl Abi HE OKaXET BJMSIHUS HU Ha Pa3j0KEHHUS BEKTOPOB
Ay ,..., An 1o 0a3ucy, HU Ha 3HaueHUsA A;, a cTano ObITh U
Ha 3HAYEHUS1  JABOMCTBEHHBIX OLIEHOK, €CJIIM  TOJbKO
B '(b+Ab), Oyner ocraBarbCs AONMYCTUMBIM OINOPHBIM peé-
MIEHUEM 3aJayd JIMHEHHOTO TMporpaMMHpOBaHUs, T.€. €ro
KOMITOHEHTHI OyJIYT OCTaBaThCs HEOTPUUATEIbHBIMHU. Y CJO-
BUA HEOTPHMLATEILHOCTH KOMIOHEHT BekTopa B 1(b+Ab)
MO3BOJIUT ONPEACTUTh 0071aCTh YCTOHUYHUBOCTHU JABOHCTBE HHBIX
OLICHOK W BBIACHUTH MOPO3Hb BIUSHUE JOMOJHUTEIBHOIO KO-
audyecTBa AePUUUTHBIX W HeaepUUUTHBIX pecypcoB. B pac-
CMaTpUBAaEMOM MPUMEPE

11 4 o122 -1/2
B-= . b=|_| ., B'=
/2 1/2
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OnTuManbHOE OMNOPHOE peueHUue (3HaYeHUd Oa3UCHBIX

NEPEMEHHBIX):
L (1
B b= |
3

[1ycTh Mbl BHECJIM M3MEHEHHS B BEKTOP MPaBbIX yacTei
(YBEJIHMYMIIH 3aMachl peCypCcoOB)

4+Aq
b+Ab= ,

2+A%

TOT1a ONTUMAJIBHOE OMOPHOE PEIIEHUE HOBOM 3a1aum (3Ha-
yeHHUs1 0A3UCHBIX IEPEMEHHBIX):

2+1Ab—l—lAb 1+1Ab—lAb
B lb+ab)=| 2 2 o 2 b2

2+1Ab+1+lAb 3+1Ab+lAb
2 12 2 2 1 2 2

IPH yCAOBUSIX:
1+ (1/2)Ab1—(1/2)Aby = 0
{ 3+ (1/2)Ab1+ (1/2)Aby > 0
Aby > 0, Aby > 0.

O0651acTh yCTOMYMBOCTH JABONCTBEHHBIX OLEHOK B 3TOM
cllydyae HETPYJAHO U300pa3uTh reOMETPUUECKU (PUCYHOK 1.6).

A
E ,<<<<
, 00J1aCTh YCTOWYHMBOCTH

4
N BT

4 Ab,

PucyHok 1.6 — O6nacth yCTOWYUBOCTH
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Htak, o0nacth ycTOWYMBOCTU: Ab; — n00O0OE€ HEOTpHULA-
TEJIbHOE U Aby MOXKET NpUHUMATh 3HauUeHUA 0<ADH,<2+Ab;.
B vactHocTH, npu Ab; = 0, 0<AH<2 .

B 3amavax 0oybmeid pa3MEPHOCTH MBI CMOXKEM, BOOOIIE
roBops, JUIIb MPOBEPITH NONAAAIOT U KOMIOHEHTH BEKTOPA

B~ 1(b+Ab) B 001aCTh YCTOWUHUBOCTH.

OOpaTtuMcs K BONPOCY BJIMSIHUS Bapuanuu Ko>pduuueH-
TOB LENeBOH (PYHKHUU (Ci,...,cn) NPAMON 3aJa4d Ha OMNTH-
MaJiIbHOE pelueHrue. B 4acTHOCTHM HAc HMHTEPECYET BOMPOC
YCTOUYMBOCTHU PEIICHUS MPSIMOH 3aJa4l OTHOCUTEJIILHO Bapu-
auuu KodppuuueHToB 1eNeBOd PyHKUMU. JIETKO BUIETH, YTO
BapuauMs Ci,...,Cn HE OKA3bIBAECT BJIMSHUS HaA JOMYCTUMYIO
00JIaCcTh 3a4a4¥ JUHEHHOTO MPOTrPaMMHUPOBAHUS U HAC UHTE-
pecyeT o0JacTh U3MeHeHUs Acy, Aca,..., Acn, B KOTOPOH TOY-
Ka AOCTUKEHHUS ONTUMAIBHOTO pEMICHUS HE U3MEHUTCS. Oue-
BUJHO, YTO €CJIM pacCMaTpUBATh B KAauyeCTBE MPAMOM 3ajadu
JBOWCTBEHHYIO, TO pEMIEHUE MPOOJEMBI OYJAET aAHATOTHYHO
PaccCMOTPEHHOMY BbIIIE (poJb bi,....bm OyAyT HIpaATh Ci,...,
cn). Hampumep, B paCCMOTPEHHOM mOpuMepe 0a3sucom OIMNTH-
MaJIbHOTO PEIICHUS JTBOMCTBEHHOM 3anauu OyJAyT €CTECTBEH-
1o BekTOophl A1=(1,1)T u A,=(—1,1)T. OnTuManLHOE OMOPHOE
pemeHue (3HaYeHUE Oa3UCHBIX MEPEMEHHBIX)

. (1-1Y'12 0,5 0,5)(2) (2.5
by ) hes 0s)3)los)

JIns u3ydyeHus YCTOWYHMBOCTH BHECEM H3MEHEHHUS B BEK-
TOP LIEH

c+ Ac= (2 + 3Ac; + Acy).
Haiigem ontumManbHOE OMOPHOE PEIIEHUE HOBOM JBOWCTBEH-
HOM 3a/1a4u (3Ha4YeHUE O0A3UCHBIX MEPEMEHHBIX).

1 3 1
1+—Ac +=+—-Ac
_ 0.5 0.5)2+Ac 1 2
B '(c+Ac)= tlo| 2 2 2
-0.5 0.5)3+Ac 1 31
2 —1-=Ac +—+=-Ac
2 12 2 2
[ToTpebyem:
5/2 + (1/2)Aci + (1/2)Acy > 0
1/2 = (1/2)Aci + (1/2)Acy = 0

Acy1 20, Acy =0,
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4TO omnpeaenseT o00JacTh YCTOHUYHMBOCTU PEIIEHUS MPAMOM
3ala4d OTHOCHUTEJbHO Bapuauuud Kod>pPuuueHTOB (CM. pH-
CYHOK 1.7).

ACy 4
Obnactb

y_CTOﬁqI/IBOCTH

AN
v

ACl

o

PucyHok 1.7 — O06nacTh yCTOWYHUBOCTH

1.4.5 DkoHOMHUECKass WHTEpNpETALUA JABOHCTBEHHBIX
3ajay

DOKOHOMHYECKYK HHTEPNPETALMIO JBOHCTBEHHBIX 3a1a4
1 JIBOMCTBEHHBIX OLIEHOK pAaCCMOTPHUM Ha MPHUMEPE.

JInss mpou3BOACTBA NMPOJAYKUMU ABYX BUJAOB A M B wuc-
noab3yrTcs pecypcebl Tpex Buaos [LI1III. 3anacel pecypcos —
bi, 3aTpaThl pECYpCOB aij Ha MPOMU3BOJCTBO €JAUHUIBI NIPOIYK-
UMM KaKJIO0TO BUJA U L[€HA ¢; €IUHULBI NPOAYKUUU NPUBEIE-
HBl B Ta0aune 1.8.

Tabnuua 1.8 — Tabauna BeINyCKaeMOU NMPOAYyKIMH

Pecypcri A B 3anacel
peECypcoB
I 1 1 10
11 2 4 30
111 1 0 8
Ci 2 1
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TpeOyeTcss Tak CHJIaHUPOBATh MPOMU3BOJACTBO, UTOOBI
npuObLIb OT pealu3aluyd OpOAYKUHHA OblIa MAaKCUMAaJbHOM.
OUEHUTh TEHEBBIE LIEHBI PECYPCOB W MPOU3BECTH aHAJIU3 peE-

MEeHUA JABOUCTBEHHOU 3anaun. O003HAUYUM X;,1=13 1iaH BbI-

nycka npoaykuuu A, B, C, y; — TEHEBBIE LEHBI PECYypPCOB
[LILLIIT Tuna. Torpa nmpsamas U ABOWMCTBEHHAsA 3aJayd UMEKOT
BU/I:

f=2x1 +x; - max ¥ =10y, + 30y> + 8y; —» min
(x1+x2 < 10 (y1+2y2+y3z >2

2x1 +4x; < 30 y1 T4y, +0y3 > 1

<x1 <8 <y1=0

x1 >0 y2 > 0

3 >0 Ly3 > 0.

Pemenue npssmMoil 1 ABOWCTBEHHOM 3aja4 NPUBEIACHO B
3aKJIIOYUTENBHOU cCUMITIeKC-Tadbaume 1.9.

Taonmuua 1.9 — Cumniekc-tadbiuna

basuc Cs b 2 1 0 0 0
Al Az A3 A4 A5

A, 2 8 1 0 0 0 1
A, 1 2 0 1 1 0 -1
Ay 0 4 0 0 —4 1 2
Ornenku ]%18 0 0 1 0 1

OnTuMalbHBIA MJIaH MPOU3BOACTBA MPOAYKUMMU BUAA A:
x1=8; Buaa B: x2=2; fmax=18. Pecypcol Tuna I u Il umeror
TEHEBBIE LEHBI, 0OJbIIKE HYS, MOATOMY ACPUUMTHBI U B OTI-
TUMAJbHOM [JIAHE HCHOJIB3YKOTCS IMOJHOCTBI, 4YTO JIETKO
NPOBEPUTH MO |-My U 3-My OTPAHUUYECHUSIM NMPSIMON 3a1a4u.
Pecypc Il Tuna uMeeT TEHEBYIO LIEHY PABHYK HYJIO, SABJSET-
Cs HEAEPUUMUTHBIM M B ONTUMAJbHOM MJaHE HEAOMCIOJIb3Y-
eTCcsl B 00beME 6 €., YTO JIETKO BBIYUCIAETCI U3 2-T0 Orpa-
HUYEHUA NPAMOM 3a7auu. YBEJIUUECHHUE 3aMMaCOB A€ PULIUTHOTO
pecypca I Tuna BeaeT K YBEIUUYECHUIO MPUOBIAN OT AOMOJTHM-
TENbHO TPOU3BECJACHHONW MNPOJAYKIMM HA OJHY €IMHUIY 34
CUET CHCAYIOIMX MU3MCHCHUW B MJIAHE BBINMYCKA MPOJAYKIIHUU:
BBINYCK MPOJAYKUMHU BUJAA B yBenuuuMBaeTCs HA OJHY €IUHMU-
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1y, BBINYCK MNPOAYKUMM BHJIA A OCTAETCI HaA MOPEKHEM
YPOBHE, a UCNOJIb30BaHUe pecypca Il Tuna ysenuuuBaeTca Ha
4 enuHUUBI (pe3yJbTAThl MOJYYEHBl M3 KOMIIOHEHT cTON0OUA
A3 ¥ J1erko NpoBEPSIOTCS HENOCPEACTBEHHOM nmpoBepkoii). I1o
aHAJOTUW NPH YBEJIUWYECHUM 3amacoB Ae(pUUMTHOTO pecypcea
[T Tuma Ha OAHY €AMHULY NPUOBIIbL OT peajM3aluuMu JA0MOJ-
HUTEJBbHO MPOU3BEACHHOU MO HOBOMY ONTHUMAJBHOMY IUIAHY
NPOAYKIIMMA TAKXKE BO3PACTAECT HA OJHY €AWHUIY, IPU DTOM,
KaK BHUJHO U3 MOCJIEAHETO CTOJOLA CUMIIIEKC — Tabauubl 1.9
HEOOXOMMO YBEJIUYUTH BBINMYCK NPOAYKIHUHA BUAa A HA OAHY
CAUHUILY U OJHOBPEMEHHO BBIMYCK MPOAYKIHMHU BuUAa B co-
KpaTuTh Ha OAHY eauHuny. Mcnonb3zoBanue pecypca Il tuna
YMEHBIIUTCS €€ HA 2 € AUHUILBI.
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2. CneuuajbHbIC 3a4a4¥ JJUHEHHOT0 NporpaMMupoBa-
HUs

2.1 TpancnopTHas 3agayva

O0mass mocTaHOBKA TPAHCOOPTHOW 3aaauyu COCTOUT B
OMPEACJEHUN ONTUMAJbHOIO IMJIaHa NEPEBO30K OJHOPOJAHOTO
rpy3a u3 N IyHKTOB oTnpaByieHUsA A;,..., Ax B M NyHKTOB
notpednenusa B, Bz,..., By. Ilpu 3TOM B KauecTBE KpUTEpUS
ONMTUMAJBHOCTH OOBIYHO O€pETCA MHUHHUMAJIbHAA CTOUMOCTH
NEPEBO3OK BCETO rpy3a. MOMHOCTYU NOCTABIIMKOB U 3aMPOCHI
noTpeouTeNedd, a Takke 3aTpaThl HAa NEPEBO3KY E€IAMHHUIBI
rpy3a JJisi KakJIOW mapbl «NOCTABIIUK-NIOTPEOUTENBY OyleM
CBOAUTH B TAOIUIy MOCTABOK.

PaccMoTpuM, K IpUMEpPY, CIACAYIOMYIO 3a1auy.

MmeeTcs N kapbepoB, rjae 100biBaeTCss Mecok u M norpe-
ouTesieil mecka (KUPNUYHBIE 3aBOJIBI, paCTBOPOOETOHHBIE Y3-
JAbl U T.1A.). B 1-OM Kapbepe €KECYTOYHO JOOBIBAETCA @; TOHH
necka, a j-My MOTpPEeOMTENIO €KECYTOUHO TpeOyeTcs b; TOHH
necka. CTOUMMOCTh IEPEBO3KM OJHOM TOHHBI MECKa C 1-ro Ka-
pbepa Ha j-blii NYHKT NOTPEOJICHHUS paBHA C ij.

TpeOyeTcss cocTaBUTh MJaH MEPEBO30K MECKa TakuM 00-
pa3oM, 4TOOBl BCE MOYHKTHI IMOTPEOJICHHS OBIIM CHAOMKEHBI
TpeOyeMBbIM KOJIMYECTBOM MECKA, HA Kapbepax HE JOJKHO CO-
3/1aBaThCs 3aMacoB JA00BITOrO MeCKa, a CTOMMOCTh MEPEBO30K
Obl1a Obl MUHUMAJbHOM.

[Tpeanonoxxum X;;= 9TO KOJHYECTBO TOHH CHIPhA, KOTOPOE

OBLIIO MEPEBE3EHO C 1-I0 Kapbepa Ha j-blid NMyHKT mnotpede-
Husi. CyMMapHas CTOMMOCTbh MEPEBO30K, OyAET paBHA

N M
f=ZZc,~jx,~j, (2.1)

i=1j=1

NPy 3TOM Ha J-bld NYHKT OOTPEOJECHUS JOJIKHO OBITH JOCTAB-
JE€HO b; KOJIUYECTBO MECKA, T.€.

N
inj = bj9
i=1

a ¢ 1-T0 Kapbepa BbIBE3CHO a;, TOHH IECKa, T.C.,
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M
sz'j = 4.
j=1

[Torpebyem Takxke, 4ToOBl BCE X;; > 0. MTak, monyuunu
CJHEAYIOMYIO 3a/1a4y:
N M -
i=1j=1
HaiiTu MuHMMalabHOE€ 3HAY€HHUE f TPHU BHINOJIHCHUH
YCJIIOBUM:

(2.2)
M L —
2 xj=a; (i=LN),
j=1

x; 20, (i=1N;j=1M). (2.3)

Kak mbl BUIMM, 3TO 3ajaya JIMHEHHOTO NMPOrpaMMUpPOBa-
HUSI, U TOMUCK ONTUMAJIBHOIO IMJaHa TPAHCIOPTHOW 3ajaaydu
MOYHO BE€CTH C MOMOIBIK CUMILUIEKC-MeTOAa. OJHAKO, B CUITY
HEKOTOPBIX CBOWCTB ATOW 3aaauyu (KaxJaas HEU3BECTHAsA BXO-
JUT JIMIIb B JIBA YPABHEHUS-OTPAHUYCHUS U KOAPPUUMUECHTHI
NpyU HEU3BECTHBIX B OTPAHUUYECHHUSAX PABHBI €JWHMIE), OHA
MOYET NPOIIE PEMAThCA CHCUHUATBHBIMU METOJAMM.

[TPUMEYAHHUE. Tepmun "TpaHcnopTHas 3anauda” (B
nanpHeiimeMm T3) Bo3Huk B 30-Xx rogax. O1o Obljla 0JHA W3
CaMbIX MEPBBIX 3aJa4, KOTOPYK CTAJHA PEIaTh C MOMOIILIO
METOJO0B JUHEHUHOTO MpOorpaMMUpOBaHUsA. MHOKECTBO MOpoO-
OJ€M, COBEPIIECHHO HE CBA3AHHBIX C MEPEBO3KOU rpy30B MO-
I'YT UMETh CBOEH MATEMATHYECKOM MOJAEIABIO "TPAHCIOPTHYIO
3agauy’”.

[lepeiineM K paccCMOTPEHHUIO CMOCOOOB pEIICHUS TpaHC-
MOPTHOM 3a7a4H.

OIIPEAEJIEHHWUE 2.1 TpancnmopTHas 3amada, B KOTOpPO#H
CyMMa 3aracoB paBHa CyMMe MOTpeOHOCTEMH, Ha3bIBAETCA 3a-
KpBITOU. B npoTUBHOM cCiiydae 3ajaya — OTKpPbITAA.
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B caydae ecinu TpaHcnmopTHas 3ajada sBASETCS OTKPbI-
TOW, HEBO3MOKHO YJOBJETBOPUTH BCEX MOTpeOUTENEH (ecnu
cymMma noTpeOHOCTE 00JbIIEe CYMMBI 3allacOB) UM BBIBE3TH
BCE TIPy3bl OT MOCTABIIMKOB (ECJIM CymMma 3amacoB OOJbIIE,
4yeM CyMMa IMOTpEOHOCTEM).

B 3ToM ciydae mocTynarT CASAYIOMUM 00pa3oM:

a) €CJaM cymMMma 3arnacoB 00JIbIIe CYMMBI IOTPEOHOCTEM

N M
(2> Z]bj)a
j=

i=1

TO BBEAEM B TA0OAMLY €II€ OJHOr0 MOTpeOuTesi, moTpeo-
HOCTh KOTOPOro OMpeAeanuM, Kak

Tak kak rpy3sl K HOBOMY MNOTpeOUTENO (PUKTUBHOMY)
OTNPaBASATHCSA HE OyayT, TO Tapudbl Ha MEPEBO3KY T'Py30B
(GUKTUBHOMY MOTPEOUTEIIIO MOJTOKHUM PaBHBIMU HYJIIO;

0) ecliu cymMMa 3anmacoB MEHbBIIE CYMMBbI MOTPEOHOCTEM

N M
(X4 <2.b)),
=1 j=I

TO BBOJMM B TaOJHMIY €€ OJHOr0 mocTaBmuKa ((PUKTUBHO-
ro), 3amacel rpy3a y KOTOPOTO ONpPEIAEIUM, Kak

M N
ij - Zai9
j=1" =1

Tapu(dbl HA MEPEBO3KY IPpy30B OT (PUKTUBHOTO NMOCTABIIMKA
NOTPEOUTENSAM TMOJOKHUM PABHBIMH HYJIIO M3 TEX K€ cCooOpa-
KEHUI, 4TO ¥ B MEPBOM cjiydyae (LIE€Hbl B HOBOM CTOJIOLE NpO-
CTaBUM PaBHBIMH HYIJIIO).

N3 4vero cieayeT, 4TO B AaJbHEUIIEM MOXKEM paccMmaTpu-
BaTh TOJIBKO 3aKpbIThie 3aaaud. [IpuBeaem 0e3 aoka3zaresib-
CTBA TEOPEMY.
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TEOPEMA 2.1. HeoOX0AUMBIM U JTOCTATOYHBIM YCJIOBH-
€M Pa3pemMUMOCTH TPAHCIIOPTHOM 3aa4n ABJSETCA €€ 3aKp bl-
TOCTb.

Tak Kak TpaHCOopTHasd 3ajaava SABJIACTCA 3aJa4Yeil JTUHE M-
HOTO TNPOrpaMMHUPOBAHHUA, TO U CXEMA HAXOXKJICHUSA OINTHU-
MaJIBHOTO PEHEHUS OCTAETCA TOW KE. HAXOJIUTCS NEPBOHA-
YaJIbHBIM OMOPHBIN TJIaH, NPOBEPAETCS HA ONTHUMAIBbHOCTH W,
€CJIM OH HE ONTUMAJIEH, TO MEPEXOJAUM K APYrOMYy OMNOPHOMY
MJIaHy, yJIy4llalmeMy UEJEBYIO (PYHKUMIO B CMBICIE OMNTH-
MyMa (HampuMeEp, YMEHbINAKIMIEMY 3HAYEHUE LIENEBOM (PYHK-
LUH).

BepHeMcs k o0meidl moCTaHOBKE TPAHCHNOPTHOM 3axadu
(2.1)—(2.3). Mbp1 umeem M x N HEU3BECTHBIX X;; npu i=1N
mj=IM v M + N ypaBHeHuii. Cucrema orpaHuucHuii (2.2)

JUHEWHO 3aBucuma. CnoKuB nepBbie M ypaBHEHUNH CUCTEMBbI
(2.2), MONYyUYUM:

M N M
j=1i=1 j=1

Cymma nocyiieaHux N ypaBHEHUU naeT

Ho nis 3akpeITOM TpaHCIIOPTHOM 3a1a4m

N M
2a4;=2b,, OTKYJa CIEAYET
i=1  j=I

N M M N
ZZXfZny-

i=1j=1 j=1i=1

CnenoBaresibHO, OHAa MOKET OBITh pa3peleHa OTHOCH-
TEJbHO He Oojee 4YemM M+N-1 HeusBecTHOH (MOXKHO
J10Ka3aTh, YTO paHI CUCTEMblI OTpaHUYEHUU (2.2) B TOUHOCTHU
paBeH M+N—1), TO €CThb ONMOPHBIH MIAH MOXKET UMETh HE 00-
nee M+N—1 OTAUYHBIX OT HYJISI HEU3BECTHBIX.
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OIIPEJAEJIEHUE 2.2. OnopHblii niaH, coaepKamui
M+N—1 OTAUYHBIX OT HYJISi 3HAYEHUU HEU3BECTHBIX, HA3bIBA-
€TCSI HEBBIPOXKJIECHHBIM, @ B IPOTUBHOM CJIy4yac — BBIPOKJIECH-
HBIM.

2.2 IlloucK HAYAJBLHOTO OMOPHOTIO MJaHa

JIng HaXO0XKAECHUs ONMOPHOTO IJIaHA CYMIECTBYKOT HECKOJIb-
KO METOJIOB (METOJ CEBEpO-3aMaJHOTO yrjia, METOJ] MHUHU-
MaJIbHOTO DJIEMEHTA, MeTOoJ anmnpokcumauuu dorens). Pac-
CMOTPHUM METOJABI CEBEPO - 3aMAJHOTO YIjia ¥ MUHUMAJbHOTO
3JIEMEHTA.

2.2.1 MeToa ceBepo-3amaaHoOro yria

B BepXHIOI0O NE€BYIO KJIETKY (Ce€Bepo-3anajaHblii yroma) taod-
JUILBI MOCTABOK 3alMMCHIBAEM HAWMMEHBIIEE W3 YMCEN by U aj,
NEPECUYUTHIBAEM 3amachl U MOTPEOHOCTH U CTOJIOEL, C UCUEP-
NaHHBIM 3aIacoM, WJKM CTPOKY C YIAOBJIECTBOPEHHOUW MOTpeO-
HOCTBIO MCKJIKOYAEM M3 JajdbHEHIEro pacuera. B ocrasmeics
yacTu TaOJMIBI CHOBA HAXOJWM CEBEPO-3aMajHbI yroji, 3a-
NOJHAEM 3Ty KJETKY, BBIYEPKHUBAEM CTPOKY MJHU CTOJOEI H
onsATHL oOpamaeMcsi K CEBEpoO-3amaJHOMYy YIrJy U TakK Jaajee.
BaxHeHmuM yCIIOBHEM NMOCTPOECHUS OMOPHOTO MjaaHa SABISAECT-
Csl HA3HAYCHUE B BHIOpAHHOW KJIETKE HAWMOOJBIIETO BO3MO K-
HOTO MJaHa NePEBO3KH.

Ilpumep 2.1. Tpu necyaHo-rpaBUHBIX Kapbepa A00bIBA-
10T B cyTku 140, 180 u 160 ycnoBHbIX enunuil rpasusd. s
CTPOUTENBCTBA MATH AOPOr HEOOXOAUMO TpaBUs B KOJHYE-
ctee 60, 70, 120, 130 m 100 yCIOBHBIX €IWMHHII COOTBET-
CTBEHHO. CTOMMOCTh MEPEBO30K (Tapu(OB) U3 OJHOTO Kaph-
€pa Ha OJAWH OOBEKT (CTPOAMYIOCS IOpPOTYy) MNpPUBEACHA B
tabnume 2.1 B YCIIOBHBIX JNEHEKHBIX €JAMHUIAX (HANpUMEDP,
4yTOOBl TEPEBE3TH | YCIOBHYIO €JIMHUILY TpaBus C Kapbepa
Nel Ha mopory Nel Hamo 3aTpaTuTh ABE YCIOBHBIE JICHEKHBIC
CAMHHULLBI).

CoctaBum Ttabnuuy 2.1.
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Ta0oauua 2.1

apbep | Kappep Kappep Kappep IToTpeo6-
Jlopora No 1 No 2 Noe 3 HOCTH

Nel 2 /60 8 9 60
No2 3 5 8 70
No3 4 1 4 120
No4 2 4 7 130
No5 4 1 2 100

3amachl 140 180 160 480/480

B ceBepo-3anaaHyo KJIETKY MOMeCcTUM uucio 60 (npopore
Nel TpebGyercss 60 ycnoBHBIX eauHUL rpaBus). [locne Takoro
pacnpeaeneHus  kapsep Nel Moxker mnoctaButh eme 80
ycloBHbIX eauHul (140—60=80), a mepBy CTPOKY B Jalib-
HeimeM He paccMmarpuBaem (nopory Nel mbl yxke obecneuu-
Jau).

[Tepexonum K caeayromeid "ceBepo-3anaaHoON" KIETKE —
3T0 kaeTka (mopora Ne2: kapeep Nel). B Hee momectum 70
eauHul (min (80;70)=70, rane 80 — ocTaBmuiica 3anmac Ha Ka-
pbepe Nel, a 70 — moTpeOHOCTh noporu Ne2). "BriuepkHyB"
BTOPYIO CTPOKY, mepeiemM K kaetke (aopora Ne3; kapbep
Nel). B 3Ty KJIe€TKy MBI CMOXEM IMOMECTUTh TOJbKO 10 enm-
HUI, TaKk Kak y kapsepa Nel ocramoce Bcero 10 eamHuIg
(140—-60—-70). Ilocne n»TOro mepexoauM K KieTKe (mopora
Ne3; kapwep No2), npeaBapuTeNbHO "BBIYEPKHYB" MEPBBIN

CTOJIOEIl M TaK Janee.
B pe3ynpTare nonyuaem tadbnuuy 2.2.

Tabnuma 2.2
apne Kapre Kapre Kapbe
I[Oporap ) NI; lp NI')gz P NI?Q3 P [TorpeOHOCTH
Nel 2 /60 8 9 60
No2 3/70 5 8 70
Ne3 4 /10 1/110 4 120
Ne4 2 4 /70 7 /60 130
Ne5 4 1 2 /100 100
3anachl 140 180 160 480 /480
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Haitnem 3aTparsl HA MEPEBO3KHU MPHU COCTABJICHHOM
MJIaHE:

f=2:60+8-0+9-0+3-70+5-0+8-0+4-10+1-110+4-0+

+2-0+4-70+ 7-60+4-0+1-0+2-100=1380 ycinoBHBIX
JEHEKHBIX €TUHMUIL.

[TpuBenemM CBOWCTBO OMNMOPHOrO IJ1aHA, KOTOPHIK IO-
JY4E€H C TNOMOIIBK METOAA CEBEPO — 3aMaJHOrO yria.

TEOPEMA 2.2. YUncno noa0XKUTEIbHBIX KOMIIOHEHT B
OMOPHOM MJIAHE (YMCJIO 3aM0JTHEHHBIX KJIETOK B Ta0OJIHUIE)
MEHBIIE WU paBHO N+M—1.

JIeHCTBUTENILHO: MyCTh UMeeM M noTpeduteneid u N no-
CTaBIIMKOB. B mpounecce MOCTpOECHUS OIMOPHOTO IJlaHA Ha
KaXXJA0M Iare BHOCUM B OJHY KJETKY (1, J) MOJOXKUTEIbHOE
gyucno. Ilpum sTomM nub0 B OAHON CTpOKE, JNUOO B OJHOM
cTOJNIOE MOTPEOHOCTH MM 3amachl MOCJe mepecuera CTaHo-
BSAITCS PaBHBIMHU HYJIIO.

[Tpu 3an0HEHUM MTOCAEAHEN KIETKM MOCJE NMEPECUETA U B
CTOJIOE U B CTPOKE 3amachl U NOTPEOHOCTH CTAHOBATCS paB-
HBIMU HYJII0. UTak, Mbl ony4Yunu M HyJieli B IEPECUYUTAHHOM
cronoue nmorpeOHocTeEd U N HyJieil B MEPECUUTAHHOU CTPOKE
3anmacoB. Tak Kak HOJb B CTPOKE MJIU  (BO3MOXKHO «H»)
CTOJIOLE MBI MMOJIydaeM B peE3yJbTaTe 3alOJHEHUS OJIHOM
KJETKH, a MPU 3aM0JHEHUU MOCJHEAHEN KICTKH Mbl MOJIy4aeM
cpa3y JBa HYJISI, TO YHUCJIO 3alOJHEHHBIX KJIETOK pPaBHO
M+N—1 niu MeHpIIE.

Ecau B mpouecce MOCTpOEHUA MMjaHA BCTPETUTCSA KIIETKA
(KpOME IMOCHEIHEM), MOocue 3amoJIHEHUSA KOTOPOW 3amachl U
NoTpeOHOCTHU ¢TOJ0OIA U CTPOKM CTAHOBATCSA PaBHBIMU HYIJIIO,
TO YUCJIO HEU3BECTHBIX OyaeT MeHbme N+M—1. U Mbl Oyaem
UMETH BBIPOKIACHHBIM OMOPHBIN MJIAH.

2.2.2 MeTon MUHUMAJILHOTO DJIEMEHTA

AJTOPUTM HAXOXACHUS HA4aJbHOTO OMOPHOTO TJIaHa.

1. B KJIETKY ¢ MUHUMAAbHOU €JAMHUYHOU CTOUMOCTHIO (MH-
HUMaJAbHBIM Tapu(oOM) 3aNKUCHIBAIOT HAMOOJBIIEE BO3MOK-
HO€ KOJIMYECTBO I'py3a JUIS MOCTABKH.

2. [Tpou3BOAUTCA KOPPEKTUPOBKA OCTABIMIMUXCS 3aMaCOB M MO-

TpEOHOCTEH.
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3. BeiOupaeTca ciaeayromas KieTKka ¢ HAUMMEHbBIIUM TapupoM,
B KOTOPYIO MJIAHUPYETCS HAUOONBIIEE BO3MOKHOE KOJUYE-
CTBO Tpy3a JJisd MOCTAaBKW WU T.JA. A0 T€X MOP, MOKA OCTaB-
MIMECS 3armachl U OCTABIIMECS MOTPEOHOCTH HE CTAHYT paB-
HBIMU HYJIIO.

4. Ecniun HauMeHbUii Tapu@d COOTBETCTBYET 00Jic€ YEM OJ-
HOM KJIETKE, BHIOOP OCYIIECTBIAETCS CIydaiiHbIM 00pa3zoM.
JIns mpeaplAymero npuMepa HadalbHBIM OMOPHBIM TUJIaH,

NOCTPOCHHBIA METOJAOM HAWMEHBIIEH CTOMMOCTH, MPUBOJMUT-

cqa B Tabnuue 2.3.

Tabnuna 2.3
apbep | Kaprep Kappep Kaprsep | ITorpeOHO-
Jlopora Nol No?2 No3 CTH
Nol 2/60 8 9 60
No2 3 5 8 /70 70
No3 4 1/120 4 120
No4 2/80 4 7/50 130
No5 4 1/60 2/40 100
3amnacsl 140 180 160 480/480

2.2.3 PemeHnnue TpaHCOOPTHOM 3agauyud METOJAOM IOTECH-
MaaoB

M310K€HHBIM HHXKE METOJ MNOTECHUMAJNOB pPEUICHUS
TPAHCNOPTHOM 3adauyu pPeaqu3yeTcss I HEBBIPOKAEHHBIX
ONOPHBIX peweHuit. IlodTOMy, €Ciau HadajabHBIM OMNOPHBIN
MJIaH OKaXETCS BBIPOXKJACHHBIM (3aMOJHEHO MEHBIIE, YEM
M+N—1 KIeToK), TO AJs1 COOTBETCTBYIOIIETO MNOTpeOUTEIs
TpeOyeTCd BBECTH JOINOJHUTEIBHO HYJEBYI MOCTABKY (WJIHU
CKOJIb YTOJHO Malylo) OT CIEAYIOMEro mocTaBlliuKa, yBEJH-
YUB TEM CaMbIM 4YHMCJI0 (OpMaNbHO 3aHATHIX KIETOK. DTO MO-
KET CAYUYUTHCS B CUJY TOTO, YTO MPHU COCTABJIECHUU OMOPHOTO
MnjiaHa Ha KakuWX-TO dTamnax W3 pacCMOTPEHHUS BbIMAaaliud OJ1-
HOBPEMEHHO CTpOKa M cTojOel (YJA0BJIETBOPEHBI MOTPEOHO-
CTH W MCIIOJIb30BAaHBI 3aIachl).

HccnenyeM OMNMOPHBIA TIJIaH 3adayd Ha ONTUMAJIbHOCTH.
BHavane npunumeM KaxkJAOMy TOTPEOUTENIO BEJIUYUHY
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vi,J=1 M -notenumnan j-ro norpeduTess, KOTOPbIH NpH AaH-

HOM OMOPHOM IJIAHE XapaKTEPHU3YET 3aTpaThl HA Pa3MEIICHUE
OJNHOW €JAUHHULBI MOCTABIAEMONW MPOAYKUHUMU YKA3aHHOMY MO-
TpeouTento. KaxkaomMy nmocTaBmMKy NMPUITUIIEM BEIUYUHY U; ,
1=L N - moTeHUMan 1-ro NoCTaBIIMKa, KOTOPbIA NpU JaHHOM
OMOPHOM TJIaHE XapaKTEPU3YET 3aTpaThl HA MOCTABKY OJHOM
€JAMHULBI NPOAYKIMU OT YKA3aHHOTO MOCTABIIMKA.

O4eBUHO, UTO BEJMYMHA Vi — Uj — XapaKTepU3yeT 3arpa-
Thl Ha MNOCTAaBKY OT 1-ro MOCTAaBIIHKA j-My HOTPEOHUTEIIO.
OnpeaenuM €€ U3 yCJIOBUA Vi — Ui = Cij A 3aHATHIX KJIETOK.
Torna pasnocth (vj — u; ) — cij, HaliAeHHAad Mg CBOOOJIHBIX
KJIE€TOK, OyJAET XapaKTepu3oBaTh HW3MEHEHUE 3arpar Ha
TPAHCHNOPTUPOBKY OJHOH E€JAWMHHUILBI T'py3a, NPU H3MEHECHUU
MapupyTa TpaHCHOPTUPOBKH B COOTBETCTBYIOMYIO CBOOOI-
HYIO KJIE€TKY MPU HAUJECHHOM pacnpeaeIeHUA NOTCHIIMAJIOB.

BenanuuHy vj — u; — ¢ ij OyJlIeM Ha3bIBaTh TEHEBOW LIECHOM
Mo MEPEMEMECHUIO €AUMHULBI Tpy3a OT 1-T0 MOCTaBIIMKA J-MY
norpedoutento. Ecau TeHeBasg ueHa JJIi CBOOOJHOM KIIETKH
MEHBIIE HYJS, TO MEPEMEMIEHUE MO MAPMIPYTY 1—] MONKET
JUIIb TPUBECTH K YBEJIMYECHHUIO 3aTPaT, YTO HEUEJECoo0pas3-
HO. Ecinm ke TeHeBas meHa Ui CBOOOJAHOU KiIeTKH OOJIbIIe
HYJI, TO MEPEMEUICHUE MO MAPWPYTy MPUBEIAECT K YMEHbBIIE-
HUIO 3aTpaT. B utore MoxHO cHOpPMYIHUPOBATH YCIOBUSA OM-
TUMAJbHOCTH OMOPHOTO MJIaHa.

TEOPEMA 2.3. Ecnu aas HEKOTOPOTO OMNOPHOIrO IjaHa
TPAHCIMOPTHOW 3aaauyu OYAYT BBIMOJHIATHCS YCAOBUS Vi—Ui—
¢ij=0 nsa kneTok ¢ xi;>0 u vj—ur—¢i;<0 ans knetok ¢ xi;=0 , 1O
ATOT TUIAH ABJSIETCSA ONTUMAIbHBIM.

[IpoBEpUM ONTUMAJBHOCTH MOJYYEHHOTO IJiaHa B MPHUBE-
JEHHOM BhIIIE 3amgaue. CHauvaja HailJieM MOTEHUMAJIBI U; U V.
YCTaHOBUM COOTBETCTBUE:

Ki=> j=1; Ky=> j=2; K3=> j=3; Hopora Ne 1=> 1=1,...,
nopora Ne 5=> 1=5.

Torna knetku, B KOTOPBIX Xxii>0 OyayT CHEAYIOIIHUE:

(1,1)=60; (2,1)=70; (3,1)=10; (3,2)=110; (4,2)=70; (4,3)=60;
(5,3)=100. CocTaBuM ypaBHEHHUS AJISI HAXOXKIAECHUS U; U Vj:
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vi—u1—2=0 (2 -ueHa (tapud) nns knetku (1,1))
vi—u—3=0

V1—U3—4:O
vo—us—1=0
vo—u4—4=0 (2.4)

V3—ll4—7:0
V3—ll5—2:0.

[Tonyd4uam CUCTEMY U3 CEMHU YPABHEHHUI C BOCEMbIO HEU3-
BECTHBIMU (B o0OmeM ciydyae M+N—1 ypaBHEHHUE IO YMUCIY
3aMOJIHEHHBIX KJIE€TOK) MU M+N HEH3BECTHBIX (IO YHCAY IIO-
TeHuManoB). Takas cucTremMa ypaBHEHUH UMEET OCCUUCIEHHOE
MHOKECTBO peuieHUil. Ilpuaasas oAHON HU3 NMEPEMEHHBIX Ka-
KO€-TO 3HaueHue (Hanpumep, u;=0) ompeaessieM OCTallbHbIC
MNOTEHUMANBI U3 PEIICHUS CUCTEMBI

u1=0; V1:2; U2:—1; U3:—2; sz—l; U4:—5; V3:2; us=0.

Tenepr NpoBepsieM HaIll IJIaH HAa ONTUMAaJIbHOCTbh, TO €CTh

npoBEpsieM YCIOBHUE Vj — Ui — cij < 0 ansg He3amoJHEHHBIX
KJIETOK:
(1,2):-1-0-8=-9<0
(1,3):2-0-9=-7<0
2.2):-1-(-1)-5=-5<0

(2,3):2—(-1)-8=-5 < 0
(3.3):2—(-2)—4=0
4,1):2—(=5)-2=5
(5,1):2-0—4=—
(52): -1-0—-1=-2

HMTak, Mbl NONy4YUInd KIEeTKy (4,1), kKOTOpas HE yAOBIE-
TBOPSIET YCAOBUIO ONTUMAJbHOCTH IJiaHa.

[lyTeM mepepacrnpeaeneHus NMepeBo30K OyaeM yJydliaTh
NOoJyUYEHHBIH maaH. J[as 3Toro BhIOEpEM KJIETKY ¢ HaubOJb-
med pasHoCcThiOo (Vj—ui—ci;>0). Hauunas ¢ >Ttoii knetku (4,1)
NOCTPOUM LMKJI MEepecueTa.

OIIPENEJIEHMWE 2.3. IlukioMm nepecdyera B TabOJIULE
TPAHCMOPTHOM 3aJauyud HA30BE€M JIOMAHYI JIMHHMIO, BEPIIUHBI
KOTOPOH HAXOAATCSA B 3alOJHEHHBIX KJIETKaxX, B KJIETKE Mepe-
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2:60 +3-70 +1-120 +2:10 + 4-60 +7-60+2-100 =1330.

Hrak, 3atpatbl cHU3uauCh HA 1380 — 1330 = 50 eaunu.

BHOBb BO3BpamaeMcsa K HaXO0XJIACHHIO MOTCHUMAJTOB JJis
HOBOTro IiaHa. J[as ynpomeHus 3anvucu He OyJeM BBIITUCHI-
BaTh CUCTEMY YPaBHECHHUII, a BCE pacyeThl MPOBEAEM B Ta0JIU-
e, JUIS 4ero BBEJEM B HEE CTPOKY Vi U CTOJIOCIL U;.

3anuceiBacM B cToJsioel "u" B MEpBOM CTPOKE HYJIb (TO
ecth u1=0). Mmem B mepBOi CTPpOKE 3aMOJIHEHHBIE KIETKH H
U3 BBIPAXKEHUA Vi=cijtu; HaxoauM vi=ciitu;=2+0=2 (3amoJ-
HeHa kjeTka (1,1)). boapme B mepBoi CTPOKE HET 3aMOJHEH-
HBIX KJETOK.

Ilepexoaum Ko BTOpOM cTpoke (3amoyiHeHa kieTka (2,1)).
JInst TOU KJIETKU B BBIPAKEHUHU U2=V|—C21 U3BECTHHI Vi U C21,
CJIIEAOBATENBbHO, U2=2—3=—1. B TpeThEil CTPOKE 3amoJIHEHA
kneTka (3,2), HO JUId HEE€ HEM3BECTHBI MOTEHUMANBI Vo U U3 ,
MOATOMY MNEPEHAEM K CIEAYIOMEN CTpOKe. 31€Ch €CTh TPH
knetku (4,1), (4.2) u (4,3) U3 paBeHCTBA Us=V]—c41=2—2=0,
HaiigeM us=0. Torma vo=ustcyr (ansa kiaeTku (4,2)) paBHo 4, a
vi=ustcsz=7.

Tenepb, BO3Bpamasch K kiaeTke (3,2), MOKHO HAWTH

U3:V2—C32:4—1:3.

Hakonen, ansa kaetku (5,3) us=vi—cs3=5. IIpoBepumM miaH
Ha ONTUMAaJbHOCTb.

(12):4-0-8=—14

< (1,3): 7-0— 9=-2<0
2,2):4-5-(=1)=0

<

<

0

<0 2,3): 7 - (=1) - 8 =0<0
0 (33):7-3-4=0<0
0 (5,2):4-1-5=-2<0.

(3.1):2-3-4=-5
(5,1):2-5-4=-7

HTak, yca1oBHE ONTUMAJBLHOCTH ONMOPHOTO IJaHA BBIIMOJ-
HseTCA. HeHylieBbIe KOMIIOHEHTHI ONTUMAJIILHOTO OMOPHOTO
IJIAHA NEPEBO3OK CIACAYIOUIUE:
x11=60;x21=70; X41:10; X32:120; x42=60; x43=60;x53=100.
[Ipu >TOM MaaHE MOJYYHUM MHUHUMAJIBHYK CTOUMOCThH IEpeE-
BO30K, paBHYI0 1330 yCITOBHBIX AEHEKHBIX €IUHUIIL.

B 3aknwoueHHe OnMIEeM alropuTM pPEICHUS TPAHCIOPT-
HOM 3aJ1a4¥ METOJ0M MOTEHIIMAJIOB:

a) HAXOJAUM IMEPBOHAYANbHBIA "HEBBIPOKACHHBIHA" OMOPHBIN
IUIAH OJTHUM W3 U3BECTHBIX METOHOB;
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0) BBIUUCIIAEM NOTECHUIMAIBI Ui U Vj;

B) MPOBEPSIEM BCE HE3AMOJHEHHBIE KJIETKH Ha TMOTEHIHANb-
HOCTh (TO €CTh BBINMOJIHEHUE YCIOBUS Vj— Ui — cij < 0). Ec-
JW 19 BCEX KJETOK 3TO HEPABEHCTBO CHPABEIJIMBO, MEDPeE-
XOJUM K M. 3), MHA4€ K M. T);

r) Cpeiu MOJOKUTEIbHBIX PA3HOCTEH (Vj—Ui—cCij) HIIEM MaK-
CUMAJIbHYIO, KJIE€TKa, COAEpKamas 3Ty MaKCUMaJIbHYIO pa3-
HOCTb - KJIE€TKA MEPECUETA,

J) OTMEYaeM KJIETKY IepecdyeTa 3HakoM "+" M CTpOMM LMKII
nepecyeTa, noCiaeI0BaTeIbHO MPUCBAMBAs KJIETKAM I[HMKJIA
3Haku "—" 1 "+", HaUHWHaA C KJIETKHU MEPECUETA,

€) B KJIETKax, IMMOMEUYEHHBIX 3HAKOM "—" HaxoJAWMM HaHWMEHb-

Y10 NOCTaBKY U OTHUMAEM €€ OT KJIETOK "—", a K KJIETKaM
"+"  nmpubaBnsiem. Ilpu >TOM KJeTKa, colepskamas
HAaUMEHBIIYIO MOCTABKY, 0CBOOOXKIAETCH ;

) MOCJIE MOJYYECHHUS HOBOIO pacHpeieiEeHUs BO3BpallacMcs

K . 0);

3) MOJIYYEH ONTHUMAJIbHBINA MJAH MEPEBO30K, KOHEL PEIICHUS.

2.3 AHAJIM3 YYBCTBUTEJbHOCTH

HToroBoe pacnpeacicHrue NepeBO30K, a TAKKE 3HAUYCHUSA
TEHEBBIX LIEH, COOTBETCTBYIOIIMX MYCTHIM KJETKaM, MO3BOJI -
€T MNpoaHalu3upoBaTh MOJAEAb HA YYBCTBUTEIBHOCTh. A
UMEHHO, BBISICHUTBH, B KaKHUX MpeJejaX MOXHO BapbHUPOBATH
Tapu(bl B HE3AHATHIX KJETKAX, YTOOBI 3TO HE MPHUBEIO K MU3-
MEHEHHUIO ONMTHUMAJIBHOTO IJIaHA NEPeBO30K. [ToCKONBKY TeHE-
Bas 1Ll€HA MOKa3bIBAET, HA KAaKyK MakKCUMalbHYIO (IO MOAY-
JK0) BEJIUYUHY MOKHO YMEHBIIUTh Tapu(d HA MEPEBO3KY, UTO-
Obl BKJIIOYEHHUE KJIETKH B IJIaH MEPEBO30K HE MPUBEIO OBl K
VIYUYIICHUIO 3HaUYeHUA ueeBoi ¢pyHkuuu. Hanpumep, B pac-
CMOTpEHHOH 3anaue TeHeBas ueHa kiaeTku (JNel , KNe2) pasHa
4—-0—8=—4, U3 4ero cleayeT, YTO YMEHbIIEHUE Tapuda B >TOM
KJIETKE B npenaenax or 8 10 4 HE NMPUBEAET K U3MEHEHUIO OTI-
TUMAJBHOTO MJIaHA.

N3MeHeHUe TapuPoB B 3aMOJHEHHBIX KJIETKAaX B CTOPOHY
YMEHBIICHUS JENAET LENeco00pa3HbIM YBEJIUYECHUE IJaHa B
TaKUX KJIETKAaX, €CJIM 3TO BO3MOXHO. Ecnum xe Ttapud, cros-
U1 B  3aMOJHEHHOW KJETKE, BO3pacraet, TO TMpHU
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OMPEIACJIEHHOM €ro 3HAY€HWHW MCIOJb30BAHUE DTON KJIETKHU
CTAaHOBUTCS HEXeyaTedbHbIM. UnnocTpupyeM 310 coobpaxke-
HUE TIPUMEPOM.

PaccmoTrpum 3anoiaHeHHyto kiaeTky (JINel,KNel). Ecawm
Tapud Ha MepeBO3KYy cTaHeT Ooiapme "1", To oOpaTuM BHH-
MaHHWE Ha LUKJBI, B KOTOPBIX 3aJciCTBOBaHA HTa KJIETKA.
NmeeTcss OAMH TakKOW MHUKI €O CBOOOJAHOU KIECTKOM
(ANel,KNe2). Tenepasa uena anas (JANel ,KNel) — (—4). B yka-
3aHHOM [HKJe kiaeTka (JINel,KNel) momeueHa 3Hakom "-", u
A000€ yBenuueHue Ttapuda B 3TOM KJIETKE IOBJIEYET 3a CO-
00li CHMI)KEHHE MO MOAYJI TEHEBOM LIEHBI CBOOOJHOMU KiET-
Kd. M3MeHEHHE ONTUMaJIbHOIO TJIaHAa TNEPEBO30K OyaeT
UMETh MECTO B TOM Ccliydae, €clu Tapud A KIETKH
(ANel,KNel) Bo3pacTeT Ha BEAUYHUHY, OOJBIIYIO YEM MOJYJb
TEHEBOUW LEHBI CBOOOJAHOM KJIETKM, TO €CTh Ha 4 €AWHHILBI U
npeBpicuT 6 eauHuu. Ilpu H>TOM TEHEBass LEHA KJIETKH
(ANel,KNe2) cTaHET MOJOKUTEJILHOU M MCHOJb30BAHUE ATOM
KJE€TKH B MJIaHE CTAHET BBHITOJHBIM.

TakuM 00pa3oM, MOXKHO YyKa3aTh MPOMENKYTKH yCTOMWYHU-
BOCTH ONTHUMAJIbHOTO MJaHa MO MW3MEHEHUIO Tapuor s
THOOBIX KJIETOK — CBOOOJHBIX U 3aAHATHIX.

[Tpumeuyanue. Eciiu nmepeBo3Ka OT KAKOro-TO NMOCTaBIIUKA
KaKOMYy—au00 MOTPEOUTEND HEBO3MO’KHA, TO B alropuTMe
pemeHU 3aJa4i dTO OTPAHUYECHUE YUHUTHIBACTCS HAa3HAYECHHU-
€M JIOCTATOYHO 0O0JbIIOro Tapuda.
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3 JluckpeTHOoe NpOorpaMMHupoOBaHHE

3.1 3agaum HEJOYHMCJIECHHOTO JIMHEHHOro MpoOrpaMMHu-
poBaHus

3.1.1 3amaya 0 pa3MemEHUIX

[TycTh umeroTcs "m" NyHKTOB, B KOTOPBIX MOTYT pa3Me-
maTbCsd NPEANPUATHS, TPOU3BOAAINIME HEKOTOPYI €JIAMHMUY-
HYIO MIPOAYKUMIO (CTAaHKHW, JUHUMW U T.J1.). Kpome TOro 3amaHbl
"n" MyHKTOB MOTPEOJEHUA PTOU NPOAYKUHUU ¢ OOBEMAMHU MO-
TpeOJEeHUs, paBHBIMH COOTBETCTBEHHO b1, by, ..., by, a Takxke
MaTPHUIbl TPAHCHOPTHBIX 3aTPaAT € = {Cij}mxn. 3AECh C;— 3a-
TpaThl HA TPAHCIMOPTUPOBKY €JAMHULBI NPOAYKIHHA W3 MPOU3-
Boasimero nyHktra "i1" B moTpeOnsromuid myHkT "j". 3amada
COCTOMT B TAaKOM pPa3MEIIEHUU MNPEANPUITHHA, ONPEAECICHUHN
UX TPOMU3BOJACTBEHHBIX MOIIHOCTECH W OpraHU3allUMu TMEPEBO-
30K, 4TOOBI CyMMAapHBbIE€ 3aTpaThl MO MPOU3BOJACTBY WM TpaHcC-
NOPTUPOBKE OBIIM MHUHUMAJNbHBI. O003HAUUM 4yepe3 x; — 00b-
€M MPOAYKIUMU B €IUHUIAX, KOTOPHIH HEOOXOAUMO MPOU3BO-
JUTH B yHKTE "1", a 4yepe3 x;;— KOAUYECTBO €JAUHMIL NMPOAYK-
uuU, ocrapisieMoi u3 nyHkra "i" B nyHkT "j". Toraa 3arpa-
Thl Ha MNPOU3BOJACTBO MNPOAYKIHHU, €CIHU CTOUMOCTH MNPOHU3-

BOJICTBA €JMHUUBI NPOAYKIUHUU B NYHKTE "1"—c¢j, OyAyT paBHEI
m
D.CiX; .
i=1

3aTpaThl Ha TPAHCOOPTUPOBKY MPOU3BEACHHONW MNPOIYK-
UUU K TOTPEOUTEISAM

m n
PIDITET

i=1j=1

Bces 3anadya GpopMyaupyeTcs Tak:
HaiiTu Takue x; v x;;, IpU KOTOPHIX

m m n .
f: ch'xl' + Z Z ijxij —> mm
i=1 i=1j=1

(CcyMMapHBbI€ 3aTpaThl MO MPOU3BOJACTBY U TPAHCIIOPTUPOBKE
MUHHUMAaJbHBI), MIPH YCIOBUAX:
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1) x;>0, xi;20 ;

n [
2)x, =D x;, Ii=1m(npousBoaumas NnpoayKuus NOJHO-
j=1

CThIO MOTPEOIISAETCH);

n -
3)2x;2b;,j=1n (Kaxapi NOTpeOUTENb MOJNYyYaLT NPO-
i=1

JYKIHMHU B 00bEME, HE MEHEE 3aJlaHHOT0 3HAYCHH);
4) x;, xij — IPAUHUMAIOT UEJOYUCTEHHBIC 3HAYCHMUS.

3.1.2 3agaua 0 Ha3HAYECHUAX

ITycts umeercs "n" eauHull 00O0pPYJAOBAaHUS pa3dHUYHBIX
TUIIOB, KOTOpo€ TpeOyeTcs pacopeacauTh Mexay "n" npen-
NpUSATUIMHA, UMCIOMMUMHU pPa3IUYHbBIA YPOBEHb TEXHUYECKOW
OCHamEeHHOCTH. O003HAYUM cij - TPOU3BOAUTENBLHOCTD "1"-T0
Tuna o0opyaoBaHus Ha "jJ''-M npeaAnpUATUHU. 3agadya COCTOUT
B TakKoOM pacnpeaejicHuu o0opyaoBaHus (110 OJHOMY Ha
NpEANPUIATHE), KOTOPOE O00ECINEYUT MAKCUMAJIbHYIO MPOU3-
BOJUTEIbHOCTD.

OnpeaeauM HEU3BECTHBIE X;; CIACAYIOMMUM 00pa3oM:

llill e 1t

I, ecin ™ 000pYI0BaHMS MonagaeT Ha ''j'' mpeanpusm™ e;

=
/ 0, B MPOTYBHOM CJTy4ae.

Teneppr 3amaya MOXKET ObITH CHOPMYJTUpPOBAHA CIEIYIO-
muM oOpa3om. HailTu Takue 3HaYe€HUA Xx;;, YTOOBl MPOU3BO-
JUTEIBbHOCTh pacnopeacasieMoro o0opyaoBaHus Oblla MaKCH-
MaJbHO M

n n
P — Z Z ijxij —>Mmax
i=1j=1

NpU YCAOBHUAX:
n

)2 x;=1,j=12,...,n (Ha kaxaoe npeanpusTue no oaHoOMy
i=1

BUAY 000pYyJOBaHMS),
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2) Yx; =1, 1=12,....,n (Kaxnas eannuua o060pyaoBanus

pacnipeaensieTcs Ha 1 npeaAnpUATHUE).

OTMETHUM, 4TO BO3MO’KHA 3ajadya O HA3HAYECHUAX, B KOTO-
poll UENbI0 ABISETCA MUHUMH3ALMA. KOHKpETHBIH NpUMED
OyJIET NPUBEJAECH NPHU UJUIIOCTPALMM AJITOPUTMA PEIIECHHUA.

3.1.3 3amaya 0 KOMMHUBOSIKEPE

Umeerca "n" roponos. Beiesxkass u3 0 1HOTO0, KOMMUBO S -
KEP MOJHKEH 00beXaTh BCE U BEPHYTHCSA B UCXOJJHBINA TOPOIL.
B kaxablii TOpO1 MOKHO 3a€3KaTh TOJBKO OJHWH pa3. TpelOy-
€TC HANTU MUHUMAJIbHBIA 3aMKHYTHIIT MapuipyT.
OO0O03HA4YUM § = {S§;; }nxn - MATPULY PACCTOSAHUI, X;; - IEPE-
MEHHBIC, ONIPEACIUM CIEAYIOIUM 00pa3oMm:

1, ecnim KOMMEBOSDKED M3 TOPOJA 1 IEpe3KaeT B ropox j; j,1=1,2,...n; j # 1,

x.. =
1
J 0, B npoMBHOM CJTy4ae.

TpebyeTcs MI/IHI/IMI/ISI/IpOBaTB

S &)= ZZCX — min

i=1j=1
INpHu yCIOBUAX

(U3 KaXJ0T0 ropoja KOMMHUBOSIKEP BBIE3KAET TOJIBKO 1paz);
n

> X;j =1L1=1,n
j=1
(B KaKJBIii TOPOJI KOMMUBOSIZKEP BBhE3KaeT 1 paz).
U —-U +nxij <n—1,1=1Ln, j=1n, 1#],
rae U; ,U; — IpOU3BOJIBHBIE A€W CTBUTENbHBIE YK CIIA.
ITocneaHee yciaoBue 00eCneUyMBacT 3aMKHYTOCTh MapIil-
pyTa U OTCYTCTBME TETENb.

63



3.2 MeToabl pelI¢eHUA 32124 HEJOYHUCJTCHHOTO NMPO-
rpaMMUpPOBAHUS

3.2.1 Meton orceuenus ['omopu

3anuiuieM o0mylo 3a7a4y UEJOUYUCIECHHOIO MpOrpamMmM u-
pOBAHUS B BUJIC: HAWTH MaKCUMYM

S&)= Yo (3.1)

k=1

B 00J1aCTH, ONMPEACIEHHON YCIOBUAMU

n -

j=1
x>0, j=1ln (3.3)
Xj— LeJysle, j=Ln (3.4)

MeToa oTceueHUsi [OMOpPU COCTOUT B CIIEAYIOMIEM:

a) pemaeM 3aaady JUHEHHOTO nmporpaMmMmupoBanus (3.1) —
(3.3);

0) MNOJNYy4YEHHOE ONTUMAJBHOE pemeHue 3axaud (3.1) —
(3.3), ecid OHO CYIIECTBYET, MPOBEPSIEM Ha LEJOYHUCIECH-
HOCTb:

— €CJIM BCE X;, j =L,n NONYCTHUMBIE LEJbIE, TO MOIYyYEHHOE
ONTUMAJILHOE PELICHUE 3aja4yd JUHEHHOIro MporpamMMHupoBa-
HUS SBJSIETCS ONTUMAJbHBIM PEHICHUEM 3aJauM LENOYMCIC H-
HOTO MPOrpaMMUPOBAHUS;

— €CJIM 3ajaya JUHEHHOTro MpOorpaMMHUpPOBAHMs PEIICHUS
HE UMEET, TO HE MMEET PELECHUs M 3ajiaya LEeJ0YUCICHHOTIO
nporpaMMHUpOBaHUS

— HAKOHEILl, €CJAM XOTd Obl 0JHA KOOpJAWHATa HE yJ0Ble-
TBOpPSIET ycaoBuUIo (3.4), ToO:

B) CTPOUM JOMOJHUTEJIbHOEC JMHEHHOE OrpaHUUYE€HHUE, C
NOMOIIbIO KOTOPOTO OTCEKAETCS Ta 4acTh AOMYCTHUMOM o0Ona-
CTH, ompeaenseMoii ycinoBusimu (3.2) — (3.3), B KoTOpoOii co-
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JNEPKUTCS ONTUMAJBHOE PEMICHUE 3aJa4u JIMHEHMHOTo Mpo-
rpammupoBanus (3.1) — (3.3), HO HET HU OJAHOTO JOIMYCTH-
MOTO PEIIEHUS, YAOBJIETBOPSIOMETr0 yCA0BUIO (3.4) U BHOBbB
BBIMOJIHAEM MNYHKT a) AJs 3aJa4d JUHEHHOTO MpOrpaMMupo-
BaHUS C JOMOJHUTEAbHBIM OTPAHUYEHUEM U T. 1.

['omopu moka3zaj, 4Tto npu "k-om" BO3BpameHUHU K pele-
HUIO 3a]a4u JUHEWHOTro mporpammupoBaHusi, "k-oe" momoin-
HUTEJNBHOEC OTPAHUYEHUE UMEET BUI:

Xnvk+1 = _(xiO _[xio] )+ 2 (xij _[xij])xj L k=0,1.2,..5,,44, 20,
JEN}
rae  [xio], [xi;] — uenas 4acTh COOTBETCTBYIOIICH BEIUYMHBI;
Xio — Heueaas KoopJaMHaTa ONTUMAaJbHOIO MjaaHa 3aja4yu
(3.1) — (3.3) ¢ HAUMEHBIIUM UHAECKCOM;
Xij — KOOPJAMHATHI pa3J0KEHUS BEKTOPOB A;, HE IMOIMaB-
mux B 0a3uc;
Ny — MHOXECTBO BEKTOPOB, HE MOMAaBIIUX B 0a3uc.
Huxe npuBoauTcs cxema ajropurma metoaa 'omopu
(pucyHok 3.1).
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3.2.2 MeToa BETBEH M IpaHUIl

Y MHOrux 3ajay UEJOYUCIEHHOTO MPOrpaMMUPOBAHUS, B
YaCTHOCTU Yy CQPOPMYJHPOBAHHBIX BBIIE, MHOMKECTBO BCEX
JOMYCTUMBIX PEIIEHWH MPEACTaBAsIET COO0KM BCEBO3MOMKHBIE
KOMOUWHAKUKU (MEPECTAHOBKHK) OJHOTO W TOTO k& Habopa yu-
ceJi. ECTECTBEHHO, UTO ONTUMAJIbHOE PEIUICHUE MOKHO HAWTH,
AHAJIU3UPYS BCE BO3MOXHBIEC BapuUaHThl. Bonpoc Juuibs B TOM,
KaK [ejecooOpa3Heil opraHu3oBaTth Takod aHanu3. Cyie-
CTBYKOT METOJbl JJUHAMUYECKOTO MPOrpaMMUPOBAHUA, METO]
BE€TBEW U IpaHUL], UCIIOJIL3YIOMIUE MOCIEIOBATEIbHBIN aHAIN3
BAPUAHTOB.

PaccmoTpum BTOpOi#t M3 Hux. Ilycts Gy — MHOKECTBO 110-
NYCTUMBIX PEIICHUN 3a1a4U, B KOTOPOil cpeid COBOKYIMHOCTHU
x € Gy TpeOyeTcsd HAlTH TO X, NPpU KOTOPOM LejaeBas PyHK-
uus f uMeeT MUHUMYM. [lo HEKOTOpOMY 3aKOHY (IIpaBHIIY)
MOCTAaBUM B COOTBETCTBUE MHOKECTBY Go 4HUCNO Zo, KOTOPOE
SABJSETCS OLEHKONW HHXKHEH rpaHUUbl UEJEBOU (YHKUMM Ha
MHOkeCTBE Go. Paz3oObeM MHOXkeCTBO G HA KOHEYHOE YHCIIO
HEMEPECEKAIMMUXCS MOJAMHOXKECTB (JJIs1 HArasiAHOCTH Ha J1BA)
G1 1 G2: Go=G1UG2, G1NG2=0. Onpeaesum no BEIOpaHHOMY
3aKOHY (IpaBuUJIy) OUEHKH HWJ)KHEHW rpaHuUbl HeaeBold (QyHK-
UKW Ha DTUX NOJMHOXKecTBax Z1 u 7.

Bo3pMeEM MOAMHOXKECTBO C MEHbIIEH OUCHKOW, 100YCTUM
G2, u pazoobeM G2=G3UG4, G3NG4=0 u HaligeM OUEHKH
noaMHOXkeCcTB G3 U Gy.

[ToAMHOXKX€CTBO C MEHbIIEH OLECHKONW BHIOMpAeM JAJjsi BETBJIC-
HUS U T.A. (PUCYHOK 3.2).
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ECTECTBEHHO O0XKHJAAaTh, YTO ONTHUMAJbHOE pEIMIEHUE C
O0oJibIIeiA BEPOATHOCTHIO COJAEPKUTCA B MOJMHOMKECTBE,
OLIEHKA KOTOPOT0 MEHBIIE OLEHOK HEBETBJIEHHBIX MOJMHO-
KECTB W, TAKUM 00pa3oM, NMPOMU3BOJS BETBJECHUS, N100paThcs
0 ONITUMABHOTO PEIIEHUS.

3.2.3 MeToa BETBEH U IrpaHull pEUICHUA 3a/1a4U O KOMMH-
BOSIKEPE

Paccmorpum 3anady o kommusosbkepe. Ilyers S={S; };

1=1,n; j=1,n wmMarpuua, >JE€MEHT KOTOpo#H S; omnpeaecnser
pacCcTOSTHUE MPU MEPEXOJE U3 MyHKTA «i1» B MYHKT «j». [Tona-
raem S;;=«, 1=l,n, paccmMarpuBaeM 3TO KakK 3alpeT HaA mepe-

e3a u3 "1" B "i
OIIPENEJIEHUWE 3.1. Lluknom ¢ Ha3zoBeM Habop u3 "n"
YyHOOPAJOYEHHBIX MMap ropojoB, o0pa3ylomux MapmpyT, KOTO-
PBIH MPOXOIUT Y€PE3 KAKABIKM ropoa TOJBKO OJUH pa3:
t = {(i1, 12), (12, 13),..., (1n-1, 1n), (1n, 11)}.
OIIPENEJIEHHWE 3.2. U3aepxkamMu Z(¢) Als LUKIA ¢
HA30BEM BEJIMUYHHY:

n—1
Z(H=>S5; + S
k=1

Iedky] Ip,ip *

B nHame#l wHTEpnpeTrauuud Z(¢) — 5TO JAJUHA 3aMKHYTOTO
MapupyTa, 00pa30BaAHHOTO LUKIIOM /.

OITIPEJAEJIEHUWE 3.3. Marpuua, KoTopas IOJy4acTCs M3
JAHHOW BBIYMTAHUEM U3 DJIEMEHTOB KaXJAOW CTPOKH MHUHHU-
MajdbHOIO 3JIEMEHTA 3TOW CTPOKH, & 3aT€EM BBIYUTAHUEM U3
BJIIEMEHTOB KaXXJA0TO CTOJ0IA MUHUMAIBHOTO BJIEMEHTA 3TOTO
CTOJIOA, HA3bIBACTCS NMPUBEACHHONW MaTpuleil. Cymma BbIYHU-
TaeMbIX B MPOLECCE MPUBEIACHUSA DBIEMEHTOB Ha3bIBACTCH
NPUBOAAIIENA KOHCTAHTOM.

Ecan 0003HauuTH S,-,]-(,-)=mi]1; Sij, i=1,n—MHHMMAaJIbHBI

Jj=i.n

3JEMEHT S B CTPOKEC "1, TOoraa mocCJiIC¢ BbIYHUTAHHUA DTHX DJIC-
MCHTOB IIOJIYUHTCs MarpumOa S' ¢ HCOTPHUATCIIbHBIMH DJIC-
MCHTaAMH
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S';']':S;']'_Si,j(i), i:Ll’l, jZ l,n.

O0603HaYuM
=min S;, j=1,n

i=In
MUHUMAJIbHBIH 3eMeHT S’ B cTtoadue j. Torga mocjiae BbIYH-
TaHUSA DTUX DJIEMEHTOB IOJYUYMTCS MpUBEAcHHAs marpuua S”
C HCOTPHULATEAbHBIMM DJIEMEHTAMHU

i)

S"; =8 =S, 1=1n j=1n.

ITo onpeneneHUO NpUBOAAIIAA KOHCTAHTA
n n
_ !
h=235i 0+ 2 Si())-
i=1 j=1

Ecnu Z(t) — u3aepKKW UKIA ¢ JJIT UICXOJHOW MATpPHUILBI, a
Z'(t)—W3aepKKHU LUKJA { MOCJAE NpuUBeacHUs, 1o Z(1)=Z'(t)+h
MU, OYEBUJHO, YTO /A SABJSETCSH HWKHEU IpaHULEH H3AEPIKEK
JUIA BCEX IMUKJIOB [ HUCXOJHOW MaATpULbl PACCTOSAHUN, MO-
CKOJNBKY A — CyMMa MHHHUMAJbHBIX 3JIEMEHTOB CTPOK H
cTonOoB. M3 »TOrO CleayeT, 4To NPpUMEHAsE METOJ BETBEH U
rpaHull, Mbl MOXKEM MCIIOJb30BaTh /# B KAUYECTBE OLUECHKH pa3-
BETBJISIEMBIX TTOJJMHOMXECTB.

OnpeaenuMcst Tenepb ¢ MPUHUMNOM pa3O0UEHUS Ha MO J-
MHOKE€CTBA W HAXO0XKJIEHHUA OLEHOK DJTUX TNOJMHOMKECTB.
ITycth Gy — MHOXKECTBO BCeX MapmpyToB. PazoObeM Gy Ha
JBa MOJMHOXKECTBA: MEPBOE MOJMHOKECTBO COCTOUT U3 BCEX

MapuipyTOB, BKJIIOYHAKMKUX Mepee3a u3 roponaa "i" B ropon
"1", TOBOPAT coAepkamux mnapy (i, j), a BTOPOE MOJAMHONKE-
CTBO COCTOMT W3 MHOECTBA MapumIpyTOB HE COAEPKAMMUX MNa-
py (1, J).

[Tapy ropoaos (i, j) Uit BETBJIEHUA OyJaeM BbIOUPATH Cpe-
AU TE€X Map, KOTOPHIM B MNPUBEJACHHOW MaTpHUIE COOTBET-
CTBYIOT HYJI€BBIE DJIEMECHTHI, IpU4YE€M BBHIOUPAETCs Takas rnapa
(1, J), 4ToOBl IMOJAMHOXECTBO, HE cojaepxamiee napy (1, j)
UMEJI0O MAKCUMAJbHYIK OUEHKY. Pa3BeTBNsAA MOCAEI0BATEIb-
HO, MBIl MOCTPOUM JEPEBO BETBEH, HA BEPIIUHE KOTOPOro Oy-
JNE€T MOJMHOKECTBO, COAEpPIKalIee JABE Mapbl rOPOJaOB, 3aBEP-

marmux MmapmpyT. Cnyckasace Mo AEPEBY BETBEU, MbI MO Mma-
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paM TrOpoJAOB, ONPEACHAIOIMX BETBICHUE, OMNPEACIUM BCE
napbl TOPOJ0OB, COCTABSIOIIUMX MapmpyT (pUCYHOK 3.3).

Gy (i3D)
)

Pucynok 3.3 — CriyCk mo aepeBy BETBEH

OnuieM BbIYUCIUTENbHBIH aATOPUTM.

1. OcymecTBUM NPUBEACHUE MATPUILBI S MO CTPOKAM U
cToJOLAM, MOJYYUM NPUBEACHHYIO MaTpuuy S

2. BBIYUCAUM CYyMMy NPUBOAAIIMX KOHCTAHT A - 510
OLIEHKA JJISI UCXOJHOTO MHOKeCcTBa MapmpyToB Go. OO603Ha-
yuM oueHKYy ®(Go) = A .

3. BribepeM NpETEHACHTOB il BETBJEHUS, T.€. TE Maphl
(,j)i=1,2, ..., j=1,2,...,1# ], nna koropeix S;¥=0 u BEI-
YUCaUM Ui BeeX Takux S;; %) BeTnunHbl

o,

; =min S;r +min ¢, j' =1,2,...,i"=1,2...

J'#EJ i'#i

4. BpiObepeM At BETBJIEHUA Ty napy (i, j) U3 OPETEHACH-
TOB HA BETBJIEHUE, I KOTOPOU 6O, MOJNYUYUTCHA MAKCHUMaJIb-
HBIM.

5. B KayecTB€ OLIEHKH MHOXECTBA BCEX MApPUIPYTOB, HE
coAepKamux BeIOpaHHYO mapy (1, j), BO3bMEM OLIEHKY TOTO
MHOK€CTBA, KOTOPOE Pa3BETBIAIM TLUIIOC max &;;.

6. Tak Kak U3 KaXA0T0 ropojia MOKHO BbIE€3KaTh TOJIBKO
OJIMH pa3 U B KaXJAbIi TOPOJ MOKHO BBE3KATh TOJHKO OJHUH
pa3, To cTpoky "i" u crtonben "j" MOMKHO W3 JalbHEHUIIETO
PacCMOTPEHUS HUCKIIOYUTH. UTOOBI HE MOJYUYUTH 3aMKHYTBIX
HEMOJIHBIX [IUKJIOB, HY’KHO HAJIOKUTh HEOOXOAUMBIC 3aMpPETHI,
B 4acTHOCTH, Ha mepee3a u3 "J" B "i" TO €CTh MOJIOXKHUTH
S;']':OO.

7. Ecad moJiyueHHas I0CJI€ BBIYEPKHUBAHUS CTPOKHU H
CTOJNIOA W HaJO0XKECHHUS 3alpeToOB MaTpulla HUMEET pa3Mep-

HOCTh 2X2, TO ONPEACIAEMBIE €10 Mapbl TOPOJAOB 3aBEPIIAIOT
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mMapupyT. [IpuBoas 3Ty marpuuy U a00aBiasgs NPUBOIAILY IO
KOHCTAHTY K OUEHKE IMOCJEIHET0 Pa3BETBISIEMOTO MHOXKE-
CTBA, MOJYYUM OULUECHKY MapumpyTa.

Ecau 3Ta oueHka HE OOJIbIIE OLUEHKH BCEX TYIMHUKOBBIX
BETBEH, TO MApUIPYT, ONMUCHIBAEMBI JE€PEBOM BETBEUl, ABIA-
€TCS ONTUMAJIbHBIM, HHAYE MPOLECC BETBACHUSA AOKEH OBIThH
MPOAOJIKEH, UCXOIA U3 MHOKECTBA C MEHBIIEH OLIEHKOM.

8. Ecnu yceueHHass MaTpuua HE UMEET PA3MEPHOCTH 2X2,
TO MNPUBOJUM TNOJYYECHHYK MATPUIy M HAXOJAUM OULECHKY
MHOECTBA {1, J}, TO €CTh MHOXXECTBA MaplpPyTOB, COAEP-
Kamux napy (i, j), Kak CyMMYy NPUBOASAIIECH KOHCTAHTHI M
OLCHKH PA3BETBJIAEMOTO MHOXKECTBA.

[Tepexonum Kk m. 3.

IHHpumep 3.1. UmeeTcs 4eThIpE MYHKTA, PACCTOSIHUE MEXK-
1y KOTOPbIMU OMKUCAHO MaTpUllel paccTosHuil. Hailtu onTuH-
MaJIbHBI (MUHUMAJbHBI) 3aMKHYTBIA MapmpyT o0be34a ro-
pPOJOB.

1 2 34
1 [0 13 12 4
2 |13 oo 7 8
3127 o 5
1. IIlpuBoaum marpumy .
12 3 4¢,y 12 34 123 4
(o 13 12 414 l (o 9 8 0 l(o 7 8 0
213 o 7 8|7 — 216 «© 0 1| — 2|6 @0 1
3112 7 «© 515 317 2 0 317 0« 0
404 8 5 xJ4 40 4 1 = 400 2 1 =
Gp,; 0 2 0 0

2. Haiinem cyMMy NpUBOAAIMMUX KOHCTAHT: h=4+T7+5+4+2=22.
Haiinem oueHky mHoxecTBa Gy : o(Gy )=22.

3. YKaxkeM MPEeTCHACHTOB HAa BETBJICHHUE W OCYIIECTBUM BBbI-

OOp maphl ISl BETBJICHMUS

S147~0, S>5= 0, S3,=0, S34=0, S4=0,
014 =7+0=7, 023=1+1=2, 03, =0 +2=2, 034=0 +0=0,
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041= 6 + 1=7, max 0;=0;4="7 (MOXHO 04,=T7).

4. Utak, nnsa BeTBieHUs BbiOupaem napy (1,4) u HaunHaeMm
CTPOUTH JepeBO BeTBeH (pucyHok 3.4). Hailigem ouLEHKY
MHOkecTBa  {1,4}—MHOXeCTBa BCEX MAapUIpyTOB HE COAEp-
wamux napy (1.4): o({1, 4})=w(Go)+0(1,4)=22+7=29.

5. BeiuepkHem ctpoky "1", crtonben "4" W MONOXKHM 3amnpetr
Ha nepee3a uz "4" B"1":

1 2 3
21 6 o 0
3 7 0 o |.
4 o 2 1
[TpuBOoAUM MaTpUILLy
L 23 ¢y 12 3 123
2 [ 6 o 0]0 21 6 o 0 2(0 « 0
3 7 0 o0 — 317 0 o — 3|1 0 o
4 o 2 1]1 4o 1 O 410 1 0
CZO),]6OO

6. Haiinem 7=1+ 6 =7 u oueHky {1, 4 }.
o({1, 4})=u0(Gy)+h=22+7=29.

7. YKaxKeM NPETCHACHTOB JJIsi BETBJICHUS U BHIOEPEM Tapy
JUISL BETBJICHUSA.

S =0, S823=0, S§32=0, Ss3=0,

;= 0+1=1,0:53=0+0=0,603=1+1=2,
6,3=1+0 = 1, max (9,']':(932:2.

HTak, ans BeTBiaeHUs Oepem napy (3.2).
Haiinem ouenky {3, 2}; ({3, 2})=w({l,4})+6,,=29+2=31.

8. BeiuepkHeM cTpoky "3", cronOen "2" W HaNOXHMM 3ampeT
Ha nepee3a u3 "2" B "3".
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1 3
2 {O oo} —MaTpHIla NpUBEJCHHAs, ClIeA0BaTEIbHO A=0 H
4o 0

o({3, 2V)=0({1, 4})+h=29.

9. Tak kak MaTpula pa3MEPHOCTH 2X2, TO HE 3aNPECIICHHBIE
napbl (2,1) u (4,3) 3aBepmaroT MmapmpyT (pUCYHOK 3.4).

PucyHok 3.4 — MapuipyT o0b€3/1a MyHKTOB

[TOCKONBKY OUEHKA MOCJIEAHETO MOJMHOMXKECTBA HE 0OJIb-
me OUEHOK TYNMKOBBIX BeTBeH, To maphbl (1.4), (3,2), (2.1),
(4,3) 3amarlOT ONTUMAJbHBIA MapUWIPYT, KOTOPBIH MOKHO

NpeACTaBUTh, CKaxeM Tak. 1—4 —3 —2 —1 ¢ paccTossHUEM
Sm]n:29

3.2.4 AnnpokcuManusi pemieHUs 3a1a4d O KOMMUBOSIKEPE

[TpUBEACHHBIM B MPEABIAYIIEM NYHKTE alrOpPHUTM SIBJISET-
Cs 4YpEe3BBIYAWHO TPYAOEMKHUM Ja)XK€ MNpPH HCMHOJIb30BAHUU
OBM. B npakTuuecku npueMaemMoe BpeMs OH IMO3BOJISIET pe-
maTh JIUIb 3ajJa4¥ HeOoNbmoOM pasmepHocTu. B [5] nmpeano-
KEHO NPOU3BOAMUTH JECKOMMNO3UUMIO 3aJadyv OOJpmoON pa3s-
MEPHOCTH Ha psJ 3ajJaqy NpUEMIIEMONM pa3zMEPHOCTH pazlOue-
HUEM Ha rpynnsl (30HbI) "OAU3KUX" APYr K APYry OOBEKTOB.
B kaxknoi rpymnmne BhIOMparOTCs O00BEKTH (BOOOIIE TOBOPS
pa3HbIE), KOTOPHIE CIYKAT MPEACTABUTEIAMHU TPYIIIbl (30HBI)
Npyu OMNPEACIIEHUHM MHUHUMAJIbHBIX PACCTOSAHUN MEXKAY T'PyM-
naMu (30HaMH).
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Mcnonb3yss ONMCAHHBIM BBHIIMIE alrOpUTM  HaXoJiT, Ha
NepBOM HTamne, ONTUMAJbHBIA MEXIpynnoBoi (MeX30Hab-
HBIH) MapmpyT, a HA BTOPOM DTale€ B KaXAOH rpymnre (30HE)
MINYT KpaTyaliiuii MapmpyT MEXAYy TEMH O00BEKTaMH IpyIl-
nbl (30HBI), KOTOPBIE CIYKAT UX MNPEACTABUTEISAMHU B MEXK30-
HaJdbHBIX paccTOsHUAX. Jnsg TOro, 4roObl MOCTPOUTH MHUHHU-
MaJlbHbI HE3aMKHYTBIH MapmipyT MEXAy JABYMs MpeacTaBU-
TEJSAMHU TPYMIMbI, ¢ 0053aTE€NbHBIM MOCEIIEHUEM BCEX OCTallb-
HBIX OOBEKTOB TPYIMIbl, PACCTOSHUSI MEXKIAY STHUMH JABYMS
NpeJCTaBUTEAIMU NEPEONPEaCIAIOT A0CTATOYHO OOJbIKUMU
yucjiamMu (HakjaajablBalOT "3ampeT" Ha paHHUN mepees3a) u 3a-
TEM OHTOT Mepee3]q U3 ONTUMAIbHOrTO BHYTPUIPYIIIOBOTO
mapmpyTa BbiOpacsiBaroT. I[lonydyeHHBIi Takum o00pa3zom
MapmpyT JA0CTATOYHO XOPOIIO anMpPOKCUMHUPYET HCKOMBIH
ONTUMAJIbHBIA MapIpyT MpPU YAa4HOM pa30UEHUU HA TPy I,
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4 MeToabl 0e3yCJJOBHOH ONTUMHU3AIUH

OITPEJIEJIEHHWE 4.1. Byaem roBopuTh, 4TO PyHKIUSA
f (x1, x2, ..., Xn)=f(X) UMEET JIOKaJbHbIHA MHUHUMYM (MaKCH-

0
MyM) B TOYKE xO:(xE),...,x,(qO)), €CIM CYIIECTBYET © —
OKpPECTHOCTh Eo (x(o)) TOUYKH x©Orakas, 4TO

FN< £(x) (fF(xXN> f(x)) mna Beex xeE, (xP). Ecanm
O9TH HCPpAaBCHCTBA CIPAaBCAJIHMBLI AJIsI BCCX X H3 oOJlacTHu

ompeaeeHus, TO OyaeM roBoputs, uto x O sBiseTCs TOUKOii
ri100anbHOT0 MUHUMyMa (MakcMMyMma) B o0jacTu omnpejaeie-
HUg GyHKUMU. TTocKkoAbKY 3anaua onpeaeaeHuss MakCuMyma
f(x) >KBUBAaJEHTHA 3aJlay€ HAXOKJCHUSI MUHUMYyMa — f(x), TO
B JlaJIbHEHIIEM TOBOPUM TOJIbKO O MUHUMHU3ALMU (PYHKIIUH.

Knaccuueckuil moaxon k 3agade HaxoxgeHus x* - to-
YeK JOKaJbHOTO MUHMMyMa Jjis ABaxabl AuddepeHuupye-
MO (YHKIIMU COCTOMT:

1) B onpeaeaeHUM TaKMX TOYEK X, B KOTOPHIX BCE IeEp-
BbIE YAaCTHBIE MPOMU3BOJAHBIE 1-T0 mopsaka oOpamarTci B
HYJIb (HEOOXOAMMOE YCIOBUE);

2) NpoBEpKa MOJOKUTEAbHOM ONPEACIEHHOCTH MATP ULLbl

2
['ecce H(x): oF (=1n;j=1n) B Takux TOYKax (A0CTa-
X;0X |
TOYHOE yCJIOBHE).

CyIECTBEHHYIO TPYAHOCTh NMPHU TAKOM MOAXOJE COCTaB-
JSIOT KaK MEPBBIH, TaK M BTOPOW dTanbl peICHUS 3aJa4u, MO-
ATOMY 3a4acTyl0 0ojiee NPEANOUYTUTENBHBIMUA SABIAAIOTCS YHC-
J€HHBIE METOIBI.

4.1 YUucjgeHHbIe METO/AbI 0€3yCJOBHOII MUHUMHU3ALUH
GyHKIMU OAHOH mMepeMeHHOH. MeTOoaAbl NPSIMOTO JIMHE Hi-
HOTO MOHCKA

OnuceiBaeMble HUKE METOABl MHUHHUMU3ALUHHN Tp€6YIOT,

4y100Bl MUHUMU3UpYEMass QyHKIMA o0nanaia CBOWCTBOM KBa-
3UBBINYKJIOCTH.
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OITPEJIEJIEHWUE 4.2. byaemM roBoputh, 4T0 (QyHKUHA
f(x) xBa3uBBIIIyKJIa HA OTpe3Ke [a,b], €cnu ansg BCEX x, MpU-
Haanexkamux [x;,x2]:  flx)<max(f(x;).f(x2)), nOpu HHOOBIX
x,,x2€|a,b] (pucyHok 4.1). Eciu HEpaBEHCTBO CTPOroe, TO
f(x) cTporo KBa3MBHBINYKJIA.

yﬂ

)
(o

% 4

o F---
(o

e

Pucynok 4.1 — OyHkuuu:
a) — KBa3UBbINYyKJas, 0) — HEKBA3UBBINMYyKJIas

byneM uckaTh MUHUMYM (QYHKLUM f(X) HAa HEKOTOPOM
NpoMEXYyTKEe [a,b]. B ocHOBe mpeanaracMbiX HH)KE YMCJICH-
HBIX METOJ0B MPUOJMIKEHHOTO OTHICKAHWS MHUHUMYMa JEXKUT
TeopeMa.

TEOPEMA 4.1. Ilycte pyHkumsa f(x) CTpOoro KBa3UBBI-
nykija Ha [a,b] u nycTh ¢, d - 1100bIE TOUKH MPUHAIEKAIIUE
[a,b] Takue, uto c<d. Ecau f(c)> f(d), To f(x)= f(d) ans
Becex xelac|. Ecnu f(e)<f(d), o f(x)>f(c) nas Bcex
X € [a’,b] (pucyHOK 4.2).

a) yu yA

v

PucyHok 4.2 — Kpa3zupbinykJjas QyHKIMS:
a) f(c)>f(d); 0) f(c)<f(d)
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N3 Teopembl ciieayeT, uTo npu f(c)>f(d) Touka MUHUMYyMa
GyHKUHUU f(x) MOKET HAXOAUTHCSA TOJBKO Ha OTpE3Ke [c,b],
anpu f(c)< f(d) Touka MUHUMyMa MOKET HAXOJAUThHCS TOIb-
KO Ha [a,d].

Cyskass TakuM 00pa3oM OTPE30K, HA KOTOPOM HaXOJIUTCHA
TOYKa MUHUMYyMa, Mbl CMOEM CJAeJlaTh JJIUHY TaKOro OTpeE3-
Ka (MHTepBajia HEOMPEACIEHHOCTH) MEHbIIE TpeOyeMOil TOU-
HOCTH € W B3ATh B Ka4€CTBE MPUOJMKEHHOTO pPEIICHUS JI0-
Oy10 Touky x?) MoayUYeHHOr0 NPOMEKYTKA.

4.1.1 MeTox paBHOMEPHOTO MOUCKA

[lycth MUHUMYM PyHKIUHU f(x) umeTtcs Ha [a,b]. Ilokpo-
€M OTpe30K [a,b] ceTkoil y3710B

x;=a, x2=a+h, x3=a+2h, .., x,=b=a+(n—1)h.

Beraucium 3HaueHus f(x) BO BCeX y3jax ceTku. BribOe-
peM cpeaud HaMJEHHBIX 3HAYEHUI MUHUMajJbHOE. JlomycTuM,
MUHHUMAaJbHOE 3HAUYCHUE (DYHKLMSA MPUHUMAET B y3ie xi. To-
rja, Ha OCHOBAHUM TEOPEMBI, MOXKEM YTBEPXKJaTh, UTO TOYKA
MUHMMyMa f(x) mpuHAANACKUT UHTEepBany (xi—h, xixth). Ta-
KUM 00pazoMm, Mocjie n BBIUMCICHUNH (PYHKUMU UHTEpPBAJI HE-
OMPEACIIEHHOCTH COKpalleH A0 JJIUHBL 2h. Jlanee alaroputm
YTOUYHEHUS TOYKM MUHUMYMa OUYEBUJICH.

4.1.2 MeT0oJ 30J10TOTO CEUECHUS

ECTECTBEHHO KE€JIaHWE JOCTUYL HWHTEpPBAJNa Heompeje-
JE€HHOCTH TpeOyeMoi AJUHBI NPU MHUHUMYME BBIYMCIECHUMA.
OanuMm u3 Hanbonee >PPEKTUBHBIX B 3TOM IJIAHE METOJOB,
SABASETCA METOJ 30J0TOro cedeHus. Ilycth MUHUMYM f(x)

umertcs Ha [a;,b;] u mycTh Touku ¢; v d; npuHanexar [as,b/]
u c;<d;. B cuny teopeMbl 4.1 UHTEpBaA HEOMPEAECIECHHOCTH
6y2[€T [a;,b;], CClIn f(C1)>f(d1), 141 [a;,d;], CCJIN f(C[)S f(d[)
HoBblii WHTEpBAN HEONMPEIACIIEHHOCTU O0003HAYUM [az b2] u
JOTOBOPHUMCSI TOUKHU ¢, d;, MOPOKAAKOIIME HOBBIH MPOMEKY -
TOK HEONPEIACIECHHOCTH [ay, by] UCKAaTh TaK, YTOOBI:
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1) nnmuHa HOBOrO MHTEpPBAjda HEOMPEAECNEHHOCTH br—a:
HE 3aBucejla OT TOro, BBINOJHAETCA W f(ci)>f(d;) wnu
Adn=2f(er);

2) bi—ci = d1—a1;

3) Opyu HOBOM JICI€HUHU OTpE3Ka [a2,b2] TOUKHU IENEHUS C2,
d,; BpIOMpaATh TaK, 4TO AUOO cr=d;, nubo d,=c;, 4TO MO3BOJIs-
€T COKPATHUTh YHUCJO BBHIYUCIECHUU QPYHKIMH f(Xx) HA KAXKIAOM

sTamne (KpoMe MCXOJJHOT0) 10 OJTHOTO.

aj ¢ _di by a) ¢ §1
az ¢ q'z b; a ¢ d b>

d, b1 ©)

PucyHok 4.3 - Jlenenue otpeska : a) flc;)>Ad)); 0) flc))< Ad))

a) 3J1eChb: azx=cy, b>=b;, c2=d; 1, KaKk HETPYAHO MOKAa3aTh,

dr= c2+0,382(b>—c2);

6) 3aecw: a=ay, by=d;, d,= c; cr= a2+0,618(d2—ag).

[IpuBeaeM LEJIUKOM aIrOPUTM METOJA 30JIOTOTO Ceve-
HUSL.

ITepBriii mar. Beibepem

ci=a;+0,382(b;—ay;), di= a;+0,618(b;—ai)

[Tonoxum k=1.

Bropoi wmar. Ecaiu b, —a, <&, TO onTHUMainbHas TOYKA —
310 mobas Touka |a,b,]. Unaue, ecau f(c,)> f(d,), To nepe-
XOJIUM K TPEThEMY IIAry, a €CIu f(ck)sf(dk), TO K mary 4.

Tperuit mar. ai;=ci , bi-1=bk, crr1=d,

drvi1=ar11t0,618(br1—ak+1),
poiurcauM f(d, ), k=k+1 v nmepexoaum Ko 2-My wmary.

YeTBepThlld War. ai+;=ay ,bi+1=di, di+1=cy,

Ck+1:ak+1+0,3]8(bk+1_ak+l),
BBIUUCIUM [f(cy,;), k=k+I 1 mepexoaum Ko 2-my miary.

CyIECTBEHHBIM TMPEMATCTBUEM JUII NPUMEHEHHUA H3J0-
KEHHBIX METOJMOB SBJSIETCS TPeOOBAHUE KBA3UBBINMYKJIOCTH
MUHUMU3UPYEMOH PpyHKkuMH. BO MHOrux 3ajaadyax »TO Mpea-
MOJ0KEHUE HE BBIMTOJHACTCS WM HE MOXKET OBIThH JIETKO MPO-
BepeHO. OIHUM U3 NMyTEH NPEOAOJICHUSA BTOHW TPYAHOCTH, B

ciydac 00JILIIOTO HHTCpPBAJIa HCOHNPCACICHHOCTH, ABJIACTCA
paszaACaCcHUC ¢ro Ha MaJJCHbKHUC HHTCPBAJbI, HAXOKIACHHUC MHU-
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HHUMyMa Ha KaXIO0M W3 MOJAUHTEPBAJIOB U IOCICAVIOUMUMA
BHIOOP HAMMEHBIIETO 3HAYECHUSA U3 MUHUMYMOB Ha MOJUHTEP-
Bajax.

N3 apyrux MeToao0B, HE TPeOYIOMMUX KBA3UBBIITYKIOCTH,
OTMETUM H3BECTHBIE HAM METOJbl MOJIOBUHHOIO JA€JECHUA,
HproTOHA, OpOCTHIX HUTEpalMil, MO3BOJAKIIUX HAWTH pelie-
HUe ypaBHeHUsA f(x)=0, HO TpeOYyWOIMMUX IOMOJHUTEIBHOTO

UCCIEA0OBAHUA B OKPECTHOCTHU HAWJECHHBIX KOPHEW HA MpPEJa-
MET HAJIMYUsi MUHUMYMa (MakCUMyMa).

4.2 YUncjgeHHbIe MeTOAbI 0€3yYCJTOBHON MUHUMM3ALMHU
GYHKIUH MHOTHX NMEPEMEHHBIX

CraButcs 3ajzava MUHUMU3ALAU (GyHKIUU
f(x)=f(x;,x,,..X,,) B HEKOTOpOi 3aMKHYyTOi oOnactu. IlycTh

a=(a;,a,,..,a,) TOUKa MUHUMYMa f(x). byaeM roBoOpuTh, UTO

C TOYHHOCTBIKO A0 & TOYUKA X MOKCT OBITh B3ATa B KaueCTBE
HpI/I6J'[I/I)I(€HHOFO 3HAQUCHHA TOYKHW MUHHMYMaA, CCJIIH

n

la—x|l<e, rae [la—x|= | Y(a,~x;)° wiu

i=1

||a—x||=max|a,~—x,~| (i=1n).

JIns reoMeTpUYECKON HUIMICTpalMd METOJMOB OyaeM HcC-
nojab30BaTh (YHKIHIO ABYX NEpEeMEHHbIX. HamoMHUM, 4TO
JTUHUSAMHU YPOBHS (PYHKUMHM Z=f(Xx,y) Ha3bIBAIOT MHOECTBO
TOUYEK (x,y), YIOBJIETBOPSAIOMIUX YpaBHEHUIO f(x,y)=c. MeHss
Cc, Mbl TIOJIY4aeM pPa3JM4YHbIC JIMHUKU YpOBHS (YHKUUU f(Xx,).
['eOMETPUYECKH TUHUSA YPOBHS — 3TO MPOECKUMS HA MIOCKOCTh
XOV nunuu nepecedyeHus Z=f(x,y) U miuockoctu Z=c. Umes
MHOKE€CTBO JIMHUH YPOBHS, MBI MOJIy4acM MNPEACTABICHUE O
noBeJCHUU Z=f(x,y), TOBOPAT 0 peabedhe pyHKuuu Z=1(x,y).

4.2.1 MeTo1bl MHOTOMEPHOTO MPSAMOTO MOUCKA

CyTh METOJOB MHOTOMEPHOTO MPSIMOTO MOMCKA, H3J0-
KEHHBIX HHWKE, B TOM, 4YTO BBIOUPAIOT HEKOTOPYI TOUKY

x(o):(xgo),...,xl(qo)) U JONYyCTUMOE HampaBjeHHE INoucka d.
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3arem, oTnpasngdch oT Touku x© B manpasienun d, MUHU-
MU3UPYIOT PYHKILHUIO OJHOTO MEPEMEHHOTO A: f(x+Ad), u3-
JMOKE€HHBIMM BBIIIE METOJAMMU.

Haiins X?, npu xortopom f(x(0)+kd) MOJy4aeT MUHMU-
MajlbHOE€ 3HA4Y€HUE, Mbl TE€M CaMbiM HallJW TOYKY
xW=x©13Og g KOTOpOUW 3HaueHue f, BooOmE TroBOpA,
MmeHbme ueM B Touke x9. Jlanee, ornpasnssce ot x( B He-
KOTOPOM HOBOM HamnpaBjeHUU d;, MOJy4yaeM HEKOTOPYIO TOU-

Ky x®, B KoTopoii 3HaueHue f BOoOLIE TOBOPsl, MEHbIIE UEM
B xU u 1.1 BosHnukarr Bonpocs: 1) Kak uenecoobpasHee
BpiOupars d;? 2) Cxoautcs nu nocienoparenbHocTh X

x® .2 3) Kak OLeHUTh NOTPEMHOCTH?
4.2.2 MeTOI NMKINYE€CKOT0 NOKOOPAMHATHOTO CIyCKa

OnumeM alropuT™M OJHOTO M3 TAKUX METOJ0B, BhIOUpas B
KAauyeCTBE HaNpaBJICHUH IMMOMCKA KOOPJAMHATHBIE BEKTOPHI
d] :l],d2 :lz,...,dn :ln, T.¢. d;=1[; - BEKTOp, BCE KOMINOHEHTBHI

KOTOPOTO, 324 UCKIKUYECHUEM i PABHBI HYIIIO.
Torna

0 0 0 0 0 0 0]
@ g = (680 %9 x @ x@ o x @)L x@)

iv 1

f(x(o)+)Lll,):f(ng);XEO);...,xl.((i)],xl.(o)+)\«,X.(O) ,x,go)) u, CJICI0-

BaTeJbHO, NPU MUHUMH3ALMU (PYHKIIUH f(x(0)+klj), peub

UAET O MHUHUMU3AUMM (PYHKUUM OJHOH TEPEMEHHOM
0

X; :xi( )+)Ll~, npu GUKCUPOBAHHBIX OCTAJbHBIX MEPEMEHHBIX.

BpiOepeM HadalabHYK TOYK :x(o) HaIpaBJICHHUC
] >

d, =1, u, munumuzupys f(y;+M;), HaligeM, 4TO MUHUMYM
3TOH  (QYHKUMM  AOCTUraeTcs  Mpu A;, B TOUKE

y2:y1+x]l]:(xgo)+7L],xgo),...,x’(10)). [Tonoxum y2:y1+x]l],

BbIOEpEM HaMNpaBJICHUE [, W, MUHUMHU3UDYH f(y2+M2)
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HaWJEM, YTO MUHUMYM 3TOH QYHKUUMU HOCTUTACTCS NPU A, B
roue ¥, =y, 0, =[50 hy k00 )

[locae » maros Haligem
Y, ., =Y, +)Lnln = (xgo) +)\41,X§O) +7L2 ,...,x](qo) +)\4n).

Monoxum x =Yy,.; U TEM CaMbIM 3aBEPIUIUM OJUH LUK
MOKOOPAMHATHOTO CITyCKa.
OTnpaBnsgsch OT x| xak OT HAYANBHOMW TOUKH, MOKEM
Haiitu xPu 1.1
[Tpouecc 3aBEpPUIUTH, €CIU
| x*HD —x B i< g,

rjae € — TpedyemMas TOYHOCTbD,

n
||x(k+]) — x(k)|| = \/Z(xi(k”) —Jcl~(k))2 501071

i=1

“x(k-i-]) _ x(k)“: max|_x(k+])—xl(k)‘ (l = ],_Vl) .

i
[TpounnoCcTpupyeM METOJA € TNMOMOMBI (YHKIUUA JABYX

NEPEMEHHBIX (pPUCYHOK 4.4).

A
X2

[
»

X1

Pucynok 4.4 — MeToa UMKIUYECKOTO MOKOOPAUHATHOTO
cIycka

JIBUrasch OT TOYKH x(© =y; napamieibHo ocu OX;, Mbl

nepexoanuM OT JHUHUU YpOBHA ¢ OOJBIIUM 3HAYECHUEM
f(x;,x,)=c k MmenpmumM. Touka y,, B KOTOPOil Mbl KOCHEMCH

HEKOTOPOH JIMHUM YPOBHSA, SABISIETCA TOYKOW MHUHUMYMa

81



(GyHKUIUHU f(xj,xgo)) B HAIlpaBJICHUM, NapayieabHOM ocu OX].
JIBUrasch OT TOYKH Yy, napauiaeiabHo ocu OX,, Mbl, nepexons
OT JIMHUKA ypOBHS ¢ O0JbIIUM "c¢" K JTUHHUSAM YPOBHS C MEHb-
mwuM "c", 10CTUTHEM MUHHUMAJIIBHOTO 3HAYEHUSA B TOYKE y; -
TOYKE KacCaHHWsl HEKOTOPOHW JMHUU ypOoBHA. B Touke y; 3a-
BEPIIACTCS [MKJ MMOKOOPAMHATHOIO CIIyCKa M IMOJIy4aeMm
xW=y,.

Ortmpasnasch o xU, kak oT HauanbHOI TOUKH, MOKEM
naiitu x@ u 1.1, OcTaercs yka3aThb YCJIOBHS CXOJHUMOCTH
nocienosatensuoctd X, x| u ykasare ouenky morpeum-
HOCTH.

JIns cXOAMMOCTH METOJAa UUMKIMYECKOT0 MOKOOPAMHATHO-
ro Crycka J0CTaTOYHO CACAYIOMUX TpEOOBaAHMIA:

1) MuHumMyMm f(x) BAOJb JIOOOrO0 HaAMpaBJCHHUA €JIWH-
CTBEHEH;

2) nocnegosareabHocTh Touek xO xU x® ppunanne-
)KUT HEKOTOPOMY 3aMKHYTOMY OrpaHHUYE€HHOMY MOJIMHOME-
cTBy oO0nactu D.

YTo KacaeTcs MOTPEMIHOCTH, TO €€ MOXKHO ONPEACIUTh MO
popmyse: [|a— x| D X",

3AMEYAHHUE. Ecau ¢pyHkuusa f He saBasieTcs AupdhepeH-
UUPYEMOK B HEKOTOPBIX TOUYKAaxX, TO METOJ MOXET OCTaHO-
BUTHCSl B HEONTUMAAbHOM TOYKE (PUCYHOK 4.5).

yﬂ

(
X
M

v

PucyHok 4.5 — HeonTtumanpHas TOUKa
SCHO, 4TO MOMUCK BAOJb JKOO00H KOOPAMHATHON OCH B TOY-

ke x® He MPUBOAMT K YIYYIICHUIO LEIeBOH GYHKLUH. DTO
BBI3BAHO HAJMYMEM TAK HA3BIBAEMOTO OBpara, TO €CTh TOUKHU
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HeauppepeHuupyeMod pynkuuum f(x). PazpemuTs 3Ty CHUTY-
Al MOXKHO UCNOJIb3Ys, HanpuMep, Metoa Xyka—J[xkusca.

4.2.3 Meton Xyka-Jl>)kupca

Meton Xyka-J/[>kvBca OCYyWIECTBJSAET JBa THUIIA MOMUCKA:
UCCHAECAYIOMMUHA MOUCK U NMOUCK mo oOpa3ny. BeiOpaB Haualib-
HYI0 TOYKY X; METOJAOM I[HUKIHYECKOTO MNOKOOPIAMHATHOTO
CIIyCKa, HAXOJUM TOYKY X,, T.€. OCYINECTBJIIEM HUCCIENYIO-
muii nmouck. Ecnu || X, — X, ||< &, TO TOUka MUHMUMYMa Haiije-
Ha, UHA4Y€ OCYMIECTBJSAEM MOUCK MO 00pa3uy B HanpaBJICHUHU
X, -X;=d, 4TO IPUBOJMUT HAC B HEKOTOPYIO TOUKY y. [IpuHsB
y 3a X; BHOBb NMPOBOJAHM MCCIEAYIOUMHUNA MOUCK U T.A. Cxo0-

JUMOCTh MeToaa Xyka-Jl)kuBca oOecnedyeHa MOpU TEX KeE
YCIOBHUAX, YTO U MNOKOOPAMHATHOIO chnycka. Mmiwocrpauus
METO/Ia HA PUCYHKE 4.6 .

yA

-

X

Pucynok 4.6 — Meton Xyka-/[:xuBca
4.2.4 MeTo1 HAUCKOPEMIIEro CIycKa

M3BeCTHO, 4TO HAmpaBJeHUEM HauOOJIbIIEr0 BO3PACTAHUS
¢ynkuuu f B Touke x(O gBnaseTcs HampaBieHHe, 3a7aBaeMoe

BEKTOpOM grad f(x(o)), a (—grad f(x(o))) 3aJaeT HampaBJe-

Hue Haubonbmero yoniBaHusd QyHkuuu f B Touke x(©. Yyu-
ThIBAA 3TO, CIHECAYET OCYUIECTBJIATH JIMHEWUHBIA MOUCK HE B

HamnpaBjJEHUHU OCEH KOOpAWHAT, a B HanpaBiaeHUuu —grad f .
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PaccMOTpHUM alropuT™M MeTOAA.
1. Beibupaem x;, i=1.

2. Ecnu || grad f(x;)||[<&, TO Xx;- AICKOMAas TOYKA.

3. B npoTuBHOM cay4dae NOJNOXKUM d;, =—grad f(x;) U
pEIIMB 3a7a4y O MUHUMYME f(xﬁkdi), Haiimem A;>0.
4. Haiinem Xx,,;=x;+A;d, v nepexoauM K MyHKTY 2, mo-

JTOXKUB i=i+1,

CxoaumMocTh MeTojaa oOecledyeHa, €ClIM f HENpepbIBHO
aupdepeHuupyema, a reHepupyemas MNOCIEA0BATEIbHOCTD,
NPUHAAICKUT 3aMKHYTOMY OTPAHUYEHHOMY MHOKECTBY.

HenoctatkoM MeTOJAa HAMCKOpPEHIIEro chnycka sBISETCS
3a4acTyl0 MEJJEHHAs CXOAHMMOCTh B OKPECTHOCTH CTalMO-
HApHOW TOYKHU. DTO OYEBUJHO, HAMPUMEDP, B TEX Caydaax, Ko-
rja JIMHUA YPOBHS BBITAHYTHl B OKPECTHOCTH ONTHUMAaJIbHOM
ToukUu. O (YHKIHUAX, MOBEPXHOCTH YPOBHS KOTOPBIX CHUJIBHO
BBITAHYTHI, TOBOPAT, UYTO OHA UMEET "OBpPaXHBIH' XapakTep.
['eoMeTpUUYECKH MEAJCHHAsA CXOJAUMOCTh OOBACHAETCS TaK:
COYCTUBIIMCH HA "JHO OBpara' Mbl, ABUTasiCh B HAIIPABJICHUHU

(—grad f), OyneM mepexoauTh C OJHOIO CKJIOHA OBpara Ha
JApyroii, To €CcTh 3Ur3aroo0pa3zHoO MPOJABUIaTHCA K TOUYKE MHU-
HUMyMa (pucyHok 4.7).

PucyHok 4.7 — OBpaxkHass pyHKuMs

YTo KacaeTcsa CTENEHU "OBPAKHOCTH', TO €€ MOKHO OXa-
PaKTEpHU30BaTh C MOMOIMBI MHUHUMAABHOTO (Apmin) U MAKCH-
MallbHOTO  (Amax) COOCTBEHHBIX 4YHCEN MaTpuubl I'ecce

o
OXi0X

e OBPAXKHOCTEL. bonee NpCcANMOYTHUHTCIbHBIMHU B TAKHX ClIyua-

(i=Ln; j=Ln). YeM MEHBIIE Amin / Amar, TEM OOIB-
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AX SIBASKOTCS MeToAbl HplOTOHA M COMpSHKEHHBIX HaIpaBJie-
HUM.

KopoTKko CyTh MEPBOr0 U3 HUX COCTOMT B TOM, YTO (PYyHK-
uus f(x) annpokcuMupyetrca (¢ momombto Gopmynsl Telino-
pa) MHOTOYJIEHAMU BTOPOM CTEMEHU, AJISI KOTOPBIX HAXOASITCS
TOYKHM MUHUMYMa. [Tocae10BaTENbHOCTh TAKUX TOYEK MPUBO-
JUT TPH ONPEJCICHHBIX YCIOBUSAX K MCKOMOM TOYKE MHUHH-
mymMma f(x). HeymoOcTtBoM MeTOoda sABASETCS HEOOXOIAUMOCTH
MHOTOKPATHOTO o0pameHus MaTpuubl ['ecce.

BTopoid u3 METONOB JUId MNOJYYEHUS OUYEPEAHOU TOUYKU
TpeOyeT MNPOBEACHUS TMOCIECA0OBATEIbHOW MWHHUMHU3AUUKU T10
KOKJIOMY M3 n, CIHEHHAIbHBIM 00pa3oM MNOCTPOEHHBIX
HanpaBjeHHUK, KOTOpPHIE HA3bIBAKOT COIPSIKEHHBIMM HaIlpas-
JeHUAMH. JIas1 KBaApaTUYHOH (PYHKIUHU MUHUMHU3ALMUS BAOJb
"n" TakuMX HampaBICHHHU MO3BOJASAECT "TOYHO" MOCTHYD TOUYKH
MUHUMYMA, a CJEI0BATEIbHO MOXKHO OXHUJIaTh XOPOIIUX pe-
3yJNbTATOB U JAJS JOCTATOYHO raaakux GyHkuuid. [ToagpoOHee
C XTUMH METOJAaMHU MOXKHO MO3HAKOMHUTHLCS B [4].

85



S 3agaum HeJJUHEHHOTO NPOrpaMMHPOBaAHUSA
5.1 llocTaHOBKA 3a1a4U U OCHOBHBbIC ONPeEACJICHUSA

Bellie paccMaTpuBaauch 3ajlavyd JUHEHHOTO NPOrpamm H-
poBaHUs. DTO 3ajJa4M, B KOTOPbIX Bce Ppurypupyromme QpyHk-
UuKu JuHeHbIe. OaHaKo OOJBIIMHCTBO pPE€aJbHBIX 3aj]a4 HE
MOXKET OBITHh AAEKBATHO OMMCAHO C MOMOIIBK MOJEJEH JTH-
HEWHOI0 MpOrpaMMUpPOBAHUA H3-3a HEJIUHEHHOCTHU LEJIEBOU
(YHKIUU UM HEKOTOPBIX OrpaHUYEHU. B yacTHOCTH, B BHU-
JIE MOJICJIE HEJIUHEWHOTO NPOTrpaMMUPOBAHUA MOXKHO MPE -
CTaBUTh 3aJla4d ONTHUMHU3AaLUMUHU, BO3HUKAIOIIUE B CIEAYOMHUX
00J1acTAX:

1) onTUMaNnbHOE YNpaBJICHUE;

2) NPOEKTUPOBAHUE CTPOUTEINBHBIX KOHCTPYKIUM;

3) NPOEKTUPOBAHUE MEXAHUYECKUX KOHCTPYKIIHIA;

4) 3IEKTPUUYECKHUE LICTIH;

5) ynpaBieHue BOJAHBIMU pECYpPCaAMU;

6) pacnpeaeacHUE PECYpPCOB B YCIOBHUSAX HEMOJHOM WH-
dbopmauuu,

7) pazMelieHrue 000pyI0BaHMUSI.

O0mas 3aga4ya HEJUHEUHOTO MPOrpaMMHUPOBAHUS UMEET
BUI:

MUHUMU3UPOBATH (MAKCUMHU3UPOBATH) LEAEBYIO PYHKIMIO

fx1, x2, ..., Xn) (5.1)

NpU yCIOBUAX

8i(x.%5,...%,)<b;(i=1k) , (5.2)
gi(x;,%5,...,x,)=b;(i=k+1,m)

rjae f U g — HEKOTOPHIC U3BECTHBIE PYHKUMHU # TEPEMEHHBIX,
a b, — 3aJlaHHBIE YHUCA.

B pesynerare pemenus 3axaud (1), (2) momkHa ObITh
OnmpeaesicHa TOYKa

%k %k %k %k
X —(x],xz,...,xn),
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KOOPJAMHATHI KOTOPOU YJIOBJIETBOPSIOT COOTHOIMEHUAM (2) M
Takas, 4TO AJA BCAKOM Apyroit Toukum Xx=(x;x,,..,x,), yao0-
BJICTBOPAIOIIECH YCITOBUAM (2), BBIMOJHSAECTCS HEPABEHCTBO

* % *
f(x7 x5, x)< fx;,%5,...,x,) unu

[f(x}k,x;,...,x;)z f(x],xz,...,xn)].

CooTHOWEHUS (2) MOTYyT BKJIIOYATh U yCJAOBUS HEOTpUIlA-
TEJILHOCTH NepeMeHHbIX. Ecnu BCce QyHKUUU f U g — NUHEH-
HbIE, TO 3aaa4a (1), (2) Ha3pIBAETCA 3a4a4eil JTUHEHHOTO MPO-
rpaMMHUpPOBaHus. B mMpOTUBHOM cllydae MMEEM 3aiauyy HEJIU-
HEWHOIO MpOorpaMMUpPOBaHUS.

3agauy (1), (2) MOXHO 3anucaTh COKPAIEHHO B BEKTOP-

HOU (opmMme:
MUHUMU3UPOBATH (MAKCUMHU3UPOBATH) LEAECBYIO PYHKIIHIO
S(x) (5.3)
NpU yCIOBHUAX
(x)<b;
gi(x)<b, (5.4)
g;(x)=b,

3nech f U g — ONPEACICHHBIE B €BKJIUIOBOM MPOCTPaH-
ctBe E, pyHkuuu. COBOKYMHOCTh BCEX BEKTOPOB pa3MEPHO-
CTH n 00pa3yeT n-MEPHOE €BKJIUIAOBO MPOCTPAHCTBO E.

B npocTtpanctBe E, cuctema orpaHudecHuUil (2) onpenens-
€T 00JIaCTh JOMYyCTUMBIX pelIeHUH 3aaauu. B oTtnuume ot 3a-
Jayu JIMHEWHOTO NpOorpaMMHUpOBaHHUsA OHA BCErja SIBIAETCS
BBIMYKJIOM.

Ecau onpenenena o0gact AONYCTUMBIX PEMEHUNA, TO
HAXO0XKJeHUE pemeHus 3aaadu (1), (2) cBoAUTCS K ompeaene-
HUIO TAKOH TOYKHM ATOM 00NacTH, 4epe3 KOTOPYI MPOXOJAUT
TUMEPIIOBEPXHOCTh HAWHM3IMIETO (HAUBBICIIET0) YPOBHA:
f(x],xz,...,xn):c. Yka3zaHHag TOYKa MOXKET HaXOJUThCA Kak

Ha rpaHuue 00JacTH AONYCTHUMBIX PEUICHUH, Tak U BHYTpPH
HEe.
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5.2 'eomeTpuuecKkass HHTEPNPETANMA PEHICHUN 3a1a4
HEJMHEHHOr0o NporpaMMHUpPOBaHUA

[Ipouecc HaxXOXKAECHUA pPEIIECHUS 3ala4d HEJUHEHHOTO
nporpammupoBaHusi (1), (2) reOMETPUUECKUM CIOCOOOM CO-
CTOUT U3 CIACAYIOMMUX ITAIMOB:

1) HaxoxkaeHHE 00JJaCTH NTONMYCTUMBIX PEIICHHUNA 3a1a4H,
omnpeaeasieMoii COOTHOIEHUs MU (2) (ecau oHa MmycTa, TO 3a-
Jaya HE UMEET PEUICHUSA );

2) MoCTpOeHHe MMNepPIoOBepXHOCTH f(x;,X5,....X,)=c;

3) onpeAENEeHUE TUMEPITOBEPXHOCTH HAMHUBIIIETO
(HauBBICIIETO) YPOBHS WJIM YCTAHOBJICHUE HEPA3ZPEMHUMOCTH
3aa4v U3-3a HeorpaHudeHHOCTH QyHKIuuU (1) cHu3y (cBep-
Xy) Ha MHOKECTBE AONMYCTUMBIX PECIICHUM;

4) HaXOKJIEHUE TOYKH 00JaCTH JOMYCTUMBIX PECIIECHHUI,
4yepe3 KOTOPYK NPOXOJAUT THIEPMOBEPXHOCTh HAUHU3IIETO
(HauBBICIIETO) YPOBHS M HAaXOXKJAeHUE 3HaUeHUd QyHKUMU (1)
B DTOW TOYKE.

HHpumep 5.1.

Munumusuposath GyHnkumio (x; —3)2 +(x, —2)2
IIpU yCIOBUAX

x12 -x,—-3<0

x,—1<0

-x;<0.

[{eneBas QyHKUMS U TPU OTPAHUYEHUS UMEIOT BUJ

S)=0 =3 +(x,-2)

g](x):xi —x,—3
gg(x)zxg—l

g3(x)=—x;.
3nechk GyHKIUU f(x) U g;(X) HETUHEHHBIE, TIOPTOMY UMEEM

3a7a4y HEJIMHEUHOTO MPOrpaMMUpPOBaHMS.
Ha pucynke 5.1 nzobpaxkena nonycrumas 00J1acThb.
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Pucynok 5.1 — Jlonyctumas odmacth ajist npumepa 5.1

3ajavya 3aKI04acTCd B HAXOXKJACHUM TAKOW TOYKU M3 J1O-
nycTUMON o00nacTtu, I KOTOPOW (x]—3)2+(x2—2)2 uMeeT
HAUMEHBIIEE BO3MOXHOE 3HAYE€HHE. 3aMETHUM, UYTO TOUYKH
(X7,X2), YIOBIETBOPSIOMINE PABEHCTBY (x]—3)2+(x2—2)2 =c,

JIeKAT HAa OKPY)KHOCTH paguyca ~/c ¢ LeHTpoM B Touke (3.2).
JIns KaKJA0ro HEOTPUUATENBHOTO ¢ Takasi OKPYKHOCTh Ha3bl-
BacTCs JUHUEH ypOBHA LENeBOM (yHKIMU, OTBEUalIEH 3a-
JAHHOMY 3Ha4YeHUIO0 ¢. Takum o0pa3oM, 3anada 3aKkjaodacTcs
B HAXOXJACHUU MHUHHUMAJIbHOTO ¢, MPU KOTOPOM XOTs OBl 0JHA
TOYKA OKPYKHOCTH MPHUHAAIECKUT A0NMycTUMON oOnmactu. Kak
BUJHO Ha pUCYHKe 5.1, Takass OKpPY>KHOCTh HAMMEHBIIETO pa-
AUyCca COOTBETCTBYET ¢=2 M MEPECEKAET JOMYyCTUMYIO 00-
J1acTh B €IMHCTBEHHOW Touke A(2,1). [TorTomy Touka A(2,1) -
ONMTUMAJbHOE pEHICHUE, W 3HAYEHUE LENEBOU (PyHKUMH B
3TOW TOYKE PaBHO 2.
IHpumep 5.2.

MakcumuszupoBath 6x; —x12 + X,
Npu yCAOBUIAX
2x;+3x,<24

X;+2x, <15
3x]‘|‘2x2 <24

X, <4
X;,%,20.
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Ha pucyHke 5.2 n3zo0OpaxeHa gonyctumas o0JacTh 3aja-
yu B BUJEe MHOroyroabHuka OABC. CrneaoBareyibHO, s
HAXOXJACHUS €€ PEIICHUS HYXHO OMNPEIAEIUTh TAKYIl TOUYKY
MHOTOyrojabHuka OABC, B KoTOopod ueneBas QyHkuus

6x; —x7 + X, OPUHIMAET MAKCHMAIbHOEC 3HAYCHHE.

2
1 7 Xy — Xy +6XJ:]3
g 1P 2
¥R
(&3
A D, 8a
v B v
> ¥

82
—2" 0] 2 4 6 8S\10 1234 I
¥
_>
Pucynok 5.2 — JlonycTtumasi o01acTh aAjisl npumepa 5.2

[TocTpOUM NTUHUIO YPOBHSA X, —x]2 +6x; =C ¥ UCCIIEAYEM €€
NOBEJACHUE TMPHU Pa3JIMUYHBIX 3HA4YE€HUAX c. [Ipu Kaxa0M 3HaA-
YEHUU ¢ nojiyyaeM mnapabojly, KOTOpass TEM BhIIIE OTAAJCHA
oT ocu Ox;, yem Oonpme 3HaueHue c. lleneBas QPpyHkums
NPUHUMAET MAKCUMAJbHOE 3HAYEHUE B TOUYKE KacaHHUs OJHOM
u3 napadbon c¢ rpaHuucii mHoroyroibHuka OABC. B naHHoOM
ciliyyae d5TO TOYka D, B KOTOpPOH JIMHUS  YpOBHI

x2—x12+6x1213 KacaeTca monyctumoit ob6mactu. KoopauHa-
Thl TOYKU D HANJAEM U3 CUCTEMbI YPABHEHUIA!
{xz —x12 +6x; =13
X, =4.

Touka D (3.,4) — onTUMaAJIbHOE PECMICHUE W 3HAYEHUE LIE-
neBOM PyHKIMU B 3TOH TOUYKE paBHO 3.

Kak BuaHo u3 nmpumepa 5.2, TOUKA MAKCUMAJIbHOTO 3Ha-
YeHUSl LeJEBOW (YHKIHUU HE SABJSETCSA BEPIIUHON JOMYyCTH-
Mo oOnactu. IloaToMy mpoueaypa nepedopa BEpPIIMH, HC-
MOJb3yeMas NPy PEUICHUU 3aJa4YU JIUHEHHOTO NPOTrpaMMHupoO-
BAHUS, HE MPUMEHUMA JUIA PCIICHUS JAHHOW 3aJauM.

O4eBUAHO, YTO TAKOH FEOMETPUUECKHUI CrOCOO peleHUs
MOJAXOJUT AJSI PEMICHUS OYEHb NMPOCTHIX 3a4a4 U NPaKTUYE-
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CKM HENPHUMEHHUM B 3ajadax, 1€ YUCJIO NEPEMEHHBIX OOJIbIIE
JIBYX.

5.3 3aga4m BBINYKJIOr0 NpOrpaMMHpPOBAHUA

PaccMoTpuM 3a1a4y HEJIMHEMHOTO MPpOTrpaMMHUPOBaHMUS.
MuHUMU3UPOBATh (MAKCUMHU3UPOBATH)

f(x],xz,...,xn) (5.5)
NpU YCIOBHUAX
gj(xl,xz,...,xn Sbi(l'zl,m)
S = (5.6)
X; >0\ j=1n

JIns pemeHus 3Toi 3aj1a4M B TaKOM 00OMIEH MOCTAHOBKE HE
CYIIECTBYET YHHUBEPCANbHBIX METOA0B. OAHAKO AJd OTACb-
HBIX KJIACCOB 3aJay, B KOTOPBIX HUMEIOTCA JIOMOJHUTEIbHBIE
OFpaHUYEHUS OTHOCUTEIBHO CBOUCTB QYHKUMKA f U g;, pa3pa-
0oTaHbl >(PPEKTHUBHBIE METOJbl HUX pEIICHUS. B YacTHOCTH,
psiJl TAKUX METOJJOB UMEETCS JUIA PEMICHUS 3aAad MpH yCo-
BUH, YTO f — BbINYKJas (BOrHyTas) GyHKUHS U 001aCTh JAOIY-
CTHUMBIX pelieHuii, onpeaensemas (5.6) u (5.7) — BeInyKJias.

JlaauM omnpeaeneHuss U MOHATHS, HEOOXOJAUMBIE HaM B
JaJIbHENIIEM.

5.3.1 OCHOBHBIEC ONIPEAEICHUS U TEOPEMBI

OITIPEJAEJIEHUE 5.1. Henyctoe MHOXkecTBO S M3 E,
HA3bIBACTCS BBINYKJBIM, €CJIHM OTPE30K MNPAMOM, COEIUHSIO-
Ui aABe NOOBIE TOYKH MHOXKECTBA S TaKKE NPUHAIICKHUT
STOMY MHOECTBY. MHBIMM CITOBAMHU, €CJAH TOUYKH X;U X, Jie-

xKat B S, TO TOYKAa AX;+(/—A)X, TaKkKe NOJKHA MpPUHAJJIE-
xath S ans Beex hel0,1].
Ha pucyHke 5.3 npuBeI€Hbl NPUMEPHI MHOXKECTB.
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BBIMYKJIOM MHOKECTBE COOTBETCTBEHHO SIBJISIIOTCS 100 b-
HBIMU MUHUMYMOM W MAaKCHUMYMOM.

OIIPEANEJEHHWUE 5.3. T'oBOpAT, 4TO MHOXKECTBO JI0MYy-
CTUMBIX pemeHuid 3aaaun (5)—(6) yIOBAETBOPSAET YCIOBUIO
PETYIASAPHOCTH, €CJIU CYHMIECTBYET MO KpaMHEW Mepe OJIHa
TOYKa X, MpUHAJIEKamas 007acTH AONYCTUMBIX pEHICHU
TakKas, 4To

g (x)<b, (i=1m).
OIIPENEJIEHUWE 5.4. 3anaua (5)—(6) Ha3bpIBacTCs 3ajaa-

Yeid BBIMYKJIOTO MPOrpaMMUPOBAHUA, €CIIM PYHKUMUS f. ABIS-
€TCSl BOTHYTOH (BBINMYKJION), @ PYHKUMH g, — BHIMYKJIBIMH.

OITPEJIEJIEHHWE 5.5. IlycTth x*eEn. Ecnu f(x*)sf(x)
jIst BCeX X u3 E, TO X Ha3bIBAaeTCA TOUYKOI TIIOGAIBHOTO
MUHUMYMa QyHkuuu f. ECliM CymecTBYeT & — OKPECTHOCTH
Ng(x*) TOYKM X  TakKasd, 4YTO f(x*)sf(x) JUIA  BCEX

& &
xeNg(x ), TO X Ha3bIBACTCsA TOYKOM JOKAJIbHOTO MUHHUMY-

ma. Ilpu oOpaTHBIX HEpPABEHCTBAX COOTBETCTBEHHO HMMEIOT
MECTO TOYKH rino0aibHOI0O MAKCUMyMa M JIOKAJbHOTO MaKCH-
MyMa.

OIIPENEJIEHHWUE 5.6. ®ynkuueit Jlarpanxka 3amadyuv Bbi-
NYKJOrO0 NpOrpaMMUPOBaHUs Ha3bIBACTCSA PyHKIUS

L(.x],.X2,...,.xn,)L],)L2,...,)Lm):

= [l x5,002,)+ 2010 — gi(x), x5, %)), (5.8)
i=1

rae A;, Ay, ..., A, - HEONIPEACIEHHBIE MHOXKUTENMN JlarpaHixka.
OIIPEJAEJIEHHE 5.7. Touka
(X0, 20) = (X0, X0, s X9, K 10> A2gs s Appp) HA3BIBAETCA CEIOBOM
TOUKOH QpyHKIMHU JlarpaHixa, €ciu
L, X000 X, 0105 A 205 A ) < LAX 102 X000 X300 M 105 A seeer Ay ) <
< L(X19, X200 Xpgs A ps Mg Ny )
Tl BCEX X 20(]':],_11) U A, 20(1':],_m).
TEOPEMA 5.1. Jlwo0oi#i noKalbHbIH MHUHHUMYM (MakKCH-

MYyM) 3aJay¥ BBIMYKJIOTO NPOrpaMMHUpPOBAHUSA SBJSETCSA TJIO-
O0albHBIM MUHUMYMOM (MAKCUMYMOM).
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TEOPEMA 5.2. (Teopema Kyna-Takkepa). Jlas 3amgaum
BBIMYKJIOTO mporpaMMupoBaHus (5.5)—(5.6), MHOXKECTBO J0-
NYCTUMBIX pPEUICHUH KOTOPOH 00JlaaeT CBOMCTBOM PEryJisip-
HOCTH, TouKa X,=(X;9,X5,....X,p) ABIAAETCA ONTHUMAJbHBIM
pEMIEHUWEM TOTJAa M TOJBKO TOTJA, KOrja CymeCTBYET TaKOM
BeKTOP Ay =(A;0, X201 hmp) (7%0 >0, z':],m), 4TO (X, hp) —
ceqytoBas Touka pynkuuu Jlarpanxka.

Ecinu npeanosokuTh, 4To HejaeBas GyHKUMA f U1 QyHKIUH
gi B (5.5)—(5.6) nenpepsiBHO AUPPEPEHUUPYEMBI, TO TEOPEMA
Kyna-Takkepa MOXeT ObITh JOMOJHEHA AHAJIUTHYECKHUMHU BbI-
PAKECHUAMHU, OMPEACHAIOMUMH HEOOXOIUMBIE U JOCTATOUYHBIE
YCIOBHSA TOTO, 4TOOBl TOUKa ( X),A,) OblIa CEANOBOU TOUKOM
¢yHkuuu Jlarpanska, TO €CTh SBJAJaCh pPCIICHUEM 3ajadu
BBINIYKJIOTO MPOrpaMMHUPOBAaHUA. OTH BBIPAXKEHUS MMEIOT
CICAVIOUIUN BUM:

- 0L T
—=<0\j=1Ln)
Ox (] )
oL,
o 7p =07 %5020
< J
oLy _ (. —
—2>0\i=1m) 5.9
o (i=7m) (5.9)
oL, _
oL, 0L,
rnc =— U —— — 3HAUYCHHA COOTBCTCTBYIOMHNUX YACTHLIX IIPO-
ox; o\

U3BOJAHBIX (YyHKUMK JlarpaH»ca, BBIYMCIECHHBIX B CEANOBOH
Touke. BceM OTMEUEHHBIM BbIlIE TPEeOOBAHUSIM, MO3BOJSIO-
UM 3anucaTh HEOOXOJMMBIE M JOCTATOUYHBIE YCJIOBUS JJIs
cenJoBON TOUKM (X,,hy) GyHKuum Jlarpanxa B BUIE BbIpa-

KEHUN (5.9), yIOBIAETBOpPSAET 3ajadya KBaAPpaTHYHOTO MpoO-
rpaMMHUpPOBaHUs, KoOTopas OyaeT cpopMyarupoBaHa HUKE.
OIIPENEJIEHHWE 5.8. Kpaapatuunoii ¢opMoii OTHOCH-

TEJIbHO TNEPEMEHHBIX X;,X,,..,X, Ha3bIBACTCId CKaJsApHad
(GYHKIHSA OT TUX MEPEMEHHBIX, UMEIOIAs BU:

f: C]]x]x] +012x1x2 +C]3XIX3 +...+02]xe] +022.XZ.X2 +...=
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n n

=2 2 CpiXpX;.

k=1 j=I
(5.10)

OIIPENEJIEHHWE 5.9. KpaaparuuHas ¢popma f Ha3bIBa€T-
Csl  IMOJIOKUTENBbHO (OTPUUATEIbHO)—ONPEACICHHON, €CIH
f(x)>0 (f(x)<0) nns BCceX 3HAYCHUNH MEPEMEHHBIX

x:(x],xz,...,xn) kpome Xx=0. Eciu e uMeT MECTO HECTPO-

rue paBeHCTBA, TO KBajapaThuuHasa ¢popma f Ha3bIBAECTCs MOJO-
KUTEIbHO (OTPULIATEIBHO)-TIONYONPEAEIECHHOM.

TEOPEMA 5.3. KBaapatuuHas (gopma ABISETCS BBIITYK-
JIOU (GYHKLMECH, eClin OHa MOJIOKUTE T b-
HO—MOJyonpeAeJeHHAas, U BOTHYTON ()yHKUMEH, €C/Ii OHA OT-
pULATENBHO — MOJNYONPEACTICHHAS.

OITIPEJAEJIEHHWE 5.10. 3agauva, cocrTosmas B ONpeacie-
HUU MUHHUMAJIbHOTO (MaKCI/IMaHBHOFO) 3HAYCHUSA PYHKIIUHU

Z Z CrjXp X + Z (5.11)
k=1 j=I

IIpH YCIOBHUAX
n -

rae . 2 CpiXgX; - NOJOXKHUTEIbHO (OTPULATEIBHO) - NOJY-
k=1 j=1
onpeaeaeHHas KBajapaTuuHas popma, Ha3bIBaeTCs 3a1aucii
KBaJAPaTUYHOTO MPOrpaMMUPOBAHUS.
Hnsa 3apaum (5.11), (5.12) ¢yHkums Jlarpanxka OyaeT
UMETh BUJ

L= kZ] ]Z]ck]xkx +Zdjxj+7u, Za,] I
Ecau pyHKOMA  HMeEET cezLHOBy}o TOYKY (X,,hy), TO B
ATOH TOYKE BBIIMOJHAKTCSA COOTHOmEHUs (5.9). Broas no-
MOJHUTEJbHBIE NEPEMEHHBIEC vj(jzl,_n) U wi(z'zl,_m), nepe-

NUIIEM BbIpaxkeHUs (5.9) B BUAE
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8L0 . R

—+v.=0\j=1,n)

axj J (] )

oL T

a—):—wj:0 (l: m) (5.13)
x]'ovj'zo,'

higw; =0;x79 20v; 20,k ;p 20,w; 20.

5.3.2 MeTtoa HeonmpeaeneHHbIX MHOXUTENe Jlarpanika
JJISL pEIIEHUS 3a1a4 KBAJAPATUYHOTO pOrpaMM UPOBaAHMS

Paccmotpum 3agauy (5.11), (5.12) u3 nynkra 5.3.1. Uro-
Obl HAWTH pelieHUEe 3ajlaud KBaJApaTUYHOTO MPOrpaMMHUpPOBa-
Hus (5.11), (5.12) Hy>)KHO ONpPEAEIIUTh HEOTPULIATENBHOE PE-
HICHUE CUCTEM JIMHEHHBIX ypaBHeHuil (5.13). DTo pemeHue
MOYKHO HAMTH C MOMOIILIO METOJAAa UCKYCCTBEHHOTO Oa3uca.

[Tpouecc HaAXOXKACHUS PEUICHUS BKJIOYACT CJIEAYIOIIHE
STamnbl;

1) cocTapisitoT pyHkumMio Jlarpanxka,

2) 3anMCBHIBAIOT B BUJE CUCTEMBI (5.13) HeoOXOaUMMBIE U
JO0CTAaTOYHBIE YCIAOBMUS CYIIECTBOBAHMS CEAJIOBON TOUKH JJIs1
¢yHkuuu Jlarpanxa,

3) UCHoJIb3ysl METOJ MCKYCCTBEHHOTO Oa3zuca, nubo ycra-
HaBJIMBAKT OTCYTCTBME CEINOBONH TOUkW A ¢yHkuuu Jla-
rpaHxka, 1M00 HaxoJsT €€ KOOPJAUHATHI;

4) 3anuchIBAlOT ONTUMAJILHOE pEIIEHUE UCXOJAHOHN 3amauu
M HAXOJ ST 3HAUCHHUE LeJeBOH QYHKIUMU.

IHpumep 5.3.
HaiiTu MakcuManbHO€ 3HaYeHUE QPYHKIUU
f=2x;+4x, —x7 — 2x3 (5.14)
Npu yCIOBUAX
X +2.7C2 <8
2x;—x,<12 (5.15)
x;20,x,20.

Pemenue. @yHKkumus f ABASETCS BOTHYTOM, TaK Kak Mpe -
CTaBJsieT CO0OM CymMMmy JMHEHHOU QyHKUMH f; = 2x; +4x,

(KOTOPYIO MOXKHO paccCMaTpHBaTh KakK BOTHYTYK) M KBajpa-
TUYHOU (GOPMBI f2:—x] 2x2, KOTOpas ABJIAETCA OTpULA-
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TENBHO OnpeaesieHHOW. Cucrema OrpaHUYEHUN BKJIHOYAET
TOJILKO JIMHEHHbIE HepaBeHCTBA. ClEea0BATENbHO, MOMXHO
BOCIoJb30BaThCcs TeopeMoid KyHna-Takkepa. CocTaBUM (PyHK-
uuio Jlarpanxa:

L:2.x] +4.X2 _.x]2 _2.x5 +)L](8_2.X2 _.x])+)h2(]2+X2 _2.x]) (516)

U 3anuiieM HEOOXOJAMMBIE M JOCTATOYHBIE YCJIOBUS CYIIE-
CTBOBAHUSA CEITOBOM TOYKH MOCTPOCHHOM (PYHKIIWU:

8x]

axs (5.17)

a—LZS_x]_zxZ ZO,
o,
L 1 2y 4x,20;
)\‘2
xja—LZx](z—Zx]—K]—Zkz)ZO,
ox;
xZa—L:.X2(4_4x2 _2)L] +)L2):O,
0x,
xj%zx](g—x,—zxz)zo, (5.18)
1
)\42887[1:)\42(12_2)(:] +x2)=O,
X7, Xy, hyhy 20.

CucTemMy JNHMHEHHBIX HEpaBEHCTB (5.17) nepenuimemM B BUJE:
2x;+h;+20, 22
4.7C2 +2)L]_)L2 24
x] + 2.7C2 < 8
2x; —x, <12.

(5.19)

BBoas Teneph JAOMOJHUTENbHBIC HEOTPHUIATEIbHBIC IIE-
PEMEHHBIE V,;,Vv,,w; U W), oOpamarmue HepaBeHcTBa (5.17) B
pPaBE€HCTBA, MOJYUUM
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2x] +)L] +2)L2_V]:2
4x2 +2)L1_)L2_V2 =4
X —|—2x2 +W]:8
2x]_x2 +W2 =12

(5.20)

X1, X5, M1, 05,v,V5, W, w5 20,
YuutsiBas paBeHcTBa (5.20), MOXKHO 3aMUCaTh:
vix; =0,v,x, =0, wh; =0, wyh, =0. (5.21)

Ecau tenepr HalTU 0a3WCHOE PEMIEHUE CHCTEMBI JIMHE i-
HBIX ypaBHeHHUU (5.20) ¢ yuetom (5.21), To Oyaet moaydeHa
ceqyioBass Touka (pyHkuuu Jlarpanska Ui MCXOJHOM 3anayw,
TO €CTh ONPEAEIECHO ONTUMAJIBHOE PEIICHHUE,

JInsg HaxoXAeHUs 0a3UMCHOTO PEIICHUS CUCTEMBI JIMHE -
HBIX ypaBHeHUi (5.20) BoCHOAbB3yeEMCAI METOJOM MCKYC-
CTBEHHOro 0azuca. B nepBoe u BTopoe ypaBHeHus (5.20) no-
0aBHUM HEOTPHULATEJIbHBIE IEPEMEHHBIEC Z; U Z> U paCCMOTPUM
3a/1a4y JUHEHWHOTO MPOTrpaMMHUPOBAHUA, COCTOSAMYI) B OMpeE-
JNEJICHUW MAKCUMaJbHOTO 3HAUYE€HU QYyHKIHUHU

f=-MZ,- M7z, (5.22)
MPU yCIOBUAX

2x;+h; 420, v, +z;, =2

Ax, +20;—hy, =V, +2z, =4

X +2.7C2 +W]:8 (523)
2x]_x2 +W2 =12
.x],.X2,)\«],)\«2,V],V2,W],W2,Z],Z2 >0. (524)

B pe3yapTaTe peumieHus 3adayd JIMHEHHOro mporpammu-
poBaHus (5.22)—(5.24) HaxoauM aonycTumMoe 0a3ucHOE pe-
MICHUE CUCTEMBbI TUHEUHBIX ypaBHEHUH (5.23) (Tabnauua 5.1):

OTcrona

'x]0:19 .X20:1, WIZS, W2:11, )L]0:)L20:V]:V2:O.
Tak kak X0V = O, Xo0Vr = O, )L]0W] = O, )L20W2 = O, TO
(xg,hp)=(1,1,0,0) saBasercs ceanoBoid Toukoi pyHkuuu Jla-

rpaHxka Jjs UCXOoAHO# 3agauu. CnegosareiabHo, x =(1,1) —
ONTUMAbHBIH MJIaH UCXOAHOHN 3a0aUU U frmax=3.

98



Tabnuua 5.1 — Pe3ynpTatel BEIUKUCIEHUE MeTOA0M JlarpaHxka

0o [o Jo Jo TJo 0 0 Jo [-M [-M
1| Pz | M| 2 201 ]2/ o oo 1 0
2| Pz, | M | 4 o4 2]1]0 1 ool o 1
3 By, 0 8 1 |2]0]o0 0 o |10/ 0 0
4| P, 2 0 12 -1 0 o 0] 1] 0 0
5 0 0 0 o oo ]| o0 0
6 6 | 2] -4]-3] - 1 1 (o]0 o0 0
1| Pz | M| 2 201 ]2 o oo 1 0
2 ¥s 0 1 O | 1 |12|-1/4 0 |-1/4] 0| 0| 0 | 1/4
3 By, 0 6 1o |-1|12] 0 |12 |1 ]|0]| 0 |-12
4| By, 13 0 [12|-1/4] 0 |-1/4| 0 | 1 -1/4
5 0 olo0o| o0 0 o 0] o0 0
6 2 |20 ]-1] 211 0 oo o 1
(N 0 1 1 (o 12| 1 |-12] 0 |0]|O0]|12]| 0
2 | P, : 0 1 0 | 1 0|0
3| P, ; 0 5 0|0 1|0
4| By, 0 11 1

0 0

5.4 I'paagueHTHBIC METOAbI PEIICHUSA 32/1a4 HEJIMHEIi-
HOT0 NPOrpaMMHUPOBAHUSA

['paiueHTHBIC METOJBI MO3BOJSIOT HAXOAUTh MNPHUOIHIKEH-
HOE pelieHue JA00H 3a7auyv HEJIWHEWHOTro NMporpaMMHUpPOBa-
Hus. OpgHako B o0meM clydyae 3TO OyAeT TOYKa JOKaJIbHOIO
akcTpemyma. Ilostomy 0Ooliee ueyecooOpa3HO HCIOJIb30BaATh
rpaJluCeHTHBIC METOJBl JJisd HAXOXKJICHHUS pEIIeHHUS 3ajay Bbl-
NYKJOr0 MOPOrpaMMHUPOBAaHUS, B KOTOPBIX JOKaJIbHBIH DKC-
TPEMYM SIBASETCS OJHOBPEMEHHO U I100adbHBIM.

[Ipoecc HaAXOXKACHUS PCIICHUS 3aJauyd C MOMOIILIO T'pa-
JUEHTHBIX METOJOB COCTOUT B TOM, YTO HAuuHasg C HEKOTO-
poii TOUKH Xy OCYIIECTBJSAETCSA MOCJCAOBATEAbHBIN MEPEX0
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